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PREFACE. 


The methods of investigation adopted in this work are 
in accordance witli what may be called the modern school 
of practical astronomy, or more distinctively the Ger- 
man school, at the head of which stands the unrivalled 
Bessel. In this school, the investigations both of the 
general problems of Spherical Astronomy and of the Theory 
of Astronomical Instruments are distinguished by the gene- 
rality ol' their form and their mathematical rigor. When 
approximative methods arc employed for convenience in 
practice, their degree of accuracy is carefully determined by 
means of exact formidao previously investigated ; the latter 
Ixdng developed in converging series, and only such terms 
of these series being neglected a,s can be shown to l.)e insen- 
sible in the cases to which the forniuhe are to l)e applied. 
A.nd it is an essential condition of all the methods of (!om- 
putation from data furnished ))y observation, that the errors 
ol the computation shall always be practically insensible in 
relation to the errors of observation : so that our results 
shall be purely the legitimate deductions from the observa- 
tions, and free from all avoidable erroj-. 

It is another characteristic feature of modom spherical 
astronomy, that the final formuhe furnished to tlie practical 
«)mputer are so presented as seldom to re(piire accompany- 
ing verbal precepts to distinguish the species of the unknown, 
angles and arcs ; and this results, in a great measure', from 
the consideration of ihe (jenerdl f^phericol irlancjle., or that in 
v'hich the six parts of the triangle are not subjected to the 
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condition that they shall each be less than 180 , but may 
have any values less than 360°, all ambiguity as to their 
species being removed by determining them, when necessary, 
by two of their trigonometric functions, usually the sine and 
the cosine. This feature is mainly due to Gauss, and Avas 
prominently exhibited in his Tlieoria Mains Gorporum C<r- 
lestium, published in 1809. The English and American 
astronomers have been slow to adopt this manifest improve- 
ment ; in evidence of Avhich I may remark that the general 
spherical triangle was not treated of hr any work in the 
English language, so far as I know, prior to the publication 
of my Treatise on Plane and Spherical Trigonoineirij, iir the 
year 1850. In the preseirt Avork, I assume the reader to be 
ac( 4 uainted with this form of spherical trigonometry, and to 
accept its fundamental equations in their utmost generahty. 

A third and eminently characteristic feature of modern 
astronomy, is the use which it makes, in all its departments, 
of the method of least squares, namely, that method "hf 
combining observations Avhich shall give the most probable 
results, or which shall be exposed to the least probable errors. 
This method is also due to Gauss, avIio (though anticipated 
in the publication of one of its practical rules by Legendee) 
was the first to give a philosophical exposition of its princi- 
ples. The direct effect of this improvement is not only that 
the most probable result in each case is obtained, but also 
that the relative degree of accuracy of that result is deter- 
mined, and thus the degree of confidence with which it may 
be received and the weight which it may be alloAved to liaA^'e 
in subsequent discussions. Judiciously employed, it serves 
to indicate when a particular process has reached the limit 
of accuracy which it can afford, thereby saves fruitless 
labor, directs inquiry into hew channels, and contributes 
greatly to accelerate the progress of the science. 

Whilst the science has been rapidly advancing in Europe, 
we have in this country not been idle. Tavo of the most 
important improvements in practical astronomy have had 
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their origin in the United States, — the method of finding 
differences of geographical longitude by the electric telegraph, 
and that of finding the geographical latitude by the zenith 
telescope. These are the direct offspring of our admirably 
conducted Coast Survey, which, with the aid of these 
methods, both of the greatest simplicity, has fixed the lati- 
tudes and relative longitudes of a series of points on our 
coast with a degree of accuracy wholly unapproached in any 
previous work of this kind. This extreme accuracy will be 
apparent to the reader who will refer to the examples here 
given, which have been selected (almost at random) from 
the records of the Survey. 

It is perhaps necessary to say a few words here respect- 
ing those portions of this treatise in which I have ventured 
to substitute my own methods for those heretofore employed. 
My method of reducing lunar distances, which was first 
published in the American Ephemeris for 1855, is here re- 
produced, together with the necessary tables for its applica- 
tion. But I have first, for the sake of completeness, given 
the usual rigorous solution, although this is confessedly too 
laborious for ordinary use, and especially for use at sea. The 
approximative methods heretofore proposed iiiay be divided 
into two classes : first, those based upon sufficiently precise 
formulae, but such that the tables requii-ed in their applica- 
tion are adapted only to a mean state of the atmosphere ; 
and second, those based upon incomplete formulae. As to 
the first class, the trouble of correcting the tabular numlDers 
for the barometer and thermometer would render the 
methods as laborious as the rigorous method, and it is 
therefore the usual practice, at sea, to disregard these correc- 
tions altogether, thus introducing a greater error than would 
follow from the use of the more incomplete formulae of the 
second class, if in the latter these corrections wore taken 
into account. But, as to the methods of the second class (of 
which thei’e are several in common use), it will he found 
upon examination that the omitted terms of the formulae 
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are not so small as to be insensible even in relation to the 
rather large errors of observation which are unavoidable ip 
the use of the sextant. The defects of both classes are 
supposed to be avoided in 1113^ new method ; tbi-, first, I have 
deduced a rigorous formula from which is derived an ap- 
pioximate one, practically perfect, I’ejjresenting the true cor- 
rection of the lunar distance within one second of arc in 
every case that can occur in practice ; and, second, I have 
arranged this formula so that it not only requires extremely 
simple tables in its application, but also the talniJar 'iminhei's 
require no correction for the harometer and thermometer, the 
corrections for the state of these instruments being intro- 
duced in a simple manner in forming the arqaments of the 
tables. In applying this method with logarithms of only 
foil! decimal places, the true distance is usually' obtained 
within less than two seconds of arc, a degree of accuracy far 
greater than is necessary'- in relation to our present means 
of observing the distance. It is, in fact, quite as accurate 
in practice as Bessel’s theoretically exact method wlien tlie 
lattei is also carried out with four-jDlace logarithms. I 
think, therefore, that I maj-’ justly jJrefer inj" own method 
not only to the imperfect apjjroximative methods above 
referred to, but also to Bessel’s method, which requires an 
extended Ephemeris wholly different from that now in use, 
and is wdthal more laborious. 

The Gaussian method of reducing circummeridiaai alti- 
tudes of the sun by referring them to tlie instant of the 
sun’s maximum altitude, is in this woi'k rigorously investi- 
gated, and a small term, overlooked or disregarded by Gauss, 
has been added to the foraiula. ’ 

A new and brief approximative method of finding the 
latitude b}^ two altitudes near the meridian when the 
time IS not known, is given in Yol. I. Arts. 195 and 204 , and 
another by three altitudes near the meridian, in Art. 205 
which will probably be found useful as nautical methods. ’ 

The subject of Eclipses will be found treated with more 



PEEFACE, 7 

than usual completeness. The fundamental formula! adopted 
are those of Bessel’s theor)-, but the solutions of the various 
problems relating to the pi-ediction of solar eclipses for the 
earth generalh’ are mostly new. The rigoi-ous solutions of 
these problems given by Bessel in his Aiudijne der .Finstn- 
nesse ai-e not I'equired for the usual purposes of prediction, 
however interesting thej'^ may be as specimens of i-elined 
and elegant analysis. On the other haml, the approximate 
solutions commonly given appear to bo unnecessarily rude. 
Those that I have substituted will bo found to be very little 
if at all more laborious than the latter, while they arc almost 
as precise as the former, and b\' a very little additional labor 
(that is, by repeating only some parts of the computation 
for a second or third approximation) may be rendered quite 
exact. 

So tar as I can find, no one has heretofore trea,ted distinct- 
ively of the occultations ol pla/ieF by the moon, and thes(! 
])honomena have been dismissed a,s simple cases of tlu! 
general theory of eclipses, in which both the occulting and 
the occulted body arie spherical. But in almost every o(‘- 
cultation of one of the principal ])lauets, the planet will lx: 
either a spheroidal body fully or partiallj^ illuminated by 
the sun, or a spherical body paiidially illuminated : so tlud, 
in the general case, we have to consider the disc of the oc- 
culted body as bounded b_y an elli[)se or by two diil'(!rent 
semi-ellipses. I have discussed this general case at hfiigtli, 
and have adapted the theory to each pla.net specially. TIh! 
additional computations required to take into a,ccount the 
true figure of the planet’s disc are suHiciently brief and 
simple. The case of the occulta, tion of a cusp of Venus or 
Mercury is included in the discussion, a,nd also tln! occulta- 
tion of Saturn’s rings. 

The well known formula for predicting the transits of the 
mferior planets over the sun’s disc, first given by Lageanoe, 
is here rendered moi'e accurate by introducing a. (".onsidera"' 
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tion of the compression of the earth ; and a new and simple 
demonstration of the formula is given. 

In the practical portions of the work, and especially in 
the second volume, I have endeavored to give every import- 
ant precept for the guidance of observers, deduced from the 
labors of others or suggested by my own experience. All 
the principal methods are illustrated by examples from 
actual observation. 

I have taken especial pains throughout the work to ex- 
hibit the mode of discussing the probable errors of the results 
obtained by observations, and have given numerous examples 
of the application of the method of least squares. This 
method is applicable in almost all the physical sciences 
where numerical results are to be deduced, and, therefore, 
does not necessarily form a part of a work on astronomy ; 
but, as I could not refer my reader to any work in the 
English language for a sufficient account of the method, I 
have prepared a concise treatise upon it, which forms the - 
Appendix. In this, I have confined myself chiefly to the 
parts of the theory required in practical astronomy, and have 
endeavored to present its principles in a simple yet rigorous 
manner (so far as -the subject allows), taking as a basis 
known theorems of the calculus of probabilities, and follow- 
ing principally the processes first proposed by Gauss. 

In this Appendix I have treated of Peirce’s Criterion for 
the rejection of doubtful observations, which is already well 
known to American astronomers, and is now constantly 
applied in the discussion of observations upon our Coast 
Survey. Objections have been made to the criterion, but 
none that would not apply equally well to the method of 
least squares itself To those who have not been able to 
follow Peirce’s investigation, the simple approximate cri- 
terion which I have suggested at the end of the Appendix 
may prove acceptable. It is derived directly from the fun- 
damental fornaula of the method of least squares, and leads 
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to the rejection of nearly the same observations as that of 
Peiece. 

The plates at the end of the work exhibit in minute 
detail the instruments now chiefly employed by astronomers. 
To have given more, with the necessary explanations, would 
have led me too far into the mere history of the subject, and 
would have occupied space which I thought it preferable to 
fill with discussions relating to the leading instruments now 
in use. The scale of these plates is purposely made quite 
small; but the great precision with which they are executed 
will enable the reader to measure from them the dimensions 
of all the important parts of each of the j^rincipal instru- 
ments. 1 am greatly indebted for the perfection of these 
drawings to the engravers, the Messrs. Illman Bkotheks, of 
Philadelphia. 

Such auxiliary tables as seemed to be necessary to the 
reader in using these volumes have been given at the end 
of Vol. II. Some of these ai'e new. Most of those which 
have been derived from other sources have been either re- 
computed or tested by difterences and corrected. To insure 
their accuracy, they have also been tested by differences 
after being in type. 

For the very complete index to the whole work, I am 
indebted to my friend, Prof. J. D. Crehore, of Washington 
University. 

In conclusion, I desire to express my obligations to those 
citizens of Saint Louis who, without solicitation, have gene- 
rously assumed a share of the risk of publication. Their 
liberal spirit has been met by a corresponding liberality on 
the part of my publishers, who have spared no expense in 
the typographical execution. I shall be content if their 
expectations are not wholly disappointed, and the work 
contributes in any degree to the advancement of the noblest 
of the physical sciences. 

Washington University, 

Saint Louis, January J, 1863.. 
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SPHERICAL ASTRONOMY. 


CHAPTER I 

THE CELESTIAL SPHERE SPHERICAL AND RECTANGULAR 

CO-ORDINATES 

1 Prom wliatever point of space an observei be supposed to 
view the heavenly bodies, they will appeal' to him as if situated 
upon the suiface of a sphere of which his eye is the ceiitic If, 
without changing his position, he diiects his eye successively to 
the several bodies, he may leain their lelative diiectious, but 
cannot determine either then distances fioni himself oi from 
each other 

The position of an obseivei on the suiface of the earth is, 
however, constantly changing, in consequence, 1st, of the dim 
nal motion, or the lotation of the earth on its axis, 2d, of the 
annual motion, oi the motion of the earth in its oibit around 
the sun 

The changes piodueed by the dim nal motion, in the appa- 
rent relative positions or diiections of the heavenly bodies, aie 
different foi obseivois on different paits of the eaith’s suiface, 
and can be subjected to computation only by intioducmg the 
elements of the observei ’s position, such as his latitude and 
longitude 

But the changes lesulting fiom the annual motion of the 
eaith, as well as fioni the piopei motions of the celestial bodies 
themselves, may be sepaiately consideiod, and the directions 
of all the known celestial bodies, as they would bo seen fiom 
the centre of the eaith at any given time, may be computed 

VoL 1—2 
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accoiding to the laws which ]ia\e been tound to goveiii the 
motions of these bodies, fioni data fiunislied b} long senes of 
obseivations The complete in\ estigation of these changes and 
then laws belongs to Physical jUt'ionoiny^ and lequiies the consi- 
deration of the distances and magnitudes as well as of the direc- 
tions of the bodies composing the system 

Spherical A^ironomy tieats specially of the directions of the 
heavenly bodies, and in this branch, theiefore, these bodies are 
at any given instant legaicled as situated upon the surface of a 
sphere of an indefinite ladius described about an assumed 
centre It embiaces, therefoie, not only the pi oblems which arise 
from the diurnal motion, but also such as arise fiom the annual 
motion so fai as this affects the appaient positions of the hea- 
venly bodies upon the celestial spheie, oi then directions from 
the assumed centre. 


SPHEEICAL CO-ORDINATES 

2 The direction of a point maj be expressed by the angles 
which a line drawn to it fiom the centre of the sphere, oi point 
of obseivation, makes with certain fixed lines of refeience But, 
since such angles aie diieetl} measuied by ares on the suiface 
of the sphere, the simplest method is to assign the position in 
which the point appeals when pi ejected upon the suiface of the 
spheie Boi this puipose, a great eiicle of the sjdieie, supposed 
to be given in position, is assumed as a pnmitue circle of lefei- 
ence, and all poiiitfe of the buiface aie lefeired to this ciicle b} a 
system of secondaries oi gieat ciieles peipendiculai to the pnmi- 
tive and, consecpiently, passing thiough its poles The position 
of a point on the suiface will then be expressed by two spherical 
co-ordinaies namely, 1st, the distance of the point fiom the pii- 
mitive ciicle, measuied on a secondaiv, 2d, the distance intei- 
cepted on the piimitive between this secondaiy and some given 
point ot the primitive assumed as the omgin of co-oidinates 

We shall have different systems of co-oidmates, according to 
the ciicle adopted as a primitive ciicle and the point assumed as 
the origin 

3 First system of co-ordinates —Altitude and azimuth —In this 
system, the primitive circle is the horizon, which is that gieat 
ciicle of the sphere whose plane touches the surface of the 
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eaith at ilic obseivei The plane ot the hoiizon may be con- 
ceived as that which ^ensiblj coincides with the suiface of a 
fluid at lest 

The 107 heed Ime is a stiaight lino peipendiculai to the plane 
of the hoiizon at the obsel^el It coincides ^Mth the diiection 
of the plumb line, oi the simple pendulum at lest The two 
points in which this line, infinitely piodueed, meets the spheie, 
aie the zeiidh and nadtr^ the fiist above, the second below the 
hoiizon 

The zenith and nadir ate the poles of the hoiizon 

Secoiidaiies to the horizon aie miiced eveJes They all pass 
thiough the zenith and nadir, and then planes, which arc called 
167 heal planes^ intersect in the veitical lino 

Small circles parallel to the horizon aie called cdmuccmtars^ oi 
peaallels of altitude 

The celestial me7idicm is that veitical ciicle vhose plane passes 
thiough the axis of the eaith and, eonsecpiently, coincides with 
the plane of the tcnestiial meiidian The iiitei section ot this 
])lane with the plane of the hoiizon is the aicudian line, and the 
points 111 which this line meets the spheie aie the no 7 th iinA soai/i 
points of the hoiizon, being lespectivelv noith and south of the 
plane of the ecpiator 

The ie7Ueal is the veitical ciicle which is peipendiculai 
to the meiidian The hue in which its plane intei sects the 
plane of the horizon is the cast and ircst line, and the points in 
which this line meets the spheie aie the cast and west points oi 
the hoiizon 

The iioith and south points of the hoiizon aie the poles of the 
piime vertical, and the east and west points are the poles of the 
meridian 


In tins definition of the horizon we considci the plane tangent to the earth’<^ 
suiface as sensibly coinciding with a paiallel plane passed thiough the centie , that 
is, we considei the radius of the celestial spheie to be infinite, and the ladius of the 
earth to be i datively zero In general, any numbei of paiallcl planes at Jtmfe dis- 
tances must be regarded as max king out upon the //(/r/u/e sphere the same great circle 
Indeed, since in the celestial spheie we considei only dueciion, abstiacted fiom dis 
tance, all lines or planes having the same direction — that is, all paiallel lines oi 
planes — must be regarded as inteisectmg the surface of the spheie m the same 
point or the same great circle The point of the surface of the sphere in which a 
numbei of parallel lines aie conceived to meet is called the vanishuif/ point of those 
lines, and, in like mannei, the gieat ciicle in which a numbei of paiallel planes aic 
conceived to meet may be c<illed the vam'ihmq circle of those planes 
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The aliitiLclL oi a point of the celestial spheie is its distance 
fiom the hoiizon measured on a ^eitical cucle, and its azrnmth is 
the aie of the hoiizon inteicepted between this veitical eiicle 
and an^ point ot the hoiizon a.ssiiinod as an oiigiii The oiigin 
from -which azimuths aie leckoiied is aibitiai} , so also is tlie 
dll eetioii in which they aie leckoned, but aationomcis iibLialh 
take the south point of the hoiizon as the oiigin, and leekon 
towards the light hand, fiom 0° to 860°, that is, completelv' 
aiouiid the hoiizon in the diiection expiessed by wilting the 
cardinal points of the hoiizon in the oidci S W IST E We 
may, therefoie, also defnie azimuth as the angle wdiich the 
veitical plane makes -with the plane of the meiidiaii 

Navigatois, how^evei, usually leckoii the azimuth from the 
1101 th 01 south points, accoidmg as they aie in noith oi south 
latitude, and towaids the east or wmst, aceoidmg as the jioint 
of the sphere considered is east oi w'-est of the meridian so that 
the azimuth never exceeds 180° Thus, an azimuth w'hicli is 
expiessed according to the hist method simply by 200° would 
be expressed by a navigator in noith latitude by ¥ 20° E , and 
by a na-vigator in south latitude by S 160° E , the letter pietixed 
denoting the oiigin, and the letter afidxed denoting the diioction 
in which the azimuth is reckoned, oi ivhethei the point consi- 
deied is east or -w^est of the meiidian 
When the point consideied is in the horizon, it is often 
referred to the east or wmst points, and its distance fioni the 
neaiest of these points is called its amplitude Thus, a point in 
the hoiizon whose azimuth is 110° is said to have an amplitude 
of W 20° N 

Since by the diurnal motion the obseivei’s hoiizon is made 
to change its position in the heavens, the co-ordinates, altitude 
and azimuth, are continually changing Then values, theietoie, 
will depend not only upon the observer’s position on the eaith, 
but upon the time leckoned at his meridian 
Instead of the altitude of a point, we frequently emploj its 
zenith distance, which is the aic of the vertical cucle betwmeii tbe 
point and the zenith The altitude and zenith distance aio, 
theiefoie, complements of each othei 

We shall heieaftei denote altitude by A, zenith distance by 
azimuth by We shall have then 


f = 90° — h 


A = 90° — c 
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The value of C ^ point below the horizon will be greater 
than 90^^, and the corresponding value of A, found by the for- 
mula h — 90° — C, will be negative : so that a negative altitude 
will express the depression of a point below the horizon. Thus, 
a depression of 10° will be expressed by A™ — 10°, or ^ — 100°. 

4. Second system of co-ordmaies, — Decimation and hour angle. — In 
this system, the primitive circle is the celestial equator^ or that 
groat circle of the sphere wdiose plane is perpendicular to the 
axis of the earth and, consequently, coincides with the plane of 
the terrestrial equator. This circle is also sometimes called the 
e(jai)ioctiaL 

The diurnal motion of the earth does not change the position 
()f the plane of the equator. The axis of the earth produced to 
the celestial sphere is called axis of the heavens: the points 
in wdiich it meets the sphere are the north and south poles of 
the equator, or the poles of the heavens. 

. Secondaries to the equator are called circles of declination^ and 
also hoiir circles. Since the plane of the celestial meridian 
passes through the axis of the equator, it is also a secondary to 
the equator, and therefore also a circle of declination. 

Parallels of declination are small circles parallel to the equator. 

The declination of a point of the spho’c is its distance from the 
equator measured on a circle of declination, and its hour angle is 
the angle at either pole between this circle of declination and the 
meridian. The hour angle is measured by the arc of the equator 
intercepted between the circle of declination and the meridian. 
As the meridian and equator intersect in two points, it is neces- 
sary to distinguish which of these points is taken as the origin 
of hour angles, and also to know in what direction the arc which 
measures the hour angle is reckoned. Astronomers reckon 
from that point of the equator which is on the meridian above 
the hoirizon, towards the west,— that is, in the direction of the 
apparent diurnal motion of the celestial sphere, — and from 0° to 
360°, or from O'" to 24\ allowing 15° to each hour. 

Of these co-ordinates, the declination is not changed by the 
diurnal motion, while the hour angle depends only on the time 
at the meridian of the observer, or (which is the same thing) on 
the position of his meridian in the celestial sphere. All the 
observers on the same meridian at the same instant will, for the 
same star, reckon the same declination and hour angle. 'We have 
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thus inti educed co-ordinateb of wliiclione is wholly ludepeiidenl 
of the observei’s position and the othei is independent of his 
latitude 

AVe shall denote declination hv d, and noith dccliuation will 
be distinguished by piefixing to its iiiinieiical yalue the sign +, 
and south declination by the sign — 

We shall sometimes make use of the polcu distance of a point, 
or its distance fiom one of the poles of the equatoi If we denote 
it by P, the noith polai distance will be found by the foimula 

P 3 = 90° — 

and the south polar distance by the formula 

P 90° + 5 

The hour angle will generally be denoted by i It is to be 
observed that as the houi angle of a celestial body is continually 
increasing in consequence of the diuinal motion, it may be con- 
ceived as having values gi eater than 360°, oi 24^', oi gieater than 
any given multiple of 360° Such an houi angle may be le- 
gaided as expressing the time elapsed since some given passage 
of the body over the meiidian But it is usual, when values 
gieatei than 360° lesult fiom any calculation, to deduct 360° 
Again, since houi angles leckoned towaids the vest aie always 
positive, houi-angles leckoned towaids the east must have the 
negative sign so that an houi angle of 300°, oi 20'', may also be 
expressed by —60°, oi — 4'" 

5 Third system of co-ordinates — Declination and right ascension ■— 
In this system, the piimitive plane is still the equatoi, and the 
first co-oidinate is the same as in the second system, namely, the 
declination The second co-oidmate is also measiiied on the 
equator, but from an origin which is not affected by the diuinal 
motion Any point of the celestial ecpiatoi might be assumed 
as the origin, but that which is most natuially indicated is 
the veinal equinox, to define which some pieliminaiies aie 
necessaiy 

The ecliptic is the gieat ciicle of the celestial spheie in which 
the sun appears to move in consequence of the earth’s motion in 
its orbit The position of the ecliptic is not absolutely fixed in 
space, but, accoidmg to the definition just given, its position at 
any instant coincides with that of the great ciicle in which the 
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sun appears to be moving at that instant. Its annual change is, 
however, very small, and its daily change altogether insensible. 

The obliquity of ihe ecliptic is the angle which it makes with 
tlie equator. 

The points where the ecliptic and equator intersect are called 
the equinoctial qmnts, or the equinoxes ; and that diameter of the 
sphere in which their planes intersect is the line of eqtdnoxes. 

The verned equinox is the point through which the sun ascends 
from the southern to the northern side of the equator ; and the 
auliunml equinox is that through which the sun descends from the 
northern to the southern side of the equator. 

The sobtitkd points, or solstices, are the points of the ecliptic 
!>0° from the equinoxes. They are distinguished as the north- 
ern and southern, or the summer and winter solstices. 

The equinoctial colure is the circle of declination which passes 
through the eqiiinoxes. The solstitial colure is the circle of decli- 
nation which passes through the solstices. The equinoxes are 
the poles of the solstitial colure. 

By the annual motion of the earth, its axis is carried very 
neai\v parallel to itself, so that the plane of the equator, which 
is always at right angles to the axis, is very nearly a fixed plane 
of the celestial sphere. The axis is, however, subject to small 
changes of direction, the effect of which is to change the 
position of the intersection of the equator and the ecliptic, and 
hence, also, the position of the equinoxes. In expressing the 
positions of stars, referred to the veimal equinox, at any given 
instant, the actual position of the equinox at the instant is 
understood, unless otherwise stated. 

The right ascension of a point of the sphere is the arc of th® 
equator intercepted between its circle of declination and the 
vernal equinox, and is reckoned from the vernal equinox east- 
ward from 0° to 360°, or, in time, from O'* to 24'*. 

The point of observation being supposed at the centre of the 
earth, neither the declination nor the right ascension will be 
affected by the diurnal motion: so that these co-ordinates are 
wholly independent of the observer’s position on the surface of 
the earth. Their values, therefore, vary only with the time, 
and arc given in the ephemerides as functions of the time 
reckoned at some assumed meridian. 

We shall generally denote right ascension by a. As its value 
reckoned towards the east is positive, a negative value resulting 



24 


THE CELESTIAL SPHEEE 


from any calculation would be inteipieted a. signifying an aie 
®d’iator reckoned from the vernal equinox towaids the 
west IhuR, a point whose right asceiision is 300°, oi 20'“ may 
also be legarded as in light ascension —60°, or —4'*, but'siub 
negative values are generally avoided by adding 360°, oi 24* 
gam, 111 continuing to leckoii eastwaid we may aiiive at 
values of the right ascension gieatei than 24*, oi gi eater than 
, etc , but 111 such cases we have only to leicct 24* 48* etc 
to obtain values which expiess the same thing 

6 Fourth system of co-ordinates —Celestial latitude and longi- 

-inri +L ecliptic IS taken as the primitive ciicle, 

and the secondaries by which points of the sphere aie referied 
o It aie called cxicUs of latitude Paiallels of latitude aie small 
elides paiallel to the ecliptic 

The latitude of a point of the spheie is its distance fioin the 

?he mtercepted between this ciicle of latitude and 

0° to loiigitude is reckoned eastward fiom 

dee-repq kr ^ o^g^tude is sometimes expressed in signs, 
eehiitic ’ ^ ^ of the 

It TmurW are also independent of the diiiinal motion 

fscpot o ’ll cleclinatiou and light 

ascension will be generally more convenient, since it is mme 

the h^ systems, which involve 

the observei’s position 

We shall denote celestial latitude by longitude by 2 Posi- 
tive values of ^ belong to points on the same side of the eclintic 
as the north pole negative values, to those on the opposite sfde 
In connection with this system we mayheie deEhe ,, nl 
gesmal which is that point of the ecliptic which is at the vieatest 
altitude above the horizon at any given time That vertLl 
Circle of the observer which is peipendiculai to the ecliptic mel 
h in the iionagesimal . and, being a secondaiy to the eeW e t 
w also a mrcle of latitude it is the gieat mule whS pa L! 
through the obsexver’s zenith and the pole of the ecliptic 

7 Cb-ordinates of the obsener’s position —We have next to ex 
pi OSS the position of the observe! on the siiiface of tb! ^ !i 
according to the different systems of co-oi diuates This vT bo 
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done by lefeuing his zenith to the pnmitive aide in the same 
manner as in the case of any other point 

In the first system, the piimitive ciicle being the horizon, of 
which the zenith is the pole, the altitude of the zenith is always 
90®, and its aziniiith is indetciminate 
In the second sjstem, the declination of the zenitli is the same 
as the ten estrial latitude of the obseivei, and its houi angle is 
zero The declination of the zenith of a place is called the 
geographical latitude^ oi simply the latitude, and will be hcieafter 
denoted by (p IsToith latitudes will ha\e the sign + ? south 
latitudes, the sign — 

In the thud system, the decimation of the zenith is, as before, 
the latitude of the obseivei, and its light ascension is the same 
as the hoiii angle of the venial equinox 
In the fourth system, the celestial latitude of the zenith is the 
same as the zenith distance of the nonagesimal, and its celestial 
longitude is the longitude of the nonagesimal 
It IS evident, fiom the definitions which have been given, that 
the pioblem of detei mining the latitude of a place by astio- 
nomical obseivation is the same as that of detennining the 
declination of the zenith, and the pioblem of finding the lon- 
gitude may be lesolved into that ot detei mining the light 
ascension of the meiidian at a time when that of the })inne 
meiidian is also given, since the longitude is the arc of the 
equator inteicepted between the two mciidians, and is, conse- 
quently, the difference of their light ascensions 


Eig 1 
N 


8 The preceding definitions aic exemplified iii the following 
figures 

Fig 1 IS a stereogiaphic piojection of 
the spheio upon the plane of the hoiizon, 
the pi ejecting point being the nadii Since 
the planes of the equator and horizon aie 
both perpendiculai to that of the meridian, 
then in tei section is also pcipendiculai to 
it, and hence the ecpiatoi WQJEJ passes 
thiough the east and west points of the 
horizon All vertical circles passing ^ 

through the projecting point will be projected into straight 
lines, as the meiidian NZff, the prime \ertical WZU^ and the 
veitical ciiclc ZOTl (lidwn thiough an;> point 0 of the euifacc 
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°n Se t “““‘‘■“e ‘o fl‘« ■x-tet.on .clo,.t.<I 

H the hrst Bystem of co-oi dinates, 

A = the altitude of the point 0 = OH^ 

C = the zeiiitli distance — Qz^ 

A = the azimuth ^ gjf 

= the angle SZIT 

■“ ae .econd 

system of co-oi dilutes, 

S = the declination ol 0 = OD, 

P = the polai distance ‘ — PO, 
t = the houi angle < - ZPP, oi = QP 

Arfuitet* "" 

^ = the declination of 0 = Qj)^ 
a = the light ascension =z:= FZ), oi 
= the angle VPI) 

In this figuie is also diawu the sit horn cucle EPW, oi the 

Wr" Thf ' and west points of the 

The angle ^PTl, oi the aic ^llf, being 90° the hom 

Fig 2 IS a lepetition of the pieeeding hgiiie, with the add i 
I ' tioii of the ecliptic and the ciicles related 

to It C'^Plepret^ent& the ecliptic, P' its 
pole, P'OIj a tiicle of latitude Hence cc e 
have. 111 oui thud sc stem of co-oidiiiates, 

= the celestial latitude of 0 =z OJj^ 

- ' longitude ' — FX, 

: the angle FP'X 

coluic, P ZGF the vertical cucle passing through P', vlueh is 
therefoie peipendieulai to the ecliptic at G The point G is the 
nonagesmul is its zenith distam e, F(? its longitude oi 

it! '*"■ '><*' 

Finally, we have, in both Fig 1 and Fig 2, 

<9 = the geogiaphical latitude of the observer 
= ZQ = 90° ~PZ= pjsr 
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Hence the latitude ot the observei is always equal to the altv 
Uide of the noith pole Foi an obseivei in south latitude, the 
north pole is below the horizon, and its altitude is a negative 
quantity so that the definition of latitude as the altitude of the 
noith pole is perfectly geneial if we give south latitudes the 
negative sign The south latitude of an obseivei considered 
independently of its sign is equal to the altitude of the south 
pole above his honzon, the elevation of one pole being always 
equal to the depression of the other 

9 Numerical expression of hour angles — The equatoi, upon 
A\hich hoiii angles are measuied, may be conceived to be divided 
into 24 equal paits, each of which is the measure of one hoin, 
and IS equivalent to ^ of 360*^, oi to 15° The houi is divided 
sexagesimally into minutes and seconds oi time^ distinguished 
fioni minutes and seconds of oic by the letteis and ’ instead 
of the accents' and" We shall have, then, 

= 15° = 15' 1* = 15" 

To conveit an angle expiessed in time into its equivalent in 
aic, multiply by 15 and change the denominations '' into 
° and to conveit aic into time, dnidc b} 15 and change ° ' " 
into The expert computei will leadily find w^ays to 

abiidge these opeiations in piacticc It is well to observe, foi 
this purpose, that from the above equalities w^c also have, 

y _ y 

and that we maytherefoie convert degices and minutes of aic 
into time by multiplying by 4 and changing ° ' into '' , and 
lecipiocally 

TRANSFORMATION OF SPHERICAL CO-ORDINATES 

10 Given the altitude (Ji) and azimuth (aI) q/ a stai, o) of am/ pond 
of the sphere, and the latitude {<p) of the obsoic), to find the dcdina- 
tion (d) and hoin anc/le {t') of the 6ta) o) the point In othei w^oids, 
to tiansfoim the co-oidmates of the first system into those of the 
second 

This problem is solved by a direct application of the foimuhie 
of Sphciieal Trigonometry to the triangle POZ, Fig 1, in wdii(*h, 
0 being the gnen star or point, we have three paits guen, 
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namely, ZO the zenitli distance or comiDlement of the given 
altitude, PZO the supplement of the given azimuth, and PZ the 
complement of the given latitude, from which we can find PO 
the polar distance or complement of the requiied declination, 
and ZPO the required hour angle But, to avoid the ti cubic of 
taking complements and supplements, the formulae aie adapted 
teo as to expiess the declination and lioiu angle duectly in teims 
of the altitude, azimuth, and latitude 

Fig 3 To show as cleaily as possible how the foirnulae 
B of Spheiical Trigonometry are thus converted into 
/j foimulae of Spherical Astionomj^, let us fiist con- 
y / sider a spherical triangle ABC, Fig 3, in which 
/ ^ there are given the angle A, and the sides h and c, to 

^ find the angle B and the side a The general lela- 

Vv tions between these five quantities aie [Spin Tug 
N Art 114]* 

cos a = cos c cos h sin c sin b cos A 
sin a cos E = sm c cos I — cos c sin b cos A 
sm a sm B = sin b sm A 

ISTow, comparing the triangle ABO with the tiiangle PZO of 
Pig 1, we have 



A=P^O = 180^— A a= PO=90° — 5 

ZO= 'B = ZPO=t 

c= FZ=. 

Substituting these values in the above equations, we obtain 

sm ^ = sin f sm A — cos cos h cos A (1) 

cos d cos t = cos (p sm h -f- sin <p cos h cos A (2) 

cos S 8m t= cos h sm A (8) 

which are the lequired expressions of 3 and t in terms of h and A 
If the zenith distance ((^) of the star is given, the equations 
will he 

sm ^ = sin f cos C — cos sm C cos A (4) 

cos d cos t = cos <p cos C + sm <p sm C cos A (5) 

cos S sm t— sm C sin A (6) 

Since, m Spherical Astronomy, we consider arcs and angles 
whose values may exceed 180°, it becomes necessaiy, in general, 


The lefeierices to Tngonoineti^ aie to tlie 5ih edition of tlie author’s “Treatise 
oil Plane and Splieiical Tiigunomoti^ ” 
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to deteimme sacli area and angles by both the sine and the 
cosine, in ordei to fix the cj^iiadrant in which then values ai e to 
be taken It has been shown in Siiherical Tngonometiy that 
when we considei the gmnal tnaiigle, oi that in which values 
aie admitted greatci than 180°, theie aie two solutions of the 
tnaiigle in every case, but that the anibiguit;^ is lenioved and 
one of these solutions excluded “ when, in addition to the other 
data, the sign of the sine oi cosine of one of the reiiinred paits is 
gn en -A.it 113 j In our piesoiit pioblem the sign 

of cos 5 18 gneii, since it is neeessanly positive, for 5 is always 
ninneneallv less than 90°, that is, between the limits -+90° and 
—90° Hence cos t has the sign of the second meinher of (2) or 
(5), and bin i the sign of the second merabei of (3) oi (6), and i 
IS to be taken in the quadrant leqiihed by these two signs Rnice 
halso falls betiveen the limits +90° and -90°, oi C between 0° 
and 180°, cos h, oi sin is positive, and therefore by (3) oi (G) 
&in t has the sign of sin A , that is, when A < 180° we have i < 
180°, and when A > 180° wm have i!> 180°, —conditions wdiich 
also folloiv dnectly fiom the natnie of oin piohlem, since the 
btai IS w'e&t 01 east ot the meridian accoiding as A < 180° oi A 
> 180° The foimula (1) oi (4) fully determines d, wdncli will 
always be taken less than 90°, positive or negative accoiding to 
the Sign of its siiie * 

do adapt the equations (4), (5), and (G) foi logaritlinnc coinpin 
tation, let m and M he ashumed to biitisty the conditioiib ri'l 
Tug Alt 1T4], ^ 


OT sin i/ =&in f cos A 
OT COS M = cos c 


the three equations may then he written as follows 


siiu5=:m Hiri {<p~Ar) 
cos <5 cos f = m cos (<p~M) 
cos (J sill t = sin C wn A 


( 7 ) 




If we eliminate m fiom these equations, the solution takes the 
louowiiig coiiveiuent form 


^ Thore are, however, special problems m which it is convenient lo ilemi.t Uoin 
l.miftr declination, gieater than SO-, as will be seen 



so 


THE CELEPTIVL {=5PnEEE 


tan M = tail C cos A 
tan A Bin Jl 


tan t 
tan I) 


CO& (^<p — JI ) 

=L tan (<p — 31) cos f 


{in 


111 tlie Hse of which, \^emuBt oLseive to take / greatei oi 
than 180° accouliiig ab A ibgioatei oi IchS than 180°, hince 
\o\ii angle and the azimutli iiiubt tall on tlie same side ot 
meridian. 

Example — In the latitude <p = o8° 58' 53", theie are given 
Q certain fetai (^^69° *12' 30", ^1^300° 10' 30" , reqiiiied d 
The computation 1)\ (9) may ho airanged as follows ^ 


log till ^ 0 4.3209()6 

(ji = 38° 58' 55" log cos A 9 7012695 log tan A «0 

Jf= 53 39 41 98 log tan M 0 1333 561 log sin M 9 OObOHliB 

^ — J/=— 14 40 48 98 log tan «9 4182633 log sec {<j>—M) 0 01-t -4rt4l 

304 55 26 49 log cos ^ 9 7577077 log t in f nO 

fl== —8 31 46 50 log tan a w9 1760310 

Converting the hoiii angle into time, v e have ^=20" 19"' 41"- T iHL 


11. The angle POZ^ Fig 1, between the ACitn^al circle mid 
the declination circle of a star, is frequently called the parallui th* 
angh^ and will here be denoted by q To hnd its value fionr tl ic‘ 
(lata and we have the equations 


cos 6 cos q — Bin C sin <f -f- cos C cos <p cos A 
cos d sin q = cos <p sin A 

which may he solved in the following form 

f sin ¥= sin Z 
f cos F— cos C cos AL 
cos ^ COB q =f cos ((p — F) 
cos § sin ^ ™ cos q? sin A 

or in the following 

^ sm Gr= sm ^ 
g cos d^ = COS q cos A 
cos S cos q = g cos (C — G) 
cos ^ sin q = cos q sin A 

or again in the following 


( IV 


( 111 


Ci^) 


* In this 'work the letter pi efixed to a logaiitlim indicates that the nurnbc^si 
which, it corresponds is to have the negative sign 
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tan G : 
tan qz 


~ tan (p see A 
tan A cos G 

' f*ns (r — 


} 


CIS) 


and, in the use of the last foim, it is to he ohseivccl that q is to 
be taken greater or less than 180° aeeouliiig as A is greater oi 
less than 180°, as is evident lioni the pieceding forms 


12 If, in a given latitude, the azimuth of a star of kiioivii 
decimation is gi\en, its hour angle and zenith distance inaj be 
found as follow s We have 

cos t sin <p — sin t cot A = cos tan d 
cos % sin (p — sin C cos <p cos A = sin d 
The solution of the tiist of these is eflected hy the equations 

b sill B = bin <p 
b cos B = cot A 

sin CB-f) = ^21I^ 

and that of the second by 

c sin (?==sm 
c cos C=cos (p cos A 

/ n 5>m d 

sin ((7—?) = 

c 

13 Pinally, if from the given altitude and azimuth \ve wish to 
hnd the declination, houi angle, and paiallaetie angle at the 
same time, it will he convenient to use Gauss’s Equations, -wdiieli 
for the tiiangle ABO, Fig 3, tue 

cos i a sill i (B + C) = eos ] (b — c) cos > A \ 

cos 1 a cos J (B -f C ) = cos 1 (A -f c) sin ] A / 

sm 1 <i sin J(B — C)z=sin i (6 — c) cosi A 

sin i a cos i (B — C)=sin 1 sin i A ) 

which are to be solved iii the usual manner [Sph Trig Ait 
116] after substituting the values A = 180° — A h -■ r c-= 
90°~q>,a=90°~3,B = f,C = q 

14 Giiev the dechmtmn (d) and how amjU (/) of a ,?/«), and the 
kititude [<f), to find ihc zemth dtdanee {C) and azimuth {A) of the da/ 
That is, to traii-sfoim the cu-oulinatoh of the second svstem into 
those ot the first 

Wc‘ take the same gcneial equations (Si) of Spherical Tngo- 
nonu'tij which liaie been employed in the solution of the lue 
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i e/liiig pioLlonij Ait 10, but we now siipi)ose the letters A, B, 
C, ill Pig 3, to represent respectively the pole, the zemtli, and 
tlie stai, so that we substitute 

JL=:t 

^> = 90"^ — B = 180°— A 
6’ = 90° — 

and tlie equations become 


cos C = sin ^ sin ^ 9 ^ ^ 

sin C eos A = — cos <p sin ^ sin ^ cos 8 cos t 
sin C sin A = eos 8 sin t 

uhich express C A directly in teinrs of the data 
Adapting these tor logarithmic computation, we have 


(14) i 

I 

V 

f 

I 


m sin Af=sin d 
m cos M = cos 8 cos t 
cos C =m cos — M) 
sin C cos A =?7i sin — M) 
sin C sill A =cos d sin t 



in vAluch m is a positive number 

Eliminating m, we cledncc the following simple and accurate 
foimnlEe. 






i 

I 

r 


where A is to he taken gieatei or less than 180° according as i * 
h gieatei or less than 180° * 


Example 1. — In latitude ^ = 88° 58' 53", theie aic given for [ 
a certain stai, d = ~ 8° 31' 46" 56, t= 20'‘ 19”* 41* 766; lequiicd J 
A and ^ By (16) we have : 

I 

log tan 7101760310 

(l>= 38^58^53^/ log cos / 9 7577677 log tan nO 1559095 ; 

J/=— 14 40 48 98 log tan V nO 4182(,33 log cos U 9 9856861 

,p— J/= 53 39 41 98 log tan ( 9 — JT) 0 1333561 log cosec ( 0 — Jf ) 0 093917 2 f 

1 — 300 10 30 log cos A 9 7012505 log tan A nO 2356026 

C = 69 42 SO log tin f 0 4320966 , 
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For veiificatioii we oau use the e<juatioii 

sm C sin A =s cos S sin t 
log sin C 9 9721748 log cos d 9 9951697 

log sin A 9 936762 1 log sin t 9 9137672 

9 9089369 9 9089369 


Fxample 2 — In latitude — 48° 32', there are given for a 

star, S = 44° 6' 0", i — 17* 25“ 4' , i equired A and ^ 

We find ^ = 241° 53' 33" 2, ^ = 126° 25' 6" 6, the star is 
below the horizon, and its negative altitude, or depression, is 
A = — 36° 25' 6" 6 

If the zenith distance of the same star is to be frequently com 
puted on the same night at a given place, it will be most leadily 
done by the following method In the first equation of (14) 
substitute 

cos t = 1 — 2 sin* } t 

then we have 

cos C = cos (jc 5) — 2 cos ^ cos d sin* i t 


where signifies eithei <p — 8oid — f, and if 5 ^ the latter 
foim IS to be used Subtracting both membeis from unity we 
obtain 


} C = sm^ i ^ cos ^ cos d sin^ I t 

Now let 


then we have 


m = i/ cos ^ cos d 
n = sin J d) 


sm i ^z=n -^1 II j t 

and hence, by taking an auxiliaiy N such that 


we have 


tan N= — sm J t 
n 


1 ^ n 
sm J C = 

cos N 


m 

sm N 


sm 1 1 


(17) 


The second foim for sm will be more precise than the first 
when sm N is greater than cos N 

The quantities m and n mil be constant so long as the decli- 
nation does not vary 


15 If the paiallaetic angle q (Art 11) and the zenith distance 

VoL I— J 
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aie requiiecl from the data and they may he found 
from the equations 

cos C = Bin ^ sin ^ -f- cos ^ cos d cos t 
sin C cos ^ = sin ^ cos d — cos ^ sin 5 cos t 
sin C sin q = cos (p sm t 



which are adapted for logaiithms as follows 

11 sin N — cos cos t 
n cos N=sm. 
cos C sin ( 5 + N') 
sin C cos q = n cos (d -f- 
sin C sin ^ = cos ^ sin ^ 



or, eliminating n, thus 


tan JV=: cot <p cos it 

tan t sin iV" 

tan C sin o = ; — 

Bin (d +iV) 

tan C cos q == cot (5 -|- N') 



When, this last form is employed in the case of a star wdiieli 
has been ohseryed aboye the hoiizon, tan ^ is known to be posi 
tive, and there is no ambiguity in the determination of 7. Thn 
form IS, therefore, the most conyenient 111 joractice 

If - 4 , and q are all reqmied fiom the data 5 , /, and W( 
have^ by G-auss’s equations, 

Bin i ^ sin ^ (A -f ^) = sin M cos } (<p -+ ^0 

sin i C cos i (A -)- ^) = cos I t sin i ((p — 

cos } C Bin i (A — q') = sin H sm ^ + d) 

cos i C COB i (A — q) =cos I t cos i (p — 
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Fig 4 


When the altitude, azimuth, and parallactic angle of kiiowi 
stars aie to be frequently computed at th 
same place, the lahoi of computation i 
much diminished hj an auxiliaiy table pic 
pared for the latitude of the place aceoid 
ing to formulae pioposed by Gauss J 
specimen of such a table computed foi th 
latitude of the Altona Observatoiy Mill h 
found in Schiimachefs JSidfsiqfebi, ne 
herausg v Wariistoiff” The reqiiisit 
formulae are leadily deduced as follows 
Let the declination circle through the object 0 , Fig 4 , b 
produced to intersect the horizon 111 F By the dim mil motio 



SPHEIUCAL C0-01tl>J>;ATE>!. 


35 


the point F changes its position on the horizon Acilh the time ; 
hut its position depends only on the time or the hour angle 
ZPO, and not upon the declination of 0. The elements of the 
position of F may therefore be previously computed for succes- 
sive values of t. 

Wq have in the triangle PFS, right-angled at S, FPS=i, 
PS= 180° — y; and if we put 

a = JiS, B^PF- 90°, r = 180° - PFS. 

we find 

tan a = sin {5 tan t, tan B = cot ^ cos t, cot = sin ^ tan t 

We have now in the triangle HOF, right-angled at H, 

B + d= OF, y = HFO, h = OH, 
and if we put 

u=JrF=JE[S — FS = A — ^, 

we find 

tan M = eos tan (B -f- S) ^ = a + « 

sin A=:sin;' sin (5-j- 5) or, tan A = tan;'Sin'M. 

To find the parallactic angle q—POZ, we have in the triangle 
HOF 

tan q= ooty sec {B S) 

In the G-aussian table for Altona as given in the “ITulfstafeln'’ 
we find five columns, which give for the argument t, the quan- 
tities a, B, log cos y, log sin y, log cot y, the last three under 
the names log C, log D, and log E, respectively. With the aid 
of this table, then, the labor of finding any one of the quan- 
tities h. A, q is reduced to the addition of two logarithms, 
namely: 

tana = a tan (jB - 1-5) sin /t = J) sin ( j5 -f 5) 

d = 3l-h M tan ly = A see (B -|- 5) 

The formulae for the inverse problem (of Art. 10) may also he 
found thus. Let G he the intersection of the equator and the 
vertical circle through 0, and ^nt B = HG, n --r=BG,^=^ QG, 
T = ZGQ; then we readily find 

tan a = sin tan A, tan B = cot y cos A, cot y = sin i? tan A 

which are of the same form as those given above, with the ex- 
change of A for t. Hence the same table gives also the elements 
of the point G, by entering with the argument “azimuth,” ex- 
pressed in time, instead of the hour angle. ^Ve then have i = 
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I)Q, <m(l li Ave lieie put u = DG ^ ^ A\e Ijjue tiotii the 
tiiangle GDO 

Mil () ~ 8111 / Mil (4 — j 6 ) tan u = cos y tan (A — B) 

01 , employing the notation of the table, 

tan 11 :=:. C tan (A — B) sin <5 = i) sin (A — B) 

if = H — u tan q = E see (A — B) 

17 To find the zenith distance and azimuth oj a ^tin^ uhtn on tht 
hix how (uele — Since iii this case if™ 6'' -- 1)0°, the tiiangle PZOf 
Tig 4, IS iight-aiiglecl at P, and gives immediately 

(OS ZO=r cos PZ cos PO eot PZO==^ sin PZ cot PO 

01 , since PZO = 180° — J., and eot PZO^— eot A, 

cos C — sin cy sin d ccit ^ = — cos ^ ian <5 

But if the stai is on the six houi circle east of the meridian 
we must put 270° and PZ 0=^A —180° , hence for this 

case 

cot A=A' eos <p tan S 

A more geneial solution, however, is obtained from the equa 
tioiis (14), by putting cos ^ = 0, sin it 1, whence 

cos ^ — sin ^ sin d 
sm C cos d = — cos ^ sin d 
sin C sin j 4. = it eos d 

the lowei sign in the last equation being used when the stai is 
east of the meridian 

Example — Required the zenith distance and azimuth of Sinus, 
d = — 16° 31' 20", when on the six hour circle east of the meri- 
dian at the Cape of Good Hope, ^ — 33° 5G' 3" We find 

log (— cos d) = log sin r sin — n9 9816870 
log (—cos ^ sin d) =z log sin C cos^l = 9 3728204 

A = 283° 49' 34" 9 
log sin il = 9 9872302 

log sin C = 9 9944568 
log Bin ^ Bind = log cos C = 9 2007309 



C == 80° 51' 55" 
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COS t 


sin A = 


COB C = 


tan S 
cos d 
cos 
sin (p 
sin 5 


(23) 


Tig. 5. 


18. To find the hour ctngl(\ azimuth, and zenith distance of a gicc/t 
star at its greatest elongation . — In this case the vertical circle 
ZS, 5, is tangent to the cliurnal circle, 

SA, of the star, and is, therefore, perpendicular 
to the declination circle PS. The right triangle 
PZS gives, therefore, 

tan <p 



If d and <p are nearly equal, each of the quantities cos i, sin A, 
and cos will he nearly equal to unity, and a more accurate 
solution for that case will then he as follows : 

Subtract the square of each from unity ; then we have 


sin^ t = 

taii^ d — tan’-* f 

sin 

((JA- sill — 

_£) 

tau^ d 


cos^f sin^^tJ 


cos^ = 

cos'^ <p — COS^ d 

sin 

(S 4- p) sin (5 — 

l). 

cos''* (p 


COS’^ (p 


sin*”* C = 

sin'^ <5 — sin*-^ <p 

sin 

(<5_p sill _ 

jO 

sin* 5 


sin’* d 



Hence if we put 

]{ = i/[sin + <p) sill (S — ^)] 

vvp- shall have 


sin t = 


k 

cos <p sin d 


cos A 


k 

cos <p 


sin C = 


k 

sin d 


(24) 


19. To find the hour angle, zenith distance, atui ’parallaeiic angle of 
a given star on the prime, rerticed of a gheen place. 

In this case, the point 0 in Pif?. 1 Leing in the circle WZJE, 
the angle PZO is 90°, and the I’ight triangle PZO gives 


cos t 


tan <5 
tan <p 


cobC = 


sill d 
sin <p 


sin q 


cos <p 


(25) 
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If d is but little less tlian (p^ the star will be near the zenith, 
and, as in the preceding article, we shall obtain a more accurate 
solution as follows : 

Put 

k = ]/[siii + S) sin — <5)] 

then 


sin t = 


k 

sin <p cos $ 


sin C = — : 

sin ^ 


co&q 


k 

cos? 


(26) 


"We may also deduce the following convenient and accurate 
formulse for the case where the star’s declination is nearly equal 
to the latitude [see Sph. Trig. Arts. 60, 61, 62] : 

//sin — d)\ 

= +-T)) 

tanK= 

\ \tan i (^ + (5)/ 

tan (45° — } = ^/[tan ^ tan ^ (<p — 0] 



If 3 > these values become imaginary; that is, the star can- 
not cross the prime vertical. 

Example, — ^Required the hour angle and zenith distance of the 
star 12 Canum Yemiicorum (d = + 39 ° 5 ' 20 ") when on the prime 
vertical of Cincinnati ( 9 ? = + 39® 5' 54"). 


^ ^ = 0 ° 0 ' 34 '^ 

^ 4 . ^ = 78 11 14 
log sin (jcp — <5) 6.21705 
log sin (jp + f) 9.99070 
2 )6.22635 
log tan i i 8.11318 

44' 36".6 
29' 13".2 
= 5- 56*.88 


j(^— ^)= 0°0'17" 

^ (^(p — = 39 5 37 

log tan J — <5) 5.91602 

log tan ^ -I" 9.90982 

2) 6.00620 
log tan I C 8.00310 

^ C = 0° 34' 37".3 
: = V 9'14".6 


20. To find the amplitude and hour angle of a given star when ?>? 
the horizon. — If the star is at JET, Pig. 1 , we have in the triang:lc 
PUN, right-angled at iV, PN= <p, HPN = 180° ^ t, PH ^ 
90° — 8 ; and if the amplitude WH is denoted by a, w^e liawe 
EN =90° — a. This triangle gives, therefore, 

sin a = sec <p sin 5 
cos i = — tan (p tan 8 


( 28 ) 
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21 Given the how angle {t) of a star, to find Us i ight ascension (a) 
—Transformation from our second system of co-ordinates to the 
third 

There must evidently be given also the position of the meridian 
with reference to the ongm of right ascensions Suppose then 
m Tig 1 we know the light ascension of the meiidian, oi VQ 
= 0, then we have VD — VQ — DQ, that is, 

a= e —t 

Conversely, if a and 0 are known, we have 

^ = © — a 

The methods of finding © at a given time will he considered 
heieafter 


22 Gwen the zenith distance of a known star at a given idace, U 
find the star's how angle, azimuth, and parallactic angle 

In this case there are given in the tiianglo POZ, Fig 1, the 
thieo sides ZO = C, PO = 90° — d, PZ= 90° - ip, to find 
the angles ZPO = t, PZO = 180° - A, and POZ^g The 
formula for computing an angle B of a spheiical triangle ABC, 
whose sides aie a, b, c, is eithei 


or 


8in } B = 
cos i B = 
tan J B = 


nI( 


sin ( s — a) Bin (s — c) 
sm a sin c 
sin s sin (5 — ^) \ 
sm a sin c / 
sm (s — a) sm ($ — c) 
sm s sin (,s — b) 


) 

) 


in which s = | {a + b + c). We have then only to suppose B 
to represent one of the angles of our astronomical triangle, and 
to substitute the above corresponding values of the sides, to ob- 
tain the reqiiiied solution 

This substitution will be earned out heieaftei m those cases 
wheie the problem is practically applied 


23 Giien the declination (f) and the ught ascension (a) of a star, 
and the obliquity of the ecliptic (e), to find the latitude (|9) and the longi- 
tude (/!) of the star — Transfoimation fioin the third system of co- 
rn dmates to the fourth 

The solution of this problem is similai to that of Art 10 
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Fig. 6. 


The analogy of the tivo will he more apparent if Ave here repre- 
sent the sphere projected on the plane of 
the equator as in Ifig. 6, where YB UC is 
the equator, Pits pole; YA U the ecliptic, 
P' its pole, and consequently CF'PB the 
solstitial colure ; POD, P' OL, circles of 
^ declination and latitude drawn through the 
star 0. Since the angle which two great 
circles make with each other is equal to 
the angular distance of their poles, Ave haA'e 
PP' — £ ; and since the angle P'PO is 
measured hy CD and PP'O by AL, AA^eliav’e in the triangle 
PP'O 



P'PO, PP'O, P'0, PO, PP' 

90” + a, 90° — X, 90° — A 90° — S, e 


which, substituted I'espeetively for 

A, B (t, 

in the general equations (a), Art. 10, give 

sin /? = cos e sin 5 — sin s cos d sin a 

cos sin 1 = sin e sin J cos e cos S sin a 

cos /S COB A = cos 5 cos a 


C, 


1 


(29) 


wlucli are the required formulae of transformation. Adapting 
for logarithraic computation, we have 


m sin M — sin d 
m cos M = cos d sin a 


sin i3 —m sin (M — e) 
cos (5 sin A ^ m cos (iltf — s) 
cos cos A == cos $ cos a 



\t\ '[viiicli w. is a positive iiumher. 

A. still more convenient form is ohtained by substituting 


k 


m 

cos ^ 



by wbicb we find 
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h. sin M -= tan 5 
k cos M = sm a 
jdsm ) = cos (Jf — e) 

/I'cos A --- cos M cot a 
tan I? =- sin A tan (ilf — c) 

cos jS sin A cos (J/ — «) 
n/ oenfiealion. ^ gj— — 3/ 

Exaiiple —Given 0, a, and s as below, to find /9 and 1 Com- 
jnitatioii by (31) 

J = — 16° 22' 35" 45 
«= 6 33 29 30 

j = 23 27 31 72 

log tan S = log A sin M ?i9 4681562 
log sin a = log A cos AT 9 057 /091 
3f = — 68° 45' 41" 87 
Jlf _ e = ~ 92 13 13 59 

log cos ir 0 5590070 
log cot a 0 9394396 
log A' cos A 0 4984466 
loErcosfJlf — e) =log A' sin A wS 5882080 
/i = 359° 17' 43" 91 

Tables for facihtating the ab«ve transformation, based np^n 
ll 0 same method as that employed in Ait. 16, aie given in the 
A noricau Epbeineris* and Berlin Jahibuch The foi niiilfe tliei e 
V eel may be obtained from Fig b, in which the points T’lnid (r 
ire used precisely as in E’lg 4 •£ Art 16 

24 If we denote the angle at the star, or P'OP, by 90° — i?, 
the solution of the pieceding iirohlem hj Gauss’s Fcpiations is 

cos (45° — 1 ,S) sin J (^J + A) = sin [45° — ! (c - 5)] si n (45° + A a) 

cos (45° — i f) cos 5 (jS-b A) = cos [45° _ i (e + cos (45° + J a) 

Bin (45° — J/9)sin i (JS — A]=sni [45° — d* 'h] (45° \o.) ( 

sin (45°_},9 )cos*(A"— A)=co8[45° — K®— (-15° + \a) ) 

25 If the angle at the star is required when the Gaussian 
Eqnatioiis have not been cniiploicd, ut* luwe lioin the tiiaiiglo 
POP', Fig 6, putting P'OP ~ fj - 90° — JE, 


log sill ) 0897286 

log tail (M-e ) 14114658 
log tan /5 n9 5011944 
" ^ 170 35' 37'^ 51 

Vcnjicctiton 

log cos /3 sin A 0689234 
log cos d sin a 0 0397224 

log ;(9 0292010 

COb M 
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COS (3 COS Yj = COS £ COS S -f sin e sin ^ sin a 
cos ^ sin 7) — sin e cos a 

or, adapted for logarithms, 

n sin iV' = sin e sin a \ 

yi cos N == cos e / 

cos iS cos -0 = n cos (N — d) ) 

cos sin z= sin e cos a I 

26. Given the latitude (/9) and longitude (A) a star^ and the 
obliquity of the ecliptic (e), to find the declination and right ascension 
of the star. 

By the process already employed, we derive irom the triangle 
PP'Oj Pig. 6, for this case, 

sin S = cos £ sin 4- sin £ cos /? sin X 

cos S sin a = — sin £ sin cos £ cos /5 sin X 

cos a cos a = cos /S COS X 



which, it will be observed, may be obtained from (29) by inter- 
changing a with A, and d with and at the same time changing 
the sign of e, that is, putting — e for e, and, cozxsequently, — sin s 
for sin e. 

For logarithmic computation, we have 


m sin ilf = sin g 
m oos M= cos 13 sin A 
sin d = m sin (M + £) 
cos a sin a — m cos (M -j- £) 
cos d cos a = cos /5 COS X 



or the following, analogous to (31) : 


k sin M = tan 
k oos M= sin X 
k! sin a = cos ( Jf -|- e) 
k! cos a == cos M cot A 
tan d = sin a tan {M + e) 


For verification : 


cos d sin a cos (If - f- e) 
cos ^ sin X cos M 



27* The angle at the star, IdJP'^ being denoted, as in Art. 2 4, 
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lyy 90° _ E, the solution of tins pioblem by the Gaussian 
Equations is 

sm (45°— i 8) sin J (iJ a) = sin [45°— 1 (e -f /?)] sin (45° -f I A) \ 
sin (45°_ J d) cos^ (-B -|- a) = cos[45°— 1 (s — /?)] cos (45° -j- 1 a) r 
008(45°— 1 S) sin J (J® — a) = sin [45°— i (e — /?)] cos (45° -b 1 A) ^ 
eos(45°— 1 8) cos f{E — a) = cos [45°— 1 (e -j- /?)] sm (45°-l- J A) j 

28 But if the angle ly = 90° — -E7 is lequned ivhen the 
Gaussian Equations have not heen employed, we have diiectly 

COS d COS 71 = COS e COS — SlU e 8111 ^ Sin A 
COS d sm Tj = sm e COS X 

or, adapted for logarithms, 

n sm N= sm e sm X 
n cos i\r= COS e 
COS d COS 7) z= n cos {N -|- 
COS d sm 7] = sm e cos X 

29 For the sim, wc may, excciit when extreme piccision is 
desired, put /? = 0, and the preceding formulre then assume veiy 
simple foims Thus, if in (34) we put sm /3 = 0, cos fl = 1, we 
lind 

sm d = sm e sm X 
cos B sm a = cos e sm X 
cos d cos a = cos X 

whence if any two of the foui quantities 5, a, A, e are given, we 
can deduce the othei two 

RECTANUULAR CO-ORDINATES 

30 By moans of spherical co-oidmates we have expressed 
only a stai’s direction To define its position m space com- 
pletely, another element is necessaiy, namely, its distance In 
Spheiical Astionomy we considci this clement of distance only 
so fai as may be necessary m determining the changes of 
appaient diiection of a star lesultmg from a change in the point 
fiom which it is viewed Foi this purpose the rectangular co- 
ordinates of analytical geometry may he employed 

Three planes of lefeience aio taken at light angles to each 
othci, then common intei section, or origin, heing the point of 
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obscivation, and tlie stai’s distances fiom these planes are 
denoted by j, y, and z lespectiv^ely These co-oidmates aie 
respectively paiallel to the thiee axes (oi nuitiial iiitei sections 
of the planes, taken two and two), and hence these axes aie 
called, lespectnelj, the axis of /, the a\Ls of j/, and the axis of 2: 
The planes aie ditetnigiiibhed by the axes they contain, as “the 
plane of xy^ the "'•plane of the plane of ” The co- 
ordinates may be conceived to be measuied on the axes to 
^ which they belong, fiom the oiigiu, m two opposite diiections, 
distinguished by the algebiaic signs of fliLS and minus, so that 
the nunieiical values of the co-oidinates of a stai, togefhci with 
their algebiaic signs, fully deteimine the position of the stai ni 
space without ambiguity 

Of the eight solid angles foiined b} the planes of lefeicnce, 
that in vliich a stai is placed will always be knovn by the t^igins 
of the thiee co-ordinates, and in one only of these angles vill 
the three signs all be This angle is usually called the Jii st 

angle To simplify the in\ estigatioiis of a pioblem, ive nia}, if 
we choose, assume all the points consideied to he in the hist 
angle, and then tieat the equations obtained foi this simplest 
case as entiiely general, foi, by the principles of analytical 
geometry, negative values of the co-ouhnates which satisfy such 
equations also satisfy a geoinetiical constiuction in which these 
‘co-ordinates aie diawu m the negative diiection 

The pohr co- 07 dmates of analytical geometiy (of thiee tliinen- 
sions) when applied to astionomy aie nothing moie than the 
sjheneal co-oidinates we have already tieated of, coiuhined 
with the element distance , and the foimuhe of tiansfoimatiou 
Lorn rectangulai to polai co oidinates aie nothing moic than 
the values of the lectangulai co-oidinates in teims of the dis- 
tance and the spheiical co-ordinates For the convenience ot 
reference, we shall heie recapitulate these foimulge, with special 
reference to 0111 several systems of spherical co-ordinates 

31 We shall find it useful to piemise the following 
Lemma. The distance of a pood ot space ftoin the plane of (Dhj 
code of the celestial sphtie is equal to ds distance Jwm the tenfri 
of the sphere multiplied by the cosine of th anguko distance pom the 
pole of that einle, and ds distance f om the axis of the co cle is equal to 
dsihdame Pom the tenhe of the spheie multiplied by the vne of iP 
angular dmtaiue f uni the pole 
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For, let AB, Fig. 7, be the given groat circle ortbographi- 
cally projected upon a plane passing througli its axis OP and 
the given point C; P its pole. The dis- x^ig. r. 

tanee of the point G from the plane of the 
great circle is the perpendicular CD; CD 
is its distance from the a.xis; CO its dis- 
tance from the centre of the sphere ; and 
the angle COP the angular distance from 
the pole. The truth of the Lemma is, 
therefore, obvious from the ligure. 

32. The values of the rectangular co-ordinates in our several 
systems may he found as follows : 

Fird sjjstem, — Altitude and azimuth, — Let the primitive plane, 
or that of the horizon, he the plane of xy ; that of the meridian, 
the plane of xz; that of the prime vertical, the plane of yz. 
The meridian line is then the axis of x; the east and west liiie, 
the axis of y; and the vertical line, the axis of Positive x 
will be reckoned from the origin towards the south, i>ositivc y 
towards the west, and positive 2 : towards the zenith. The fiyd. 
anylCj or angle of positive values, is therefore the soutlwcst 
quarter of the hemisphere above the plane of the horizon. Let 

Fig. 8, be the zenith, S the south point, W the Fig. 8. 

west point of the horizon. These points are 
respectively the poles of the three great circles 
of reference ; if, then, A is the position of a 
star on the surface of the sphere as seen from 
the centre of the earth, and if we put 

h = altitude of the star := AM, 

A = azimuth “ = SM, 

A = its distance from the centre of the sphere 

wo have immediately, by the preceding Lemma, 

X = A cos AS, y = A cos A z=: A cos A^, 

-which, by considering the right triangles AIIS, AIIW, become 

X = A cos h cos A ^ 

y z=: A cos/i sin A > (39) 

2 ^ = J sin 7i j 

These equations determine the rectangular co-ordinates x, y, z, 
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'svlien the polai co-oidmatcs J, /?, ^1 aie given Coineisel}, if 
Tj and aie given, we may find J, //, and A, foi the first two 
equations give 

tan A = -^ 

% 

and then we have 


A sin h — z 


A cos h ~ — y 
cos A sin A 


whence A and h Oi, by adding the squares of the first tw^o 
ecpiations, we have 

A cos h — 

whence 


tan h = 


V(^^TV) 


and the sum of the sqnaies of the thiee equations gives 


A + ?/' + z^) 


Second system — Declination and hour angle — Let the plane of 
the equator be the plane of xy , that of the meridian, the piano 
of xz, that of the six houi circle, the plane of yz In the jire- 
ceding figure, let Z now denote the noith pole, 8 that point of 
the equatoi which is on the meiidian above the hoiizon and 
from which houi angles aie leckoiied, W the west point Posi- 
tive X will be 1 eckoned towards S^ positive y towai ds the west, 
positive z towai ds the north If then A is the place of a stai on 
the sphere as seen from the centie, and we put 


d = the stains decimation = AH^ 
t = horn angle = SH, 

A = “ distance horn the centre. 


and denote the rectangular co-oidinates in this case b\ x' v' z^ 
we have ^ ^ ? 


x' = A cos d cos t 
~ A cos 5 sin t 
z' = J sin d 



Third system —Declination and right ascension —'Lai the plane 
of the equatoi he the plane ofxy, that of the equinoctial coin re, 
the plane of x,-, that of the solstitial colure, the plane of yz. 
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The axis of r is the iiitciacclioii of the pianos of tlie ecpiatoi 
and ecLuinoctial coluie, positive towaitls the vernal equinox, the 
axis of y IS the mteisection of the planes of the equatoi and sol- 
stitial colure, positive toiva ids that point V hose light ascension 
IS 4-90° , and the axis of ^ is the axis of the equator, positive 
towaids’the noith If then, in Fig 8. ^ is the iioith pole, If 
the vernal equinox, A a star in tlio first angle, piojei ted uiioii 
the celestial sphere, and we put 

d = decimation of the stai = AH, 
a = right ascension “ = WH, 

d = distance fioni the centre, 

while x", y'', z" denote the leetangiilar co-ordinates, we have 
x" = J cos ^ W, y" — d cos AS, z" = J COB AZ, 
which become 

;=z J cos S COS a 1 

y" — J cos S am a > (41) 

/' — J am d j 

Fourth system — Celestial latitude and lonyiiude — Let the plane 
of the ecdiptio be the plane of ry , the plane of the circle of 
latitude passing tin ongh the cqiiinoetial points, the piano of xz ; 
the plane of the circle of latitude passing thiongh the solstitial 
points, tlie plane of yz The positive axis of x is here also the 
straight line From the ccntio towaids the vernal equinox, the 
positive avis of y is the stiaight line from the eentic towards the 
noitli solstitial point, or that whose longitude is 4-90°, and the 
positive axis of is the straight line fiom the centre towai ds 
the noith polo of the ecliptic 

If then, in Pig 8, Z now denotes the noith polo of the ecliptic, 
IF the vernal equinox, A the stai’s place on the spheie, and 
we pat 

/9 = latitude of the stai = AH, 

X — longitude of the stai = WH, 
d = distance of the star from the centre, 

and x'", y'", 2 "', denote the rectangular co-ordinates for this 
system, we have 

x”' = A cos ^ cos A 
1 /"' = J eos y? sin A 
S" = id sin /3 



(42) 
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transformation of rectangular co-ordinates 

33 Foi' tlio purpOv«^es of Spheiical Astronomy, only the most 
simple cases of the geneial tiansfoiniations tieated of in analy- 
tical geometi} aie neeessan We mostl}^ consider hut two cases 
Fir^t Tian^fo^mntton of ectangulai eo-ojdmaies to a iiein origm. 
Without changing the sgstcm of sjphcncal co-o) dinates 

The geneial planes of reference which have been used in this 
chapter may be supposed to be diawn thiough any point in space 
without changing their diiections, and theiefore without changing 
the gieat ciicles of the infinite celestial sphere which reprc>. 
sent them We thus repeat the same system of spherical co-oidi 
nates with various origins and difteient s} stems of rectangular 
00-01 dinates, the planes of reference, howevei, remaining always 
paiallel to the planes of the piimitive system 

The tiansformation fioni one system of lectangular co-oirh- 
nates to a parallel system is evidently eflected by the formula 


+ a 
^ 



m which yi, aie the co-oi dinates of a point in the primitive 
system, the co-oi dinates of the same point in the new 

system, and 6, c aie the co-oi dinates of the new oiigin taken 
in the tiist system 


As we have shown how to express the values of anc 

of ^ 2 , ^21 -2 teims of the spheiical co-ordinates, we have oul] 
to substitute these values m the preceding foimiilse to obtain th< 
geneial relations between the spherical co-oi dinates coi respond 
ing to the two oiigms This is, indeed, the most general methoc 
of deteimimng the eflrect of parallax^ as will appear hereafter 

Second T't ansformatton of lectangidar eo 
ordinates when the system of spherical co-ordi 
nates is changed but the origin is unchanged 
This amounts to changing the directions ol 
the axes The cases which occur in practice 
“'-r ohiefly those in vhich the tAvo system 
have one plane in common Suppose tlin 
plane is that of and let OX, OZ, Fig 9, b< 
the axes of x and 2 : in the hist system, OX^ 
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0Z„ the axes of and in the new system. Let A be the 
projection of a point in space upon the common plane ; and 
let x=- AB,z = OB, x, = AB„ z, =0B,. The distance of the 
point from the common plane being unchanged, we have 

y=yi- 

The axis of y may he regarded as an axis of rex^olntion about 
which the planes of yr and yz revolve in passing from the first to 
the second system ; and if u denotes the angular measure of this 
revolution, or w = XOX-^ — ZOZ^ — BAB^, we readily derive 
from' the tigure the equation 

X sec u = tan u 


or, multiplying by cos w., 

x = x^^ cos w — sin u 

and 

z = x tan %t 4" see « 

or, substituting in this the preceding value of x, 
z = a\ sin ?! + z^ cos \i 

Thus, to pass from the first to the second system, we have the 
formulae 

x = Xi cos a — z, sin u j 

!/=2/i r (4=-^) 

z~x^ sin ^ 


And to pass from the second to the first, we obtain with the same 
ease, 

x^= X Gosu + zsinn 

yx= y 

z^= — X sin u-\-z(iOB u 


I 


(45) 


As an example, let us apply these to transforming from our 
second system of spherical co-ordinates to the first ; that is, from 
declination and hour angle to altitude and azimuth. The meri- 
dian is the common plane; the axis of ^ in the system of declirm- 
tion and hour angle is the axis of the equator, and the axis of 
ill the system of altitude and azimuth is the vertical line ; the 
angle between these axes is the complement of the latitude, or 
?(r=90® — Substituting this value of ii in (44), and also the 
values of y, given by (39) and (40), we have, after 

omitting the common factor J, 

VOL. l.-i 
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f‘Ofe h CUS ^ Hill (f OOS () OOh t — COB SHI 0 

COS h sin A =icos sin i 

Bill h =rOOh (f cos 0 cos t j- hill <f Mil d 

AvliicU agiee mtli (14) AVc bce tliati\heii the oleiueiit of dis- 
tance IS left out of MOW (afe it luiiht iiocessaiil^ be A\lieii the 
oiigiii lb not dianged), the traiisfoiniation 1)\ nicaub oi lectangii- 
lai co-c)i(liiiates leadb to the same toiins as the direct aiipheatioii 
of Splieiical Tiigoiiomctij Vith legaid to the eiitiiegeaeiality 
of these foniuilae m then application to tingles ot all possible 
inagiiitucles, see Sph Tug Cliap lY 


DIEPERENTIAL VARIATIONS OF CO-ORDINATES 

34 It IS often necessaiy in piaetical astioiioiny to detemune 
what effect given vaiiatioiis of the data will piodiice in the quan- 
tities computed from them "Wheie the foinnila^ ot c^oinputa- 
tion aie deiived directly from a spherical tiianglo, vo can employ 
for this puiposc the equations of fiiaic (Ifjfcicvceb [Hph Tug 
Chap YL] if we wish to obtain iigoiousl^ exact lehitions, or 
the simplei difteiential equations if the \auations eonsidered 
are extremely small As the lattei case is ^c^ tieqiient, I shall 
deduce here the most useful diffeiential foimiihn, absunnng as 
well known the fanclamental ones [Sph Tug Ait 153], 

da — cos Q dh — cos B dr = sin h sin C (lA 1 

— cos 0 da db — cos A dc = sm c sin A V (46) 

— cos B da — cos A db -p dc = Bin a sin B dC i 

From these we obtain the following bv eliminating da 

sin C db-^ QOS asm B dc = sin h cobC dA + sin a dB ] 

— cos a sin C d2> 4- sin B dc == sin c cos B dA + sin a dC \ 

and by eliminating db fiom these: 

sm a sin B dc = cos 5 if A -j- cos r <fB -f dC (4K) 

If we eliminate dA from (47), we find 

cos b sin C db ~ cos c sin B dr = sin c cos B dB — sm b cos C dC 

the terms of which being elmded either by sm b sin (\ or by its 
equivalent sin e sin B, v e obtain 

cot bdb — cot c dc = cot B dB — cot C dC ('49 ) 
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35 As an example, take the spherical triangle formed by the 
zenith, the pole, and a star. Art 10, and put 

A — 180° — A a = 90° — ^ 

B ^ 

C = q c=Q0° — <p 

then the first equations of (46) and (47) give 

dS — — cos q df: + sin q sin C dA fi- cos t \ 

cos d dt — sin 5- df + cos 51 sin C di. 4 - sm d sm t d<f ) 

wliidi deteimiiie the oiiois M and dt iii the values of S and t 
(oinputed accoidiiig to the foiniulfe (4), (5), and (6), when C, A, 
and (f aie affected by the small eiiorsd;^, dA, and d(p icspeetively 
In a hiinilar mannei ve obtain 

df = — cos q d^ sm q cos ^ df -|- cos A d<p | ^ 

sin f dA = sin 5' dS + cos q cos S dt — cos f sin A d(p j 

ivbieh dcteiminc the eirois and dA in the values of Q and A 
computed by (14), ivhon d, f, and <p are affected by the small 
ouois dd, dt, and dip lespectively 


36 As a second example, take the triangle formed by the polo 
of the equatoi, the pole of the ecliptic, and a stai, Art 23 De- 
noting the angle at the star by -y, w'c find 


d/? = cos fj id — sm t; cos 5 da — sm A de 
cos /3 dA = sm t) dd cos cos 5 da -f- sm ft cos A de 


} 


e52) 


and reciprocally, 

•dd — COR Tj di3 sui 7] cos /9 (U + Bin a de ] 

cos d da = — sin ij dfi -|- cos tj cos dX — sm 5 cos ade ) 


( 63 ) 
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CHAPTER II 

TBIE — USE OF THE EPHEMERIS — INTERPOLATION — STAE 
CATALOGUES 

37 Transit — The instant when any point of the celestial 
sphere is on tlie meiidian of an obseiver is designated as the 
hansii of that point ovei the meiidian, also the yneudian pasHtqc^ 
and mlminaton In one eomplote rcYolution of the sphere 
about its axis, eveiy point of it is twice on the nieiiclian, at 
points which are 180^ distant in light ascension It is tlierefoie 
necessary to distingmsh between the iv^o tiansits. The nien- 
dian IS bisected at the polos of the eqnatoi tlie tiansit ovei that 
half of the meridian which contains the obscivei’s zenith is the 
upper transit, or culmination, that over the half of the meri- 
dian which contains the nadir is the loioer tiansit, oi cnlmina- 
tion At the nppei tiansitof a point its horn angle is Eero, or 
0^, at the lo^\ei tiansit, its hoin angle is 12'* 

38 The motion of the eaith about its axis is perfectly uni- 
form If, then, the axis of the earth pieseived piecisely the 
same direction in space, the appaient diiiiiial motion ot the 
celestial sphere would also he peifectly unifoim, and the inter- 
vals between the successive transits of any assumed point of the 
spheie woiild he peifectly equal The ejffect of changes in the 
position of the earth’s axis upon the tiansit of stars is most per- 
ceptible m the ease of stars near the vanishing points of the 
axis, that is, near the poles of the heavens Ve obtain a measure*^ 
of time sensibly uniform by employing the successive transits ol*' 
a point of the equatoi The point most naturally indicated ih 
the vernal equinox (also called the First point of Aries, and de- 
noted by the symbol for Aries, T) 

39 A sidereal day is the interval of time between two succes- 
sive (upper) tiansits of the tine vernal equinox over the same 
meridian 

The etiect ot pi 0008=^1011 and nutation upon the time of transii 
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of tlie veinal equinox is hO neail} the same at tuo buccessive 
tiansits, that sideieal tlajs thus defined aic smsibly equal (See 

Chaptei XI Art. 411 ) , , ^ 

The sulenal time at any instant is the lioui angle ut the veniai 
o(iuiuox at that instant, leckoiied fioin the nieiidiaii ivestwaid 
tioiii 0^ to 24:^^ 

When T oii the meiidiaii, the sideieal tune is O'* 0"‘ O' , and 
this instant is sometimes called sidereal noon 

40 A solar day is the iiiteival ol time hetweon tivo successive 
iippei transits of the sun ovci the same meiidiaii 

The solar time at any instant is the hoiii angle ot the sun at 

that instant 

In consequence of the eaith’s motion about the sun from west 
to east, the sun appeals to have a like motion among the stais, 

01 to be constantly increasing its light ascension, and hence a 
solai day is longer thait a sideieal day 

41 Appateni ami mean salat time — If the sun changed its light 
ascension iinitoiraly, solar days, though not equal to sideieal days, 
would still be equal to each othei _ But the sun’s motion in i ight 
ascension is not unifoini, and this toi two leasons 

1st The sun does not move in the equator, but in the ecliptic, 
so that, men ivere the sun’^ motion in the ecliptic uniform, its 
equal changes of longitude would not pioduce equal changes ot 
light ascension, 2d The sun’s motion in the ecliptic is not iini- 
toim 

To obtain a uniform measure ot tune depending on the sun s 
motion, the following method is adopted A fictitious sun, which 
Mve shall call the fit st mean sun, is supposed to move iinitoinily at 
such a late as to letiiin to the perigee at the same time with the 
tiiie sun Another fictitious sun, which we shall call the second 
mean sun (and which is often called simply the mean sun), is sup- 
posed to move unitoimly m the equatoi at the same late as the 
tnst mean sun in the ecliptic, and to letiiin to the veinal equinox 
at the same tune with it Then the time denoted by this second 
mean sun ispeifeitli mntoim in its inci ease, and is ealled mean time 
The time which is denoted by the true sun is called the true 
01 , more commonly, the apparent time 

The instant of transit of the tiue sun is called apparent noon, and 
the instant ot ti.msit of the second mean sun is called mean noon. 
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The equation of time is the difference between appaieiit and 
mean time, oi, in other words, it is the difierence between the 
hour angles ot the tine sun and the second mean sun The 
greatest difference is about IG”' 

The equation of time is also the diffeience between the light 
ascensions of the tiue sun and the second mean sun The light 
ascension of the second mean sun is, accoiding to the piccediiig 
definitions, equal to the longitude of the tiist iiioan sun, oi, as it 
IS commoiilj called, the sun's mean longitude To compute the 
equation ot time, theretoie, we must know how to hiid the longi- 
tude of the fiist mean sun , and this is deduced fioni a knowledge 
of the true sun’s apparent motion iii the ecliptic, which helongs 
to Physical Astronomy Heie it suffices us that its yalno is 
given foi each day of the yeai in the Ephemeiis, or Nautical 
Almanac 

42 Ast'ionomical time — The solai day (apparent or mean) is 
conceived by astronomeis to commence at noon (appaicnt or 
mean), and is divided into tw^enty-foiii horns, numbered sncecs- 
sively from 0 to 24 

Astionomical time (apparent or mean) is, then, the houi angle 
of the sun (apparent or mean), reckoned on the equator west- 
ward thioughout its entire circumference fiom O'* to 24'". 

43. Ciul time — ^For the common purposes of life, it is more 
convenient to begin the day at midnight, that is, when the sun 
18 on the meridian at its loxoer transit 

The civil day is divided into two periods of twmlve hours each, 
namely, from midnight to noon, maiked A M (Ante Meiidiem), 
and from noon to midnight, marked P M. (Post Meridiem) 

44 To comert ciiil into astronomical time — The civil day begins 
12^ before the astronomical day of the same date This remark 
IS the only precept that need he given foi the conveision of one 
ot these kinds of time into the olhci 

Examples 

Ast T May 10 15*= Civ T May 11, 3'‘AM 

Ast T Jan 3, 7*= Civ T Jan 3, 7^ P M 

Ast T Aug 31, 20*= Civ T Sept 1,8^ AM: 
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45. Ti7M at different merkUmis.-'Tho hour angle oi the sun at 
any meridian is called the local (solar) time at that mcndian. 

The hour angle of the sun at the Greeuwmh 
same instant is the correspmidiug (rreenmch 

shall have constant occasion to use, both ccai & t, - ‘ 
i,> thiB country and England ^-e reckoned «;.;= f [ 

meridian, and because the Americau_ and Butish Nautical 
Almanacs are computed for Greenwich time. _ 

The difference between the local time at any meridum andtlic 
Greenwich time is equal to the longitude of that meridian from 
Greenwich, expressed in time, observing that 1' ^ lo . ^ 

The difference between the local times ot any two^ 
meridians is equal to the difference of longitude ot 

those meridians. . 

In comparing the corresponding times at two dit- 
fereut meridians, the most easterly mendian may be 
distinguished as that at which the time is gicatcst, 

that is, latest. w ji -i ,i 

If then PM, Fig. 10, is any meridian (referred t(> the celestial 

sphere), PG the Greenwich meridian, PS the declination circle 
through the sun, and if wc put 



A M 


T 

X 0 

T 

L 


the Greenwich time — 

the local time . . . “ 

the west lougitiulc of the meridian PM — GPM, 


we have 


L=T,-T 
T„=T +L 


} 


(64) 


If the given meridian were cast of Greenwich, as PM', w’o. 
should have its east longitude =- T- T),; but wc prefer to nse 
the general formula L=T,- T in all cases, observing that east 
longitudes are to be regarded as negatire. 

in the formula (54), 2; and T are supposed to he reckoned 
always westward from their respective meridians, and from O'* to 
•24^ that is, and T’are the astronomical times, which should, of 
course, he used in all astronomical computations. 

As in almost every computation ot practical ustroiiomt we aie 
dependent for some ot the data upon the ephemeris, and these 


What we have to say respecting the Greenwich time is, however, equally appli- 
cable to the time at any other meridiaii for which the ephemeris may be computed. 
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are coTiiinoiih given for G-ieenwnoli, — it is generally thefiist step 
in such a computatioa to deduce an exact oi, at least, an ap- 
proximate value of the Grreenwich astronomical time It need 
liaidlybe added that the Greenwich tiiiio should nevci be othei- 
vise expiessed than asti onoinicallj 

Examples 

1 In longitude 76° 32' W the local time is 1856 April 1, 
9* 3“ 10' A M ; what is the Gieenwich time’ 

Local Ast T Mauh 31 21» 3“ 10* 

Longitude -]- 5 6 S 

Greenwich T April 1, 2 9 18 

2 In Long 105° 15' E the local tune is August 21, 4'* S™ P M ; 
what is the Greenwich time ’ 

Local Ast 'T Aug 21, 4* 3”* 

Longitude — 7 1 

Greenwich T Aug 20, 21 2 

3 Long 175° 30' W. Loc. T Sept 30, 8'* 10” A.M G T 
Sept 30, 7'' 52’“. 

4 Long 165° 0' E. Loc T. Eeb 1, P 11"‘ PM =G T Jan 
31, 20'’ 11"' 

5 Long 64° 30' E Loc T June 1, 0^‘ M (Noon) = G M T 
Map 31, 19^ 42”*. 

46 In nautical practice the obseivei is provided with a chio- 
iiometei which is regulated to Greenwich tune, bclore bailing, 
at a place whose longitude is noil kiiovii. Its erior on Gieeu- 
wicli time IS taiefully dcteimincd, as well as its dail^ gain or 
loss, that 18 , its yak, bO that at aiij biihseipient time the Giecn- 
wich time may be kiiowm from the indication of the chronometer 
coirected foi its error and the acciiinulatcd i ate since the date 
of sailing As, hoiveicr, the ehioiiometer has usually only 12'* 
marked on the dial, it is iieceshai,> to (listing iiisli whether it 
indicates AM or PM at Gieciiwich This is always readily 
done by means of the obsenci’s (qyjytoj mate lopgitiidc and local 


^ On tins account, chronometers intended for nautical and asti onomical purposes 
8houM alw«ays he marked fiom 0^ to 21/*, instead ot tioni ()'‘ to 12* m is now usual 
It IS mupiismg that iinigatoi b haie not moisted upon thiH point 
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time. As this is a daily operation at sea, it may be well to illus- 
trate it by a few examples. 

1. In the approximate longitude 5^ W. about 3'* P.M. on Au- 
gust 3, the G reenwich Chronometer marks 11"' 7^ and is fast 
on G. T. 6"' 10" ; what is the Greenwich astronomical time ? 

Approx. Local T. xiug. 3, 3^ Gr. Chronom. 8^ 11”" 7* 

“ Longitude, -j- 5 Correction, — 6 10 

Approx. G. T. Aug. 3, 8 Gr. Ast. T. Aug. 3, 8 4 57 

2. In Long. 10^ E. about P A.M. on Dec. 7, the Greenwich 
Chronometer marks 3^ 14”' 13".5, and is fast 25”' 18". 7 ; what is 
the G. T.? 

Approx. Local T. Dec. 6, 13^ Gr. Chronom. 3* 14”* 13*. 5 
Long. — 10 Correotroii, — 25 18 .7 

Approx. G. T. Dec. 6, 3 G. A. T. Doc. 6, 2 48 54.8 

3. In Long. 9^* 12”' IV. about 2^ A.M. on Eeb. 13, the Gr. Chroa. 
marks 10^' 27"' 13". 3, and is slow 30”' 30". 3; what is the G. T.? 

Approx. Local T, Feb. 12, 14* Gr. Chronom. 10* 37”" 13*.3 
“ Long. 4-9 Correction, + 

Approx. G. T. Feb, 12, ”2^ G. A. T. Feb. 12, ‘E T 

The computation of the approximate Greenwich time may, of 
course, he performed mentally. 

47. The formula (54), L=Tq — is true not only wlien 

and T are solar times, but also when they are any kinds of time 
whatever, or, in general, when and P express the hour angles 
of any point whatever of the sphere at the two meridians whose 
difference of longitude is L, This is evident from Fig. 10, where 
S may he any point of the sphere. 

48. To comert the cq^^parent time at a given meridian into the mean 
Vrne^ or the mean into the apparent time. 

If M ~ the mean time, 

A = the corresponding apparent time, 

E = the equation of time, 

we have 
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in wkich. JE^ IS to l>e regarded as a positive q[iiaiitity wken it is 
addiiite to apparent time The value of E is to be taken from the 
Nautical Almanac for the Gieenwicli instant coiresponding to 
the given local time If appaieiit time is given, find the Gr 
apparent time and take E from page I of the month in the 
Nautical Almanac, if mean time is given, iind the Gr mean 
time and take E from page 11 of the month 

Example 1 — In longitude 60® W, 1856 May 21, 3^' lO* 
P.M , appaient time , what is the mean time 

W e have first 

Local time May 21, 3^ 12- 10* 

Longitude, I 0 0 

Gr app time May 24, 7 12 10 

Ve must, therefoie, find E for the Gi time, May 24, 7^' 12'* 
lOh or 7^ 21 By the Nautical Almanac foi 1856, wo have E at 
appaient Gieenwich noon May 24 = — 3"' 25*' 43, and the hoiirl\ 
diffeience + O' 224 Hence at the given time 

= — 25*4B+ 0*224 X 7 21 = — 3”^ 2B*81 

and the required mean time is 

i/= 3^ 12’" 10* — 3- 23* 81 = 3^ S’" 46* 19 


Example 2 -In longitude 60® W, 1856 May 24, 8- 46Mt^ 

mean time ; what is the apparent time ^ 


<jt mean time, May 24, 7* S”' 46* 19 (= 7* 15) 

E at mean noon May 24 = — 3- 25* 41 Houily dilf = 0* 224 

Correction for 15 = 4” I 60 7 1 5 

E = — % 23 81 1 60 


md hence 


8-46*19 
-^B = ^ 3 23 81 
^=3 12 10 00 


As the equation of time is not a uniformly vaiy mg (piantit i 
IS not quite accurate to compute its coriection as above, by null 
tiplyingthe given hourly difference hy the iinmbei of honrs i 
fhe^ Q-reeiiwich time, for that piocess assumes that this hourb 
difference is the same for each hour The sanations in t!i« 
hourly difference are^ hovevei, so small that it is old's 
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extreme precision is required tliat recourse must be bad to the 
more exact method of interpolation which will be given here- 
after. 


49. To determine the relative length of th£ solar ayul sidereal units 

O'f , , 

According to Bessel, the length of the tropical year (which is 
the interval between two successive passages of the sun through 
the mean vernal eipiinox) is 365.24222 mean solar days;* and 
since in this time the mean sun has described the whole arc ot 
the equator included between the two positions of the equinox, 
it has made one transit less over any given meridian than the 
venial equinox; so that we have 

866.24222 sidereal days = 365.24222 mean solar days 


whence we deduce 

1 Sid day = sol. day =. 0.99726957 sol. day 

1 sia. aa;y 366.24222 


or 


Also, 


24“ sid. time = 23“ 56“ 4>.091 solar time 


1 sol day = 5^-— Sid. day = 1.00273791 sid. day 

X BUI. 019 M 


or 


365.2422 

24“ sol. time =24“ 3“ 56‘.555 sid. time 


If we put 


366.24222 

365.24222 


1.00273791 


and denote by Jan interval of mean solar time, by P the equiva- 
lent interval of sidereal time, we always have 


r=„I = I+Qx-l)I =1+ .00273791 I 


I 




.00273043 F 


(55) 


Tables are given in the Nautical Almanacs to save the labor of 
computing these equations. In some ot these tables, for each 
solar interval I there is given the ecLuivalent sidereal interval 
I' = and reciprocally; in others there are given the correc- 
tion to be added to Jto find P {ie. the correction .00273791 1), 


* The length of tlie tvofiical year is not absolutely constant. The value given in 
the text is for the year 1800. Its decrease in 11)0 years is about 0».6 (Art. 407). 
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and tlae coriection to l>c subtiacted ttomPto find J {? f the 
coriection 00273043 J'). Tlie latter form is the most oonve- 
lueiit, and is adopted in the Ameiican Ephcmeiis The coirectiou 
(/j 1) J is fieqiiently called tlio acaleuition of the fixed stars (re- 

latively to the sun) The daily acceleiatioii is 3"' 56*' 555 

50 To convert the mean solar time at a gum mendian into the 
corresgiondmg sidereal time 

In Tig 1, page 25, if PQ is the given meridian, the equatoi^ 
D the mean sun, V the venial equinox:, and it we put 

T=I>Q~ the mean solai time, 

0= FQ=rthe sidereal time, 

= the right ascension of the meridian, 
y-= the right ascension of the mean Biin^ 

we have 

e=T+r ( 56 ) 

The light ascension of the mean sun, or is given in the 
American Ephenieris, on page II of the month, foi each Gieeii- 
wich mean noon It is, ho\\e\ei, tlieie called the ‘‘S^ideieal 
Time,” because at mean noon the second mean sun is ou the 
mendian, and its right ascension is also the light asc*eiisioii of 
the nieridum, or the sidoieal time Eiit tins qiiantit\ V is uni- 
formly incieasing'^ at the late of 3"' 5G' 555 in 24 mean solar 
hours, or of 9*8565 in one mean hoiii To find its value at the 
given time T, vc may fust find the (.heeiiwich mean time 7\ hv 
applying the longitude; then, if we })ut 

Fj) = the value of F at Gri mean noon, 

= the sidereal time’' in the ophemeiis foi the given date, 

we have 

+ 85b5 X 

m which Tomiist he expressed in houis and decimal ])arts h 
is easily seen that 9' 8565 is the aeceleiation ot sidereal time oi 
solai time in one bolaihoui, and theicfoio the term 9\85(J5 > 1 
ib the collection to add to T^fo i educe it fioni a solai to a side 
leal iiiteival This teim i*. identical with 1)7; as given \r 

* The sidereal time at mean noon is equal to the (me R A of the me iii sim, or i 
IS the R A of the mean sun referred to the t7ue equinox, and theiefore mvohes tli 
nutation, so that its rate of increase is not, stiicily, luufoiin But it is sutliciontl} ¥ 
foi 24 liouis tu be bo regarded in all practical eouiputdtioiife See Chaptei XI 
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the preceding article, if To in the latter expression is expressed 
in seconds, since wo have 

-- 0.00273791 = 11 — 1 

3600* 

We may tlien write (56) in the following form, putting 
west longitude of the given meridian, and 2\== T L: 

© = T + n + Ca - 1) ( r -f Z) (57) 

The term (// — 1) (7"+ L) is given in the tables of the Amer- 
ican Ephemeris for converting ‘‘Mean into Sidereal Time,” and 
may be found by entering the table with the argument T -f A 
or by entering successively with the arguments T and L and 
adding the corrections found, observing to give the eoiTection 
for the longitude the negative sign when the longitude is east. 
If no tables are at hand, the direct computation of this term will 
be more convenient under the form tK85G5 X A- 


Example 1. — In Longitude 165® W. 1856 May 17, 4^ A.M.: 
what is the sidereal time ? 

The Greenwich time is May 17, 3'*; and the computation may 
be arranged as follows : 


Local Ast. Time 
At Gr. JSToon May 17, 
Correction of for 3* | 
== 9*.85G5 X B J 


T = IG'^ O’" 0^ 
Fo= 3 41 28 .32 

= 29 .57 

0= 19 41 57~.89 


Example 2. — ^In Longitude 25® 17' E. 1856 Marcli 13, about 
9 ^ 3 Qm an observation is noted by a Greenwich chronometer 

which gives 7'‘ 51"‘ 12\3 and is slow 3"" 13'*.4 ; what is the local 
sidereal time ? 


Gr. mean date, March 13,- 7^ 54"" 25*.7 ’ 

Longitude, 1 41 8 

T = ¥~35 33 .7 


March 13, A =23 25 12 .26 
Tabular corr. for 7* 54"” 25v7 = 1 17 .94 

0==~9 2 3 "90 



Example 3 —In Longitude 7^ 25“ 12' E 1856 March 13, 13^ 15”- 
mean local astronomical time , what is the sideieal time ’ 


Tabular eorr foi 
Tab coil foi loiu 


T = 13* 16“47‘3 
F„= 23 25 12 26 
13* 15“ 47' 3 = -|- 2 10 73 
- 7* 25“ 12' =r _ 1 13 14 
© = T2 41 67 15 


bLc nn o 1 , ^ ^ ^ ■^he tiiie sun, we 

twSeST “ I ""‘'■’^■" = 11 *■ of fue s,m, and 
V the sideieal time, is the sum of these tu o 

tlJ»tu”if Lnm!7'' Ephenieris 

anpaieiit noon T> and is theie given foi each 

It IS not a uiufoimly iiici easing quantitv but 

.ou”h“™r*“ " n* '““'■'“''y "'"oate to consido’r the 

EaXAMPLE -In Longitude 98° W 1856 June 3 4* !(>« P M 
app time, wliat is the sideieal time^ ^ 

Gr app date June 3, 10* 42“ (= 10* 7) Local app t = 4* 10“ 0- 

Ho..„ d.« = t to^?n'’x m ' * : * 1 S 

Sidereal time =~8 58 11 94 

<JLl:;z2n “» «« 

Time, and then we Sidereal 

, men u e liai e, by transposing equation (56), 

T= 0 _ F 
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E.X.AM1-LE.— Ill Lougitiule 165'’ W., the areeiiwich mean time 
being 1856 May 17, 3*, the local sidereal time 19^ 41"‘ 67*.89, 
what is the local nieau time ? 

= 3* 41“ 28'.32 

Corr. for S'* = + 29 .57 

r = 3 41 57.89 
e = 19 41 57 .89 
e — F = r = 16 0 0 .00 

The longitude being 11'' M'., the local date is May 10. 

Second vicilwd . — When the Greenwich mean time is not given, 
wc can lind T from (57), all the other quantities in that equation 
being known. We find 

or, ill a more eom^enient form for use, 

T = e - F„ - (l -J) (® -K + L) (58) 

in which the term multiplied by 1 — — is the retardaiion of mean 

time on sidereal in the interval 0 — given in the 

table “Sidereal into Mean Time.” It is convenient to enter the 
table first with the argument 0 — r„ and then with the argu- 
ment L, and to subtract the tivo corrections from 0 — Vu, ob- 
serving that file correction for the longitude becomes additive 
if the longitude is east. 

Example. — In Longitude 165° W. 1856 May 10, the sidereal 
time is lO'^ 41“ 57*. 89; what is the mean local time? 

e = 19'* 41"* .57'.89 
May 16, 3 37 31.76 

© — T'(, = IG 4^ 26 .13 
Table, '‘Sidereal into | Corr. for 16'' 4“ 26*. 13 ^ — 2 38 .00 

Mean Time” 1 “ “longitude IF — — 1 48 .13 

r = 16 0 0 .00 

53. The following method of converting the sidereal into the 
mean time is preferred hy some. In the last column of page III 
of the month in the American Haul Aim. is given the “Mean 
Time of Sidereal Oh” This quantity', wdiich we may denote hy 
F', is the number of hoiu’S the mean sun is toed of the vernal 



equinox, and ia merely tlie difference between 24^ and the iii. 
aim’s right ascension. The hour angle of the mean sun 
instant is then the hour angle of the vernal equinox increased 
by the value of 7' at that instant. To lind this value of 7% 
first reduce the Almanac value to the given meridian by 
recting it for the longitude by the table for converting sidei'eal 
into mean time; then reduce it to the given sidereal tiiui<^ O 
(which is the elapsed sidereal time sin'ee the transit of the 
equinox over the given meridian) by further correcting it b>y tlic 
same table for this time ©. We then have the mean time ^ 7y 
the formula 

T=e + F' 

It is necessary to observe, however, that if 0 + 7' e>Lcee(l 
24^' it Avill increase our date by one day; and in that case ^ 
should be taken from the Almanac for a date one day less tlian 
the given date; that is, we must in every case take that -value 
which belongs to the Greenwich transit of the vernal equinox 
immediately inccedbuj that over the given meridian. 

Example. — Same as in Art. 62. 

0 = IQ'" 41”^ 57'.89 
May 15, = 20 23 3 .88 

Corr. for long. 11'* W. = — 1 48 .13 

Corr. for 19* 41"* 58* = — 3 1 3 .64 

Trz:=T6 0 0.00 

’ 64. To fold the hour angle of a siar^ at a given time at ct give a 
meridian. 

In Fig. 1, we have for the star at 0, DQ = 7§ — VD ; tliat 
is, if we put 

0 = the sidereal time, 
a = the right ascension of the star, 
t — the hour angle 

then t — S — a (^59 1 

If a exceeds 0, this formula wdll give a negative value of I 
which will express the hour angle east of the meridian: in tliat 
case, if we increase 0 by 24^^ before subtracting a, we sli^ll fiiid 


* We shall use “star,’’ for brevity, to denote any celestial body. 
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the value of t reckoued m the usual mannei, west of the meii- 
dian 

According to this formula, then, we have first to conveit the 
given time into the sidereal time, from which we then subtract 
the right ascension of the star, increasing the sideieal tune b> 
24'^ when necessary, the remainder is the leq^iiired hour angle 
west of the meridian 

In the case of the sun, however, the apparent time is at once 
the required hour angle, and we only have to apply to the given 
mean time the equation of time 

Example — ^In Longitude 165° W . 1856 May 16, 16^‘ 0™ O' mean 
time, find the hour angles of the sun, the moon, Jupiiter, and 
the star Eonialhaut 

The Greenwich mean date is 1856 May 17, 3^*, and the local 
sidereal time is (see Example 1, Art. 60) 0 = 19'“ 41“ 57' 89 
For the Gieenwich date we find from the ISTaiit Aim the equa- 
tion of time E, and the right ascensions a of the moon, J upiter, 
and Fomalhaut, as below 

y _ pg» 0“ 0* 0 = 19* 41™ 57' 89 

— E = -\- 3 49 85 :&’s c = 13 50 21 35 

0’st = 16 3 49 85 D’b t — 5 51 36 54 


0 = 19* 41“ 57* 89 0 = 19* 41“ 57* 89 

QL’a a = 0 7 57 53 Fomalh a = 22 49 40 18 
qj^’s i = 19 34 0 37 Fomalh t = 20 52 17 71 

If the sidereal time had been given at first, we should have 
found the hour angle of the sun by subtracting its apparent right 
ascension as in the case of any other body 


55 Given, the hour angle of a star at a given nw idian on a given 
day, to find the local mean time. 

By transposing the formula (59), we have 

© = # a (60) 

so that, the right ascension of the star being given, we have only 
to add it to the given hour angle to obtain the local sideieal time, 
whence the mean time is found by Ait 52 When the sum t 4- a 
exceeds 24*, we must, of couise, deduct 24*. If the body is the 
sun, howevei, the given hour angle is at once the apparent time, 
whence the mean time as before. But if the body is the moon 
Voi 1—5 
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01 a planet, its iiglit aseonaion can bo foniul tunn the EpiheiLit'i ns 
only ben we know the (H-recmi leh time If then the G-fOcn- 
wich time IS not given, m e must find an apiiroximate value' ot 
the local time In foimula (60), uMiig foi rx aialuetaken fc>i 
(iieenwich tune as neatly estimated as possible, ftom this local 
time deduce a inoie exact \alue ot the Gieenwich time, xvith 
which a moie exact value of a may be found, and so lepeating as 
often as mav be necea&aiy to roach the i ecpiii cd degi ee of pirecision 

Example 1 — In Longitude 165° IV 1856 May 16, the houi’ fiiigl® 
of Fomalhaut is 20" 52'" IT' T1 , what is the mean time ? 

t = 20" 52“ 17* 71 
May 16, Fomalh a = 22 40 40 18 
0 = 19 41 57 89 

whence the mean time is found to be T= 16" 0“ 0' 

Example 2 — In Longitude 165° IV 1856 May 16, the moon s 
hour angle is 5" 51’" 36’ 54, and the Gieenwieh date is gix-'eii ^lay 
17, 3" , what IS the mean time 

t = 5" 51“ 36' 54 
For May 17, 3", a = 13 50 21 35 
0 = 19 41 57 89 
“ May 17, 3", V 3 41 57 89 
T = 16 0 0 00 

Example 3 — In Longitude 30° E 1856 August 10, the nioon’s 
hcnii angle is 4" 10“ 53' 2, what is the mean tune 

For afiist appioximatioii, we obseive that the moon paswes the 
jneiidiaii on August 10 at about 7" mean time (Am Epili. page 
IV of the month), and when it is west of the merichaii 4" the* 
mean time is about 4" latei, oi 11", from which subtract! iig the 
longitude 2" we have, as a lough value of the Greenvcacili time 
Aug 10, 9" We then have 



t = 

4" 11“ 

For Aug 10, 9", 

a = 

16 29 


e = 

20 40 

“ Aug 10, 9", 

v= 

9 18 

Ist approx value 

T = 

11 22 


Hence the more exact Greenwich date is Aug 10, 9" 22”* ; and 
with this we now repeat 
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t = # 10«* 53-.2 
For Aug. 10, 22"^ a == 16 29 26.8 

0 = 20 40 20.0 

2d approx, value T = 11 22 11 .9 

A third approximation, setting out from this value of T, gives 
us 11'‘ 22"^ 12*.32. 

56. The mean time of the meridian passage not only of the 
moon but of each of the planets is given in the Ephemeris. 
This quantity is nothing more than the arc of the equator in- 
tercepted between the mean sun and the moon’s or planet s 
declination circle. If we denote it by we may regard ilf as 
the equation between mean time and the lunar or planetary time, 
these terms being used instead of ‘‘hour angle of the moon or 
“hour angle of a planet,” just as we use “solar time to signify 
“hour angle of the sun.” This quantity M is given in the Ephe- 
meris for the instant when the lunar or planetary time is 0^, and 
its variation in 1^* of such time is also given in the adjacent 
column. If, then, when the moon’s or a planet’s hour angle at a 
given meridian = we take out from the Almanac the value of 
M for the corresponding Greenwich value of we shall find the 
mean time T by simply adding Mtot; that is, 

T^t+M (61) 

This is, in fact, the direct solution of the problem of the pre- 
ceding article, and neither requires a previous knowledge of the 
vlreenwich mean time nor introduces the sidereal time. But 
the Almanac values of M are not given to seconds ; and there- 
fore we can use (61) only for making our first approximation to 
r, after which we proceed as in the last article. The Green- 
wich value of t with which we take out M is equal to i + 
denoting by L the longitude of the given meridian (to be taken 
with the negative sign when east), and the required value of M is 
the Almanac value increased by the hourly diff‘. multiplied by 
[i + L) in hours. As the hourly diff. of M in the case of the moon 
is itself variable, we should use that value of it which corresponds 
to the middle of the interval t + L; that is, we should first correct 
the hourly diffi by the product of its hourly change into | {t + L) 
in hours. 
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Example — Same as Example 3, Art. 55 We hare 

f 4 i = 2‘ 10”* 53* 2 = 2'“ 18 < = 58' 2 

AtGr trans Hour Diff =2’»17AtGi trans Aug 10,J»f= " ® 

Variation of H D in I** 5“ = 01 2”* 18 X 2 18 = + 

Collected Houily Diff = 2 18 T = 11 22 8 2 

which agrees within 4’ with the true value Taking it as a first 
approximation, and proceeding as m Ait. 55, a second approxima- 
tion gives r= 11'* 22”* 12” 19 

THE EPHEMEMS, OR ITAXJTICAL ALMANAC 

5T We have already had occasion to refer to the Bphemeris , 
hut we propose here to treat more paiticnlailv of its ariange- 
meiit and use 

The Astronomical Epliemeris expresses in iiumbois the actual 
state of the celestial sphere at given instants ot time ; that is, 
it gives for such instants the numerical values of the co-ordi- 
nates of the principal celestial bodies, icfeirecl to circles whose 
positions are independent of the diuinal motion of the earth, 
as declination and right ascension, latitude and longitudo, 
together with the elements of position of the circles of le- 
feience themselves It also gives the eftects ot changes of posi- 
tion of the observer upon the co-ordinates, oi, lathcr, uumlicrs 
fiom which such changes can he leadily compiuted (namely, 
the parallax, which will be fully consideied beieafter), the ap- 
parent angular magnitude of the sun, moon, and planets, and, 
in geneial, all those phenomena winch depend on the time; that 
is, which may he legaidcd simply &s functions of the tmxc 

The American JEphemais is composed of two parts, the limt 
computed for the meridian of G-ieenwich, in confoimity ivitli the 
British Nautical Almanac, especially for the use of navigators , 
the second computed for the meiidian of Washington toi the 
convenience of American astronomers The French Eph cm ei is, 
La Connaissance des Temps, is computed for the mciiduin of Pans , 
the G[&rTLX 2 Ln, JBerlincT Asti onornisches Jahibuch, for the incridiaii 
of Berlin All these works are published annually several yeais 
in advance. 

58 111 what follows, we assume the Ephemeiis to be eoinpiifcd 
foi the Greenwich meiidian, and, consequently, that it contains 
the right ascensions, declinations, equation of time, &c for given 
equidistant instants of Gieenwich time 
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Before we ceii find from it tke values of any of tliese cj[uaiiti' 
ties for a given local timoj we must find tlie corresponding Gieen- 
vvieli time (Arts. 45, 46). "W'lieu this time is exactly one of the 
instants for which the required quantity is put down in the Bphe- 
meris, nothing more is necessary than to transcribe the quantity 
as there put clown. But when, as is mostly the case, the time 
falls between two of the times in the Ephemeris, we must obtain 
the required quantity by interpolation. To facilitate this inter- 
polation, the Ephemeris contains the rate of change, or difference 
of each of the quantities in some unit of time. 

To use the difference columns with advantage, the Greenwich 
time should be expressed in that unit of time for which the 
difference is given: thus, when the difference is for one hour, 
our time must he expressed in hours and decimal parts ol an 
hour ; when the^difference is for one minute, the time should be 
expressed in minutes and decimal pai’ts, &c. 

59. Simple inier2)olatio7i.—ln the greater number of eases in 
practice, it is sufficiently exact to obtain tlie required quantities 
by sinple interpolation ; that is, hy assuming that the differences 
of the cinantities are proportional to the differences of the times, 
which is equivalent to assuming that the differences given in the 
Ephemeris are constant. This, however, is never the case; hut 
the error arising from the assumption will be smaller the less 
the interval between the times in the Ephemeris ; hence, those 
quantities which vary most irregularly, as the moon’s right 
ascension and declination, are given for every hour of Green- 
wicktime; others, as the moon’s parallax and semidiameter, for 
every twelfth hour, or for noon and midnight ; others, as the 
sun’s right ascension, &c., for each noon; other’s, as the right 
ascensions and declinations of the fixed stars, for every tenth day 
of the year. Thus, for example, the greatest errors in the right 
ascensions and declinations found from the American Ephe- 
meris by simple interpolation are nearly as folloAvs : — 


Sun 

Error in R. A. 

O'.l 

Error iu Decl. 

3".5 

Moon 

0.1 

1 .5 

Jupitor 

0.1 

0 .6 

Mars 

0.4 

2 .4 

Yen us 

0.2 

5 .4 
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To illnstiate simple inteipolation when the Grreenwich time n 
given, we add the following 


Examples 

For the Greenwich mean time 1856 Match 30, 17^ 11"" 12', 
had the following quantities fiom the Aineiicaii Ephemciis 
tlie Equation of time, the Right Ascension, Deohiuition, Horn 
zontal Parallax, and Seniidiametei of the Snn, the Moon, anl 
Jupitei. 

1 The Uquation of time —The Gi T = March 30, 17'* 1 1”* 2 = Mai ch 
SO, IT'" 187 

(Page II) -E? at mean noon — 4*" 27*11 D — ~ — 0*764 

Corr. for IT'" 19 == — 13 11 1^ 

^ = + 4 14 00 — 13 11 

— Observe to mark E alvFays mth. the feign 'which, denotes how it is to be 
applied to apparent time If i7icreastng^ the H D (hourly difference) should ha\<i 
the same sign as E , other'wise, the contrary sign 


2 B A and Dec 


(P II ) a dt 0'^ = 

0‘ 36“ 40’ 78 

H D + 9-094 

Corr for ir* 187 = 

+ 2 36 29 

17 187 

a = 

0 39 17 07 

156 29 

5 at = 

+ 3“ 57' 21" 9 

H D + 58" 15 

Corr for 17'" 187 = 

+ 16 39 4 

17 187 

a = 

+ 4 14 13 

999 4 

3. Moon's It A and Dec 



a at IT'" =:= 

20* 18“ 9' 80 

Piflf I” + 2*4975 

Coir foi IT'* 2 = 

-1- 27 97 

112 

a = 

20 18 37 77 

27 97 

d at 17* = 

— 25® 3' 10" 9 

Diff 1“ + 8" 275 

Coir for 11*” 2 = 

-t- 1 32 7 

112 

d = 

— 25 1 38 2 

92 68 

4 Moon's Hoi Pen (= t; 

) and Seimd (= 

8) 

TT at 12* = 

58' 44" 1 

H D 4- 2" 17 

Corr for 5'" 2 = 

+ 11 3 

62 

7Z = 

= 58 65 4 

11 28 
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Sat 12* = 16' 2".0 
Corr. for 5*.2 = -H 3 •! 

S = 'lQ 5 .1 

6. Jupiter’s Jt. A. and Dec. 

a at 0* = 23* 29“ 49*.95 
Corr. for IT^-IST = + 

a = 23 30 27 .33 

i at O'* = — 4° 22' 45".6 
Corr. for IT^-IST = -\- 4 56 -1 

5 — 4 18 49 .5 


i'llff. in 12* = + 7".l 


H.D. +2M76 
17 .187 
37.38 

H.D. + 13".74 
17.187 
236.1 


6. Jupiter's Hor. Par. and Sctnid.-Ai the bottom of page 231, we 
tiad for the nearest date March 31, without interpolation : 


= r'.5 


S = 16".7 


Noth -It. may be observed that tve mark boarly differences of declination plu>, 
when the body is moving northmrd, and min^s when it is moving southward. 

Til the above we have cairied the conrputation to the utmost 
degree of precision ever necessary in simple interpolation. 

60. To find the right ascension and declination of the sun at the- tunc 
of its transit ooer a (jiten niendum, ami also the equation, of time at 

the same instant. ., i j.i 

When the sun is on a meridian in west longitude, the Gieeu- 

wieh apparent time is prceiscly equal to the longitude tlmt is 
tlie (iv Ai)p. T. iri ufter tlic uooii of the same date with the lotdl 
lie by almbev ot T,oa« e<,u„l t. tbe lonptude. Wbcu .lie 
sail is ou a meridian iu east longitude, the Gr. App. . is ejou 
the noon of tlie same date as the local date, by a number ot 
hours equal to the longitude, lienee, to ohtai.i the sun’s right 
ascension and declination and the equation of time for apparciit 
noon at any meridian, take these (piantities from the Tbphemens 
(pao-e T of the month) for Greeinrieh Apparent Aoon ot t ie 
same date as the local date, ami apply a correction equal to the 
hourlv difference multiplied by the number of hours in the lon- 
.ritiide, observing to add or subtract this correction, according as 
the nnmhers in the Ephepieris may imlicato, for a tune before or 
tfler noon. 
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Example 1. — ^Longitude 167° 31' W. 1856 March 20, -A^pp- 
iSooii, find O’s R. A., O’s Dec., and Eq. of T, 


Longitude = -f IP lO”*- 4* = + 11M7 


a at App. 0* = O'* 0“ 20*.94 

H.,D. -p 9'.098 

Corr. for + 11M7 = + 1 41 .62 

+ 11.17 

0 2 2.56 

+ 101.62 

d at App. -t- 0° 2' 16".5 

H. D. + 59".21 

OoiT. for + ll'^.l? — 11 1 .4 

+ 11.17 

5 == -4- 0 13 17 .9 

+ 661.4 

E at App. O'* = -|- 7™ 31*. 57 

H. D. — 0“.759 

CoiT. for + 11'‘.17 = — 8 .48 

+ 11.17 

E = -\- 7 23.09 

— 8.48 


Example 2. — ^Longitude 167°^ 31' E. 1856 March 20, ^PP- 
Noon, find O’s RA., O’s Dec., and Eq. of T. 


longitude = — 11^ lO*” 4*= — 11M7 


a at App. O'* : 

= 0* 0’^20®.94 

H.D. -f 9*.098 

Corr. for — 11M7 : 

= — 1 41 .62 

— 11.17 

a 

= 23 58 89 .32 

— 101.62 

d at App. 0^ = 

-1- 0® 2' 16".5 

H. D. -f 59".21 

Corr. for — 11M7 = 

— 11 1 .4 

— 11.17 

* d == 

— 0 8 44 .9 

— 661.4 

E at App. 0^ = 

+ 7’“ 31*.57 

H. D. — 0'.759 

Corr. for — 11*.17 = 

+ 8.48 

— 11.17 

E = 

+ 7 40.05 

4- 8.48 


51. To find the mean local time of the moon's or a planets i'i^ansit 
over a given meridian. 

This is the same as the problem of Art. 55, in the speci^xl ease 
vv^bere the hour angle of the moon or planet at the giyeix meri- 
dian is O't We can, however, obtain the rccpiired time dirccitly 
from the Ephemeris, with snflB.cieiit accuracy for many pur'poseB, 

^ In this example the sun crosses the equator hetween the times of its 
wer the local and the Oreen'wicli meridians. *1110 case must he noted, as it is jit fre- 
quent occasion of error among navigators. The saipe case can occur on Seyt oin>>cr 
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by sinir.lc interpolation. On page IV of the month [Am. Ephem. 
and British Naut. Aim.) we find the mean time of transit of the 
moon over the Greenwich meridian on each day. This mean 
time is nothing more than the hour angle of the mean sun at 
the instant, or the difference of the right ascensions of the moon 
and the mean sun; and if this difterence did not change, the 
mean local time of moon’s transit would be tlie same foi all 
meridians; but as the moon’s right ascension increases more 
rapidly than the sun’s, the moon is apparently retarded from 
transit to transit. The difference between two successive times 
of transit given in the Ephemeris is the retardation of the moon 
in passing over 2# of longitude, and the hourly difference given 
is the retardation in passing from the Greenwich meridian to 
the meridian from that of Greenwich. Hence, to find the 
local time of the moon’s transit on a given day, take the time of 
meridian passage from the Ephemeris for the same date (astio- 
nomical account) and apply a correction equal to the hourly 
difihrence multiplied by the longitude in hours ; adding the 
correction when the longitude is west, subtracting it when east. 
The same method applies to planets whose mean times of tiansit 
ai’e given in the Ephemeris as in the case of the moon. 

Example.— Longitude 130° 25' E. 1856 March 22 ; required 
local time of moon’s transit. 

Gr. Merid. Passage March 22, 13*. 2™.7 II. D. + 1'“.50 

Corr. for Long. — 8*.7 = — 13-8 

Local M. T. of transit = 12 48.9 — 13.8 

62. To find the moon's or a planet's right ascension, declination, 
^c., at the time of transit over a given meridian. 

Eind the local time of transit by the preceding article, deduce 
the Greenwich time, and take out the required quantities from 
the Ephemeris for this time. This is the usual nautical method, 
and is accurate enough even for the moon, as meridian obscrviv 
tions of the moon at sea are not suscoj)tiblc of great precision. 
Eor greater precision, find the local time by Art. 55 for t — 0'*, 
and thence the Greenwich time. See also Moon Culniinaiio7is, 
Chapter VII. 

63. Interpolation by second diffebences. — The differences 
between the successive values of the (pmntities given in the 
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Epliemeris as functions of the time, are called the first cliff 
eriees ; the differences between these successive differencos are 
called the second differences ; the differences of the second clidter- 
ences are called the third differences^ &c. In simple interpolirtion 
we assume the function to vary iiniforinly ; that is, we 
the first difference as constant, neglecting the second diffei."‘®ii-^<-S 
which is, consequently, assumed to he zero. In interpola^tion 
hy second differences we take into account the variation hhe 

first difference, hut we assume its variations to he constant; 
that is, we assume the second differences to be constant th« 

third differences to he zero. 

■Whien the American Ephemeris is employed, we can tal<e the 
second differences into account in a very simple maniiex'. In 
this work, the difference given for a unit of time is always the 
difference heloiigiiig to the instant of Greenwich time a-gfiinst 
which it stands, and it expresses, therefore, the rate at vvlrich 
the function is changing at that instant This difference, vv^hich 
we may here call the first difference, varies with the Greoiuvvich 
time, and (the second difference being constant) itvarios vixii- 
formly, so that its value for any intermediate time may be toxiad 
hy simple intei’polatioii, using the second differences as lix'st dif- 
ferences, ISTow", in computing a correction for a given ixutetwal 
of Greenwich time, we should emj)loy the meayi^ or ix.'verage 
value, of the first difference for the interval, and this lueau 
value, when we regard the second differences as coiistixxit, is 
that which belongs to the middle of the interval. Ileiioe, tt^ 
take into account the second differences, we have only to observe 
the very simple rule — employ thcd {interpolated) value of t?ie Jirst 
difference which corresponds to the middle of the intervcd for wTvich the. 
correction is to be computed. 


Example. — Eor the Greenwich time 1856 March 2, 12^ 29"'^ 
find the moon’s declination. 


March 2, 12A(<5) =- 
Corr. for 29”* G 

(5 = " 


27° 10' 41". 8 
-f 2 23 .9 
-27 8 17 .9 


DifF. l^:^-f 4". 814 2<i DiiF, 

Corr. for 2d(iiff. -f- .047 
-I- 4.861 
29.S 


4- O". IBll 
^ 0.26 
0.047 


+•143.89 


Here the “ diff. for 1"*” iiiereasGs 0".189 in 1'*; the half of the 
ililcrval for wliich tlse eorreotioii is to be coiuputed is 14:’" 48* — 
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0\25; we tlierefore find the value of the first cliftereiiee at 12* 
14“ 48’, hy adding to its value taken for 12'' the quantity 0".189 
X 0.25, and then proceed as in simple interpolation. This exam- 
ple suffices to illustrate the method in all cases where the first 
difference is given in tlie Ephemeris for the time against Avluch 
it stands. In using' the Eritish I^Iautical .A.lmanac and othei 
works of the same kind, interpolation by second differences 
may he performed by the general interpolation formula here- 
after given. 

64. To find the G-reenwich time corresponding to a given right ascen- 
sion of the moon on a given dag. 

Lot T z= the Greenwich time corresponding to the given right 
ascension a, 

y =: the Greenwich hour jircceding T' and corresponding to 
the right ascension a, 

Aa the diff. of R. A. in 1”* at the time T, 

then we have, approximately, 

T' —T= - ~ 

Aa 

To correct for second differences, we have now only to find 

A„tt = diff. of RA. in 1" for the middle instant 
of the interval T' — T, 

and then we have, accurately, 

r— r = 7— 

These formulae give T' — T in minutes of time. 

65. To find the distance of the moon from a given object at a given 
Greenwich time. 

In the American Ephemeris and the British Nautical Alma- 
nac, the “ lunar distances” arc given at every 3d hour of Green- 
wich time, together with the proportional logarithms of the differ- 
ences between the successive distances. 

The proportional logarithm of an angle expressed in hours, 
&c. is the logarithm of the quotient of 3* divided by the angle ; 
that of an angle expressed in degrees, &c. is the logarithm of 
the quotient of 3° divided by the angle. Thus, if A is the angle, 
in hours, 
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P L J.==log — = log3* — logJ. 

A 

or, if A IS 111 degrees, 

P L ^ = log— =log3° — logJ. 

A 

Tlie angle is ah\^ays supposed to be reduced to seconds , so that, 
wiietlier A is in seconds of time or of aic, we liave 

P L A=log 10800 — log ^1 

Tables of sucli logarithms are giYen in works on ITavigation 
If now we wish to mteipolate a value of a lunar distance for a 
time T •+ t which falls bet\veeii the two times of the Epliemeiis 
T and T-f 3^', we are to compute the coriection for the interval t 
and apply it to the distance given foi the time T, and if we put 

A =tlie ditference of the distances in the Ephcmeris, 

= the difference in the interval f, 

we shall have, hy simple interpolation, 

A’=A X- 

or, by logaiithms, 

log = log t -|- log A — log S' 

or, supposing 4 and i all reduced to seconds, 

log zl' = log f — P L J (62) 

Subtracting both members of this fiom log 10800, we have 

PL zl'=PL ^ + PL J (bS) 

which is computed by the tables above mentioned By (62), 
howevei, only the common logarithmic table is leqnired. 

But the first diffeiences of the lunai distance cannot be assumed 
as constant when the intervals of time aie as great as 3'^ If 
we put 

F Jj A = Q 

we observe that Q is variable, and the value given m the Ephe- 
mens is to he legaided as its value at the middle instant of the 
interval to which it belongs If then 

Q ==the value of Q for the middle of the interval 

= the increase of Q in 3' (found from the successive values 
m the Ephemeiis), 
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we have 


in which t is in 


hours and decimal parts. 


regard to second differences, 

log J' = log t — Q,' 


(64) 

"We find then, with 


Example.— Find the distance d of the moon’s centre from the 
star Fomalhaut at the Greenwich time 1856 March 30, 13'* 20“* 
24 :^ 

Here 7= 12“, t = F20» 24* = 1^34 ; = 0.28 ; and from the 


Ephemeris ; 

March 30, 12'* (d) 36“ 17 53" -2993 

— 0 40 28 — -0011 

At 13'* 20”* 24* dZ = 35 37 25 Q', -2982 

logt, 3.6834 

log /!', 3.3852 


A “h '0041 
.28 

+ .0011 


66. To Jind the Greenwich time cenresjpcndinc/ to a given lunar dis 
iance on a given dag. 

Wq find in the Ephemeris for the given day the two distances 
between which the given one falls ; and if d' = clifference he- 
tween the first of these and the given one, J = difference of the 
distances in the Ephemeris, we find the interval t, to he added to 
the preceding Greenwich time, by simple intei’polation, from the 
formula ^ 

t=:3'‘X^ 

J 


or 


log t = log J' A =:log A' -\- Q 


(65) 


and, with regard to second differences, the true interval, t , hy 
the formula 


log f =log A' + 


( 66 ) 


where has the value given in the preceding article. 

But to find q by (64) we must first find an approximate value 
of t. To avoid this double computation, it is usual to find t by 
(65), and to give a correction to reduce it to t' in a small table 
which is computed as follows. We have fi*om (64), (65), and (66) 
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log f' - log < = Q' - e = _ 1 |a § 

By the tlieor;y of logarithms, we have, ilf being the modnlua 
of the comnioa system, 


logri = jl/[(x — 1) — iCx — ly + &c] 

80 that 


logf ^J + &cj 

or, neglecting the squaie and higher powers of the small fraction 
t' — t 

i ’ 

log f' — logt = m [^ ) 

This, STihstitnted above, gives 


t'~t = 


f(P5— 10 
MX 3* 




OS*— 0 

2MX 3* 


aQ 


by which a table is readily computed giving the value of t' — i 
[or the correction of t found by (65)], witli the aigiiments a Q and t 
In this formula t and f — < aie supposed to be oxpiessed in houis ; 
and to obtain t' — t m seconds we must multiply the second 
member by 8600 ; this will be effected if we multiply each of the 
factors i and — < by 60, that is, reduce them each to minutes, 
so that if we substitute the value o? M= 434294 the foimnla 
becomes 


1 f—tz= 


<(180“ — <) 
2 60576 


a<2 


(67) 


in which t IS expressed in minutes, and i' — < in seconds 


Example — 1856 March 30, the distance of the moon and 
h omalhaut is 35° 87' 25" , what is the G-i eenwich time 

March 80, 12* 0“ 0* (<i)=36° 17' 53" gz= 2993 a§ = -)-41 
1 20 36 a. =35 37 2 5 log J' = 3 3862 
Ap Gi.tinae =13 20 36 J' 40 28 logt =3 6845 

By(67)V— f= —12 

True Gr time =13 20 24 


* Or from the “ Table showing the correction required on account of the second 
differences of the moon’s motion in finding the Greenwich time corresponding to a 
corrected lunar distance, ’ which is given in the American Ephemeris, and is also 
included in the Tables for Correcting Lunar Distances given in'^^ol II of this vroili 
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lOTEIlPOLATIOK BY DOFEREIsCES OF AXV ORDER. 

67. When the exact value of aiiy quantity is rc(iuiro(I from t lic 
Kphemeris, recourse must be had to the gcmcral intcuq)()hitic)ii 
formulae which are demonstrated in analytical works. Iurs(‘ 
enable us to determine iuterniediatc values of a fumdion trom 
tabulated values corresponding' to equidistant values ol tla‘ 
variable on which they depend. Tn the Epheineris the data aie 
in most eases to be regarded as functions of the time considered 
as the variable or argument. 

Let T, T+u\ T+2w, T+87 l\ &c., express ocpiidistant values 
of the variable; F, F', F'\ &c., corresponding values ol‘ 

the given function ; and let the differences ot the iirst, second, 
and folloAving orders be formed, as expressed in the iolloAving 
table : — 



The differences are to be found by subtracting di^winnards^ that 
is, each number is subtracted from the number l)(h)W it, and tb(‘ 
proper algebraic sign must be ]>retixed. The dillercu(!eH of any 
order are formed from those of the ])rcceding order in tlie sanu^ 
manner as the ffrst differences arc forme<l from th(‘- given func- 
tions. The even differences (2d, 4th, &e.) fall in the same liiu's 
with the argument and function; the odd ditto reuKH^s (1st, M, ki\) 
between the linos. 

Fow, denoting the value of the function ecu'responding to a 
value of the argument 7M' 't'vio by F^''\ we have, from algebra, 


A+!Lfcdil!:z:!I d 

1.2 1 . 2 . II 1 . 2 . a . 4 


in which the coefficients are those of the n''‘ power of a binomial. 
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mTERPOLATlOJ? IN (^ENKIUL 


In this foimiila tlie niteipolation sets out Irom the first of the 
given functions, and the ditteiences used aie the first of theii 
respective oidcis If n be taken successively ecpial to 0, 1, 2, 3, 
&c j we shall obtain the functions jP, F'% &c , and in- 
teimediate v^alues aie found by using fiaetional values of n Wo 
usiiallj apply the formula onlj to iiitci pointing between the 
fiiiiotioii fioni vvlneli v\e set out and the next following one, in 
which case ?? is less than unity To find the pioper value of 7i 
111 each case, let T+ j! denote the value of the argument foi which 
v\e wish to inteipolate a value of the function then 

^ t 

7110 = t 71 = — 

W 

that IS, 71 IS the value of t reduced to a fi action of the interval to 

Example — Suppose the moon’s right ascension had been 
given in the Ephemeiis for every twelfth hoiii as follows 

D’sP A Ist Diif 2aDiff 3clDiff 4tliDift Wi Biff 

181)6 Marcli 5, 0^ 2P 28* 39 

-j- 28»« 47» 04 

“ 5, 12 22 27 15 43 — SG*97 

28 10 07 H-4*79 

“ 6, 0 22 55 25 60 32 18 -f- 1' 71 

27 37 89 6 53 — O'GO 

“ 6, 12 23 23 3 39 25 65 1 08 

27 12 24 7 61 

“ 7, 0 23 50 15 63 18 04 

26 54 20 

» 7, 12 0 17 0 83 

Reqmied the moon’s light ascension for March 5, 6'*’ 

( 17 * 1 

Here T=Maicli 5, 0^^, ^=6^, w = \^\ n = -— = - , and if we 

denote the coefi5.cients of a, 6, c, e in (68) hy J., B, 0^ i), 
we have 

jP = 2H 28»39 

28-47*04, A =71 = b -1^ = + II 23 52 

•97 1 

b=— S6 97, B=A = — Bb = + 4 62 

4 79, + ac=+ 0 30 

d = + 1.74, D = 0 '^ = --^^,I>d = - 0 07 

€=— 0 66 , E=J) = + 0 02 

D’s E A 1856 Marei 5, 6* 


piH) ^22 12 56 74 
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which agrees precisely with the value given in the American 
Ephemeris. 

68. The formula (68) may also be written as follows : 

Thus, in the preceding example, -vve should have 


71 4 : 

6 ““ 


- X - 0-.66 

= + 0*.46 

n — 3 




4 


— § (+ 1*.74 + 0*.46) 

= - 1 .38 

71—2 _ 

3 “ 

h 

_ 1 (-1- 4'.79 — I'.SS) 

= — 1 .71 

71 — 1 

2 

1 

4'J 

_ 1 (— 36*.97 — I'.Tl) 

= +9.67 

71 = 

1 

iJJ 

1 (-f- 28”‘47*.04 + 9'.G7) 

= + 14™ 28*.35 


and adding this last quantity, 14™ 28’.35, to 21^ 58“ 28'.39, we 
obtain the same value as before, or 22'‘ 12“ 5C'’.74. 

69. A more convenient formula, for most purposes, may ho 
deduced from (68), if avg use not only values of the functions 
folloAving that from which we set out, but also preceding values ; 
that is, also values corresponding to the arguments' T — w, 
T— 2w, &c. Wq then form a table according to the following 
schedule : 


Argument. 

runction. 

Tat Diff. 

2(1 Diff. 

3d DitF. 

4tli DilF. 

5th Diff. 

CtD Diff. 

r— 3 m 

F 

X 







T — 2m 

F 







T— w 

F 









a, 





T 

F 


h 


d 

/ 

/ 



ol 


d 


e' 

r+ M 

.F 

a" 

V 

c" 

d' 



r+ 2 m 

ptf 

a'" 

h" 





r+3M 



\ 






VoL. L— 6 
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Accoidlug to the fcnmula (68), if we set out tiom tlio tunction 
F, wc employ tlie differences denoted m this table ’ > ' 

&c , and henL foi the argument T+ nw we ffnd the value of 

F^"'’ by the foimula 


inr»—F-\-na'-\- ”' — b'+ — 

12 1- 


(n_l)(n— 2) n(»— !)(”— 

12 3 4 


But we have 


6' z= 6 + c' 

c" = c' -P d' = c' + d + e' 
d"=d' + e'' = d +e!+e'+f- 
&c &c 


: d + 2e' + /' 


m vhich b', c", &c are expiessed in teims of the 

that he on each side of a horizontal " 

immediately under the function fiom which we set out i hese 

values substituted in the foimula give 


pin) = F-\-na' 

+ 


n (n 


1) r . (a + 1) («)C>t- l)v 


b + 


12 ' 12 3 

(n + 1) (w) (w — 1) ^ + &c 

12 3 4 


(69) 


in which the law of the coefacients is that one new factor is 
introduced into the numeratoi aliemately aftei and before the 
othei factors, obseiving always that the laetois decieasc by unit) 
tioiii loft to light The new factoi in the denominator, as in the 
ongnial foimula (68), denotes the oidei of diffeience 

The uiteipolatioii by this formula is rendered somewhat more 
accuiate by using, instead of the last diffeience, the mean ol the 
two values that he nearest the hoiizontal line diawn under the 
middle function thus, if we stop at the fourth diffeience, we 
use a mean between d and d' instead of d “We thus take into 
account a pait of the teim involving the fifth difference 

Example — ^Find the moon’s right ascension foi 1856 March 5, 
r/‘, employing the values given in the Ephemeiis foi evciy 
twelfth hour This is the same as the example iindei Art 67, 
where it is worked by the piimitive formula (68) But here we 
take from the Ephemeiis thiee values preceding that foi March 5, 
0’', and thiee values /odoi/uiy it, and foim our table as follows 
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1866 March 3, 12^ 

‘‘ 4, 0 

“ 4, 12 

“ 5, 0 

I D’fiK. A. 

l8t Diff. 

1 2d Diff. 

3d Diff. 

4th Diff. 

6 tli DilT. 

20^ 28"» 17' 88 

20 58 57.08 

21 29 2.01 

21 58 28.39 

4- 80»« 39».20 

30 4 .93 

29 26.38 

— 34*.27 

38.55 

39.34 

--- 4'. 28 

— 0.79 

4- 3'. 49 

3.1G 

—O'. 3:5 

“ 5, 12 

‘‘ 6 , 0 

- 6, 12 

22 27 15.43 

22 55 25.50 

23 23 3 .39 

28 47.04 

28 10.07 

27 37.89 

36.97 

32.18^ 

4- 2 .37 

4-4.79 

2.42 

i 

1 

^ 0.74 


Drawing a horizontal line under tlie function from which we 
set out, the differences required in the formula (69) stand next 
to this line, alternately below and above it. 


a' = 4- 

28“ 47'.04, 

A= n 

t 

— 

F 

Aa' 

= 2P 58"* 
= -f- 14 

28*.39 
23 .52 

6 == — . 

39.34, 

B-A 

1 

Bb 

1 

4.92 


2 

— gj, 

— v 

II 

+ 

2.37, 

G—B ” + ^ 

, 

Ge! 


0 .15 

3 

— T5? 


= ff- 

3.16, 

ff) 2 

Z) = c. 

4 

= + -h, 

D(l 

= + 

0.07 

e/ = — 

0.74, 

5 

= •+■ 3Kff) 

Ee^ 

z= — 

0.01 


D’s 

E. A. 1856 March 5, 6* = 


= 22 12 

56 .74 


69*. If in (69) we siihstitnte the values 

d' ^ ~|“ J) 


e = 

&c. 


we find 

= J?’ + ” h +C”-±l)i!0i.^ - 

T /-r j 2 ^ 1.2.3 

(«+2) (M + l)(n)(n- 1) 

-h TTXI 


(70) 


ill wHeli the lav of the coefficients is tluit one ncv factor is 
introduced into the mimerator alternately be^on and after the 
other factors, observing still that the factors decrease hy unity 
from left to right. The differences employed are those which lie 
on each side of the horizontal line drawn immediately above 
the function from which we set out. 
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If in the pieceduig foimulse we employ a negative value of 
n less than unity, we shall obtain a value of the fuiietion between 
jP and and in that case (70) is more convergent than (60) In 
general, if we set out from that function which is neaiest to the 
lequired one, we shall always have values of h numeiiealh less 
than J, and we should prefer (69) foi values ot n between 0 and 
+ -J-, and (70) for values of n between 0 and -1 


70 If we take the mean of the two foimulee (69) and (70), 
and denote the means of the odd diflerences that lie above and 
below the hoiizontal lines ot the table, by letteis without ac- 
cents, that IS, if we put 


i - 1 - a'), c = i (<^; + <^0 

c I (71) 

2 3 


we have 

_ T , I /t-j- X ) t /6 ; \ /t- — ^ I 


The quantities a, e, &c may be nisei ted in the table, and vil 
thus complete the low of diffeiences standing in the same me 
witli tlie function fiom wMcli we set out 

The law of the coefiicients in (71) is that the coefficient of any 
odd difterence is obtained fiom that of tlie preceding odd dit- 
feience by intioducing two factors, one at the beginning and 
the othei at the end of the line of factois, observing as bctoic 
that these factois are respectively greatei and less by unit} tban 
those next to which they aie placed, and the coefficients ot the 
even diffeiences aie obtained fiom the next picceding o\cn 
differences in the same maiinei The factois in the denominator 
tollow the same law as in the other tormulse 


Example — ^Find the moon’s light ascension for 185G March 5, 
6^5 from the values given in the Ephemeiis for noon and nud- 
night 

The table will be as below. 
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Mar. 3, 12'^ 

4, 0 

4, 12 

]>’8R.A. 

1st Diff. 

2d Diff. 

1 Sd Diff. 

4tli Diif. 


20*28“ 17'.88 

20 58 67 .08 

21 29 2 .01 

30“ 29*.20 

30 4.93 

29 26.38 

— 34*.27 

38.55 

-4^28 

— 0 .79 

-|-3''.49 

— 0^33 

“ 5, 0 

21 68 28.39 

[+ 29 6 . 71 ] 

— 39 .34 

[+0 . 79 ] 

'4-3.16 

[-0 . 54 ] 

» 5, 12 

“ 6, 0 

" 6, 12 

22 27 15 .43 

22 55 25 .50 

23 23 3 .39 

28 47.04 

28 10.07 

27 37.89 

36 .97 

32 .18 

-h 2 .37 

H-4.79 

2.42 

—0.74 


Drawing two lines, one above and the other below the fiiiie- 
tion from which we set out, and then filling the blanks by the 
means of the odd differences above and below these lines (which 
means are here inserted in brackets), we have presented in the 
same line all the diftereuces required in the formula (71) ; and 
we then have 


a = +■ 29"* A = 
b =— 39 . 34 , £ = 

0 = + 0 . 79 , 0 = 

4- 3 .10, I) = 

c = — 0 . 54 , JEJ = 





.F== 

2D 58"* 

28*. 39 

71 



Aa = 

4- 14 

33 .36 

yd 

*2" 

— + 

1 

Bb=:: 

— ■ 

4.92 

A, 

rd—1 

G 

T B J 

Oc = 


0.05 


7d — 1 





B 


l 

1-2^} 

JDd^ 

— 

0.02 


2d — 4 1 





G. 



JEJe = 

— 

0.01 


20 ^ 




— 




= 

22 12 

56 .75 


agreeing within 0^01 with the value found in the preceding 
article. Hansen has given a table for facilitating the use of this 
fornxula. (See his Tables ck la Lunc). 

71. Another form, considered by Bessel as more accurate than 
any of the preceding, is found by employing the odd differences 
that fall next below the hori:zontal line drawn below the function 
from wrliicli we set out, and the means of the even differences 
that fall next above and next below this line. Thus, if we put 

/>, ... J (b 4- k), d, d'), &o. 
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and combine these with the expressions 

J c' = i (&' — i d' — d)j &c 

we deduce 

5 = 6, - i c', d = d,--\e\ &c 


which substituted m (69) give 


F^^'^=:F-{-na! - 


n(n — 1) , n(ji — l)(n — 0./ , Cn-]-l)n(n l)(n 2) ^ 

— ■ — e,v-i - - c -f” -« n o j * 


1 2 


1 2 S 


12 3 4 


+ 


(n-\-l)n(n — 1) (w — 2) (n — i) ^ 


1 2 3 4 5 


&c 


( 72 ) 


To facilitate the application of tins foimiila, chaw a hoiizontal 
hue under the function from which the interpolation sets out, 
and another over the next following function , these lines will 
emhiace the odd differences a', c\ &c It we then inscit in the 
blank spaces between these lines the means of the even diffei- 
ences that fall above and below them, we shall have presented 
in a low all the difteiences to be employed in the formula 

Example —Find the light ascension of the moon’s second 
limb at the instant of its transit ovei the ineiidian whose longi- 
tude IS 4'' 42’" 19® west from Gieemvich, on May 15, 1851 

The light ascensions of the moon’s bright limb at the lUhtaiit 
of its uppei and lowei tiansits ovei the Gieenwieb meiidian, ai e 
given in the Ephenieris, under the head of “ Moon Culminations 
The aigument in this case is the longitude, and the intervals of 
the argument are 12'“ The value foi aii> meiidian is therefore 
to be obtained by interpolation, taking for n the quotient obtained 
by dividing the given longitude (in hours) by 12'* 

We take from the British bTautical Almanac the following 
values 



R A D ’8 2d limb 

Ist Diff 

2d Diff 

8d Diff 

4tb Difif 

6th Difr 

May 14, U C 

15, L C 

“ 16, U C ! 

lo** 12"* 39* 04 

15 41 3 41 

16 9 39 89 ' 

4- 28«‘ 2P37 

28 36 48 

-f 12* 11 

9 49 

-~2» 02 

— 1* 58 




28 45 97 

[+ 7 39] 

— 4 20 

[~1 42] 

4- 0* !J3 

“ 16, L C 

‘ 16,TJ C 

17, L C 

16 38 25 86 

17 7 17 12 

' 17 36 8 22 

28 51 26 

28 51 10 

4- 5 29 

~ 0 16 

— 5 45 

— 1 25 
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I'd’ intGrpolcitioii l)y foviuulii driiiv r lioi izoiit<il liiuf 

below the function from ■wMcli we set oat, and one above the 
next following function. These lines enclose the odd differences 
regularly occurring in the table. Inserting in the blanks in the 
coluimisof even differences the means of the numbers above and 
below, all the differences to he employed in the formula stand in 
the same line, namely : 

a' = 4- 1725‘.97, 6„ = + 7'.39, c'=— 4‘.20, d„= — 1*.42, / = + 0".:h! 

As n is here not a simple fraction, the computation will bo 
most conveniently performed by logarithms, as tollows: 


4 » 42 t» 19 < = 169S9‘ log 4.228887H 

12* =43200 log 4.635483 7 

log A = log n = 9.5934041 


71 = 0.3921065 

9.59340 

9.6934 

9.5934 

1 = — 0.60789 

n9.78383 

a9.7838 

M9.7838 

J = —0.10789 

2 =—1.6079 


»9.0S30 

viO.2063 

1=H- 1.3921 



0.1437 

( ') 9.G98-97 

(h) 

8.6198 

(A) 9.5934041 

(R)n9h7620 

(C) 7’.6320 

(D) 8.’k70 

Ca') 3.2370332 

(ij 0.86K(i4 

p-'pi0.(i232 

(^d„)w0.1523 

2.8304373 

■w9, 94484 


a8.4993 


9..5934 
W9.7838 
n9.(J330 
« 0.2063 


0.1437 
(i..i,)7.9208 
(i?)ft6.G810 
(e') 9.518.5 
;(,().199i 


Aa' = 11” 1C*.764 

Bh^=— 0 .879 

Cfc' = — 0 .018 

= — 0 .032 

ES — 0.000 

Inci’caso of R. A. = 11 15 .835 

R. A. Greenwich Culm. = 16'* 9“ 39’R90 


R, A. on given meridian = 16'^ 20” r)5‘.725 


The nscof BERf^Ei/s formula of interpolation is facilitated bj » 
table in which the values of the coefficients above denoted 1 y 
A, jR, (7, D, &(■., and also their logaritlims, are given until the 
argument n. 

72. tliyn into the middla. — AV^lieu a A’'aliie of the tunuth n 

is sought eorrespoiidiug to a value of the argument which is a 
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mean between two values foi wbich tlie function is given, that 
IS, when n = \, we have by (72), since n — J = 0, 

or, since F+'^a' = \[F-{- F'), 

j’(«) _ 1 (i? + F') - i - A K - (t„-&c )]] (73) 

which is known as the foimula foi mterpolatmg into the middle 
"WTien the tlnid diffeiences aie constant, /o, aie zero, 
and the inle foi interpolating into the middle between two func- 
tions IS simply From the mean of the two functions suhtiaci one- 
eighth the mean of the second differences lohich stand against the func- 
tions Inteipolation by this lule is coirect to thud diffeiences 
inclusive 

The formula (73) is especially convenient in computing tables 
Values of the function to be tabulated aie directly computed foi 
values of the argument differing by , then interpolating a 
value into the middle between each two of these, the aigumeiits 
now diffei by , again interpolating into the middle between 
each two of the resulting senes, we obtain a senes with aigu- 
nients diffenng by , and so on, until the inteival of the 
argument is reduced to oi lo 

Example — ^Find the moon’s right ascension foi 1856 Maich 
5, 6% from the values of the Ephemens foi noon and midnight 

This IS the same as the example of Ait 69, but, as 6'" is the 
middle instant between noon and midnight, the lesult will be 
obtained by the formula (73) in the following simple manner. 
We have fiom the table in Art 69 

\ = ~ 38‘ 16 4(J^+ F) = 22^ 5h 91 

= + 2' 79, ~ = — 0 52 ^38 68 X ^ = +4 8e3 

— 38 68 22 12 56 74 

73 In case we have to interpolate between the last two values 
of a given series, we may consider the senes in inverse ordei, 
the arguments being T, T—w, T--2io, &c , T being the last 
aigument The signs of the odd differences will then be changed, 
and, taking the last differences in the several columns as a, 6, c, d, 
&c , the inteipolation will be effected by (68) 
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74. Tlie interpolaiio7i formulm arranged acceding to the powers of 
the fractional part of the argument. 

When several values of the function are to be inserted between 
two of the given series, it is often convenient to employ the 
formula arranged according to the powers of n. Performing the 
multiplications of the factors indicated in (68), and arranging the 
terms, we obtain 

= F + n (_a — lb + Ic — i d + I e — &c.) 

+ ^(b-c + lld-%e + &c.) 


+ 


+ 


1 . 2.3 

71 * 


(c — I d + I e — &c.) 
(jd — 2 e — j“ ^c.) 


1 . 2 . 3 . 4 

J (e — &c.) 

^ 1 . 2 . 3 . 4 . 5 ^ ^ 

+ &c 


( 74 ) 


where the clifterences are obtained according to the schedule in 
Art. 67. 

Transforming (71) in the same manner, we have 
= i? + n (a ^ 


1.2 


(p — d -|- &c.) 




1 . 2.3 
n* 

' 1 . 2 . 8 .1 


(c — i e &c.) 
{d — &c.) 


• (e — &c.) 


( 75 ) 


' 1 . 2 . 3 . 4. 5 

+ &c. 

where the differences a, c, e, are the mean intex'polated odd dif- 
ferences in the line of the function F of the schedule Art. 69. 


75. DerivcUivcs of a tabulated function. — ^Wlien the analytical ex- 
pression of a function is given, its derivatives may be directly 
found by successive difierentiation ; but when this expression is 
not known, or when it is very complicated, we may obtain values 
of the derivatives, for particular values of the variable, from the 
tabulated values of the functions by means of their differences. 

Denoting the argument by T + its corresponding function 
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by/( 2 ' + nitj), the successive derivatives of this functioiu cor- 
responding to the same value of the argument will he demoted 
by f'{T^nw\ f"{T-\-ym\ f"'{T + mo), &c., and fi.T'), 
f'{T), f"{T), &e., will denote the values of the function, mid 
its derivatives corresponding to the argument T, or when n = 0. 
Hence, if we regard nw as the variable, we shall have, by IVlae- 
laurin’s Theorem, 

f{T^nw) ^f{T) +/'(T) nw + &c. 

Comparing the coefficients of the several powers of n in tliia 
formula with those in (74), we have 

/'(T) = — (a — — id + ie — &c.) 

w 

f'{T) (6 _ c -f d - I e + &c.) 

/" ( D = -^ (c - I d -H I e - &c.) 

riT)=^(e —&o.) 

&c. &c (7 6 ) 

the difterences being taken as in Art. 67. 

Still more convenient expressions are found by comLpa.rijsg 
Maclaurin’s Theorem Avith (75); namely: 

/(T) (a - i c -f ,'5 e - &c.) 
w 

fXT)=—(b-i.d + k(i.) 

10 ^ 

f"\T)=—^ (c_ie + &c.) 

lir 

r(T)=^(e-&o.) 

&c. &c. (77) 

the differences being found accoi’ding to the schedule in JVt'i:. 
and the odd differences, 0 , e, &:c., being interpolated nxeiiiis. 
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The preceding formuhe determine the derivatives for the value 
T of the argument To find them for any other value, we have, 
by (lift’creutiating Maclaurin’s Formula with reference to nw, 

/'(/r+ «MJ) =/'CT) +/"(T) . nw + hf'"{.T) . nW + &c. (78) 

in which we may substitute the values ot f f' {T), &c. from 
(76) or (77). 

In like manner, by sueccssive differentiations of (78) we ob- 
tain 

/'' {T+ nw) =/" (T) +f'" {T). nw + if' (T). nW + &c. 
(r-f mo) = f" (T) + {T). mo -+• &c. 

&<•. &c. 

76. An iTiimediato application of (76) or (77) ia the compu- 
tation of the differences in a umt of time of the functions in the 
EphemoriH; for this difference ia nothing more than the ffrat 
dci'ivative, denoted above by the ayiuhol f. 

ExAMi'nn. — Find the diffei'ence of the moon’s right ascension 
in one minute for 1856 March 6, O't 

We have in Art. 70, for T March r>, 0\ a. - 29»‘6'.71, 

, ()',7!t, r O'.H and -- 12'‘ 720"‘. lienee, by the 
tirst e<iualion of (77 j, 

/■' t T) - ■ (29™ ti'.71 - O'.bf - ■ 0'.02) =: a*.4258 

On interpolation, eon.sult also Kncke in the Jahrbuch for 1880 
and 1887. 


STAR OATAI.OmiKS. 

77. d'ho N'autical Almanact gives the position of only a small 
number of stars. The positions of otliers are to he found in 
the* (hMwjHcs of .sYfO'.v. Tlic‘S(! ari‘ lists of stars arranged Jn 
the ordiT of their right asciciisions, with the (lata from which 
their apparmd right asc^ensioiis and declinations may he ob- 
tained tor any given date. 

The right ascension and deelination of the so-called ^fixed 
stars arc, in fact, ever changing: 1st., by pu’cccRsion, nntation, 
and aberration (hcrc-aftcr to he specially treated ot), which arc 
not changes in the ahsolnte position ol the stars, but are cithei 
changes in the circles to which the stars are referred by spbe- 
rical co-ordinates (precession and nntation), or apparent changes 
sirisinir from the obst'rver’s motion (aberration); by the 
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proper motion of the stars themselves, which is a real change of 
the star’s absolute position 

In the catalogues, the stars are referred to a mean equator 
and a mean equinox at some assumed epoch The place of a 
stai so referred at any time is called its mean place at that time , 
that of a star referred to the true equator and true equinox, 
its true place , that in which the star appears to the obseivei m 
motion, its apparent place The mean place at any time will be 
found from that of the catalogue simply by applying the preces- 
sion and the pioper motion for the iiiteival of time fiom the 
epoch of the catalogue The tiue place will then be found by 
con ecting the mean place for nutation , and hnally the appa- 
lent place will be found by collecting the tiue place for aber- 
ration 

To facilitate the application of these corrections, Bessel pro- 
posed the following very simple arrangement lie showed 
that if 

(Zq, ^ 0 = the star’s mean light asc and dec at the beginning of the 
year, 

a, d= the apparent right asc and dec at a time r of that year^ 

T = the time from the beginning of the year expressed in decimal 
parts of a year, 

fly f/ = the annual proper motion of the star m right asc and dec 
respectively, 


then, 


a = t/4 Aa -]- Bb Cc JDd -f- ^ 



in which a, 6, c, a', 6', c', d/ aie functions of the star’s right 
ascension and declination, and may, theiefoie, be computed for 
each star and given with it in the catalogue , JBy Q D, JE 
are functions of the sun’s longitude, the moon’s longitude, the 
longitude of the moon’s ascending node, and the obliquity of the 
ecliptic, all of which depend on the time, so that Ay JB, (7, 1), 
may be regaided simply as functions of the time, and given in 
the Nautical Almanac for the given year and day, JE is a 
very small correction, usually neglected, as it can never ex- 
ceed 0" 05. 

If the catalogue does not give the constants a, b, c, d, a', 6', c', 
(l\ they may be computed, for the year 1850, by the following 
foimulse (see Chap XI p 648) 
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a = 46".077 + 20".056 sin a tan n 
b = cos a tan d 
C •= cos a sec d 
d Bin a sec ^ 


a' = 20".056 cos a 
I!/ = — sin ft 

c' = tan £ cos d — sin a sin d 
d! = cos ft sin c) 


in which e = obliquity of the ecliptic. Or we may resort to 
what are usually called the mckpeadent constants, and dispense 
with the a, b, c, d, a', V, c', d' altogether, proceeding then by 

the formula 

a =3= 4 r,a -f / 4 51 sin (<? 4 a) tan S 4 h sin (.ff 4 a) sec « 1 

5= (5„4 r/ 4l COSiJ 45' C0S((r4 a) 4 COS (.Ef 4 a) sia < j 

the independent constants /, (J, G, K H, * being given in the 
Ephemeris, together Avith the value of r for the given date, 

expressed deeinially- ^ ^ 

It should be observed that the constants a, h, e, d, a , b , e , d 
are not absolutely constant, since they depend on the right 
ascension and declination, which arc slowly changing : unless, 
therefore, the catalogue which contains them gives also tlioir 
variations, or unless the time to which we wish to reduce is not 
very remote from the epoch of the catalogue, it may he prefer 
al)lc to iisG the iiulcpeiidciit constants. 

'in forming the products Aa, Bh, &c., attention must of course 
bo paid to the algebraic signs of the factors. The signs of A, B, 
C, B arc, in the Ephcmeridcs, prefixed to their logarithms ; and 
the signs of a, b, e, &c. are in some catalogues (as that of the 
British Association) also prefixed to their logarithms; but I 
shall here, as elsewhere in this work, mark only the logarithnia 
of negative factors, prefixing to them tlie letter n. 

It should be remarked, also, that the B. A. C.* gives tho 


^ B. A. C. Briluh Association Catalogtie, containing 8377 stars, distributed in all 

parts of the heavens ; a very useful work, hut not of the highest degree of precision. 
The Greenwich Catalogues, published from time to time, are more reliable, though 
less comprehensive. For the places of certain fundamental stars, see Bessel s 
Tahulic Regiomontanm and its continuation by Wolfebs and Zecil 
Lalande’s Ilisloire Celeste contains nearly 60,000 stars, most of which are em- 
braced in a catalogue published by the British Association, reduced, under the 
direction of E. Baily, from tlie original work of Lalande. The Konigsberg Observa- 
tions emhi’ace the series known as Bessei’s Zones, the most extensive series ot 
observations of small stars yet published. The original observations are given with 
data for their reduction, but an important part of them is given in Weisse\s Po.n- 
tiones dlediae Slellarwn fixarum in Zonis Megmnontanis a Besselio infer —173° et +15° 
decUn. observat*, containing nearly 32,000 stars. 

See also Stbuve’s Oaietl. generalis, and the catalogues of Aboelandee, Bumob, 
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norih polar distance instead of the deelinntion, or 90*^ 
and, since tt decreases when S nunoascs, the collections change 
thou sign This has boon juovidod toi by changing the signs of 
6', c\ d' 111 the cdtaloguo itself Moicocci, in this cata- 
logue, a, 6, a', 6' denote Bessel’s d, (\ d\ and uce ursa , and 
to eoirespond with thih, the ^1, B, C, D of the Biitish Almanac 
denote Bessel’s C, D, A, Z> The same in\eision albo exists in 
the American Ephemeris piioi to the } eai 1865, but in the volume 
foi 1865 the oiiginal notation is lestoied 


Example — Find the appaieiit light ascension and declination 
of OL Taiiii for June 15, 1865, fiom Aigelanders Catalogue 
This stai IS Aigcd 108 , whence we take foi 


Jan 1,1830 Mean U A = 4^^ 2()«‘ 10* 43 
Atm piec = + 3* 4281 35 

Pi op motion =- -f 0 005 J 

- f 2 0 155 

Jan 1, 18()5, ao= 4 28 10 585 


Mean Decl = -\- 1()° 0' 3b" 0 
+ 7"90| 3. 

-0 17 J ^ 

_ ^ 4 .10_o5 

(Ij = -1- 10 14 0 55 


We next take the logaiithms 


fiom tlie Cat'll logs 

from Am Ephem ] 
tot June 15, 1805, i 
from the Catal logs 

logs 
logs 


a 0 5352 b 7 8794 

A 9 7877 B 0 9437 

a' 0 803 1 // 9607 

Aa 0 3220 M 8 8231 
J«' 0 6811 J36'7?0 9044 


c 8 4320 d 8 8058 
C7i0 2125 I) nl 3080 

c' 0 2010 d' 9 0378 
Cc n8 6451 Od ni) 1147 
Ci /?9 4141 A/Wi0 34b7 


Coir of ao’ = ~|- 2* 103, JSb = (>* 067, Cc =: — 0* 044, Dd — — 1* 30-J 

Con of (^0 = -f -- 


"We have ako tiom the catalogue /i ==1 0’ 005, fi' — — O'' 17 

The fiaction or <i joai foi June 15, 1865, is r = 0 46 , and hence 


Jan 1, 1865, a^3 4^ 28”‘ 1C* 585 

Sum of con of 0 824 

r/i = 0 002 

June 15, 1865 a = 4 28 11 411 


= + 16° 14' 6" 55 

Sum of corr of ~ — 5 70 

— jl <8 

3 = + 16 11 0 77 


78 "Wlien the gieatest piecision is reqiiiied, we should con- 
sider the change in the stai’s place even in a fiaction of a day, 
and theiefoie also the change while the stai is passing fioin one 
nieiidian to anotliei , also the seculai \aiiation and the chauges 


PiAZzi, S\^TINI , and the published obser\ations of the pimcipal obseryatories See 
also a list of catalogues in the introduction to the BAG 
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in the precession and in tlie logaritlinis of the coustaiits. Fur- 
ther, it is to be observed that the animal precession of the cata- 
logues is for a mean year ot 365‘^ 5^.8, JBnt for a fuller consider- 
ation of this subject see Chapter XI. 


CHAPTER IIL 

naURE AND DIMENSIONS OF THE EARTH. 

79. The apparent positions of those heavenly l) 0 (lies which are 
A\itliiii MCCtsuToblc distances troni the earth are diilorcut tor ob- 
servers on different parts of the eartlfs surface, and, tlici'eforc, 
before we can compare observations taken In different plactos we 
must have some kno^ylo(lge of the form and dimensions ot the 
earth. I must refer the reader to geodotical works for the 
methods by which the exact dimensions ot the. earth liave heen 
obtained, and shall lierc assume such of the results as I shall 
have occasion hereafter to upply. 

The tigure of the earth is very nearly that of an oblate spheroid, 
that is, an ellipsoid generated by the revolution of an ellipse 
about its minor axis. Tlio scMdion made hy a plane through the 
earth’s axis is nearly an ellipse, of wbicdi the major axis is the 
equatorial and the minor axis the polar diameter of the earth. 
Accurate geodetieal ineasureinonts have shown that there are 
small deviations from the regular ellipsoid; but it is sufficient 
fertile purposes of astronon^y to assume all the meridians to be 
ellipses with the mean dimensions deduced from all the measures 
made in various parts of the earth. 

80. Let JEPQP', Fig. 11, he one of the edliptieal meridians of 
the earth, PQ the dianietor of the equator, PP' the polar 
diameter, or axis of the earth, U the centre, P a focus ot the 
ellipse. Let 

a:=:iho scnii-mujor axis, or equatorial radius, r: (IP, 
h = the scnii-miiior axis, or polar radius, - CP, 

c =tho compression of the earth, 
e =the eccentricity of the meridian. 
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REDUCTION OF L VTITUDE 


By the compression is meant the difference of the eqaatorial 

and polar radii expressed in paits 
of the equatorial radius as unity, or 



The eccenti icity of the meridian is 
the distance of either focus from 
the centie, also expiessed in parts 
of the equatorial radius, or, lu 
Big 11, 


OF 

CE 

But, since PF= GF, we have. 


PF^ _ pc^ _ ^ PG^ 
CE^ 


that IS, 



or 


(81) 

e =i/2c — 


By a comhination of all the most leliahle measures, Bessel 
deduced the most piohahle foim of the spheroid, or that which 
most neaily repiesents all the ohseivations that have been made 
in different parts of the woild He found* 


or 


whence, by (81), 


b 298 1528 

a~ “ ~ 299 1528 

1 

^ “ 299 1528 
e = 0816967 


log e = 8 912205 log /(I — ee) = 9 9985458 


* AstronomiscJie Naehrichten, No 438 See also Encke’s Tables of the dimensions 
of tbe terrestiial spheroid in the Jahrbuch for 1852 



EEDUCTION OE LATITUDE. 


97 


The absolute lengths of the semi-axes, according to Bessel, are, 

^ = 6377397.15 metres = 6974532.34 yds. = 3962.802 miles 
h = 6856078.96 = 6951218.06 = 3949.555 


81. To find the reduction of the latitude for the compression of the 
earth. 

Let Fig. 11, be a point on the surface of the earth; the 
tangent to the meridian at that point ; A 0, perpendicular to A T, 
the normal to the earth’s surface at A, A plane touching the 
earth’s surface at A is the plane of the horizon at that point 
(Art. 3), and therefore AO, which is perpendicular to that plane, 
represents the vertical line of the observer at A, This vertical 
line does not coincide Avith the radius, except at the equator and 
the poles. If Ave produce CJS, OA, and CA to meet the celestial 
sphere in J?', Z, and Z' respectively, the angle ZO'E' is the 
declination of the zenith, or (Art. 7) the geocjrcipliicaX latitude,, and 
.Z is the geog7'ap]iical zenith; the angle Z'CJE^ is the declination 
of the geocentric zenith Z', and is called the geocentric or reduced 
latitude; and ZAZ^ = CAO is called the reduction of the latitude. 
It is eAudent that the geocentric is ahvays less than the geogra- 
phical latitude. 

HoAV, if Ave take the axes of the ellipse as the axes of co-ordi- 
nates, the centre being the origin, and denote by x the abscissa, 
and by y the ordinate of any point of the curve, by a and h the 
semi-major and semi-minor axes respectively, the equation of 
the ellipse is 

a? ' 6 * 


If AA^G put 

<p = the geographical latitude, 

= the geocentric 

Ave have, since (p is the angle Avhich the normal makes Avith the 
axis of abscissae, 


^ (lx 

tan <p ^ 

dy 

and from the triangle AGB, 


VOL. 1.—1 


tan (p^ = — 

X 
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Diflferentiating the equation of the ellipse, we have 

y 6’ dx 

or ” a‘‘ dy 

or 

tan <!)' = — tan ^ = (I — «“) tan <p ( 82 ) 

a‘ 

which determines the relation between <p and <p' 

To find the difterence f — f', oi the reduction of the latitude, 
we have recouise to the geneial development in senes ot an 
equation of the foim 

tan % = p tan y 


which [PI Trig Art 254] is 

X — 1/ = 2 bin 2 y + J sin 

m which 

p — I 

Applying this to the development of (82), wc find, aftei divid- 
ing by sin 1" to reduce the teims of the senes to seconds, 


f 

in which 


<1 = 


sin 1" 

p — 1 1 


sin 2<p 


S- Mil 4^1! — &c 


2 sin 1" 
- 1 


( 88 ) 


■p-fl 1-e^ + l 
Employing Bessel’s value of e, we find 


=690" 65 — 


= — 1" 16 


sin r 2 sin 1" 

and, the subsequent teims being insensible, 

p — ¥>' = 690" 65 sm 2 ?! — 1" 16 sm 4 <p (88*) 

by which <p — is leadily computed foi given values ot cp Its 
value will be found in our Table III Vol II tor any given 
value of (p 


Example — ^Find the lediiced latitude when f = 35° W e find 
by (83), 01 Table III , 

<p — <p' = 648" 25 = 10' 48" 25 
and hence the reduced or geocentric latitude 
<p’ ^ G-i” 49' 11" 75 
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82. To find the radius of the terrestrial spheroid for a cj\mn latitude. 
Let 

p = the radius for the latitude ^ — AG* 

We have 

P = V + f 

To express x and y in terms of we have from the equation of 
the ellipse and its differential equation, after substituting 1 — 

for 

d 

y' 


+ 


1—e^ 


= a^ 


y 


™ (1 — e^) tan <p 


from which by a simple elimination we find 

a cos (P 

^ 

|/(1 — 

(1 — e^) a sin ^ 

l/(l — e’‘‘ sin*^^) 

and hence 

^ / f 1 — 2 e' sinV + sin> ] 

'■ = “ \l [ 1 - ^ ...v J ' ' 

by which the value of fi may be computed. The logarithm of 
p, putting ct = 1, is given in our Table III. Tol. II. 

But the logarithm of p may be more conveniently found by a 
Beriea. If in (84) we substitute 

= 1 -/» 

sin* (£> = J (1 — cos 2 f>) 
we find, putting a = 1 , 

ri+/‘-h (1 -P)cos 2 <p 




If] 

Ll 4-/* 4- (1 —P) eos 2 <p] 


1+/^ 

Now /PI. Trig. .A.rt. 260) if we have an exprcRsion of the foiun 
X j/(l 4- m“ — 2m cos C) (A) 
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we liavo, li moclHlus of the coniinoii system of loga- 

lltlllllri, 


cos 0 -j- 


cos 2(7 , wO cos 3(7 


+ + &c ) {B-) 


b} whicli we may cleveloi-) the logaiitlims of the numeiatoi and 
denominator of the ahoA’e ladieal 
Hence we find 


log p = log ^4^ + M 


1 -f-/ 


I (m — m') cos 2 ip cos 45ff 


— HI “ „ 

-| cos 6^5 


— &c j 


in which we have 


put for brevity 


m 


1 -/^ 

i+r- 


m' = 


1 -/ 

1 +/ 


Restoring the value of / = i/(l - f') and computing the 
iiumencal values of the coefiicients, we find 


log ^ ^ 9 9992747 + 0 0007271 cos 2 p — 0 0000018 cos 4 <p (851 


as given by Encke in the Jahrbuch foi 1852 

The values of p and (p' may also be determined uiidei iinothcr 
form which will hereafter be found useful 
We have in Fig 11 , p sin f-=y,p cos (f' or 


p Sin (p' = 

p cos (p' = 


g (1 — 6^) sin (p 
-|/(1 ~ 6- sin^ p) 
a cos p 

l/(l — sin^ p) 


^ 80 ) 


whieh may 1o6 put under a simple form by introducing an auxi- 
liary 4^1 so tliat 

sin 4 - — e sm p ) ^ 

p sm p' = a (I — e^) sm ^ sec 4 > (^ 7 ) 

p cos p' = a cos p sec 4 ) 


We can also deduce from these, 

p sm {p — p*') = i ae^ sin 2 ^ sec 4 
P cos (9? — ^') = a cos 4 
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lleiicCj also, the follo\ying: 

83. To findihe length of the normal terminating in the axis^for a 
given latitude. 

Putting 

N ^ the normal = AO (Fig. 11)^ 

\ye have evidently 

iV=: =: ^ (90) 

COS tp j/(l — e‘ sin'-* tf) 

or, cmpioyii^g tlio uuxiliaiy 4 of tlie preceding article, 

N = a see 4 


84. To jbiil ihe distance from the centre to the intersectioix of the 
nonned with the axis. 

Denoting this distance l)y a.l (so tliat i denotes the distance 
wdieu a = 1), we have in Fig. 11, 

ai ^ CO 

and, from the triangle A CO, 


or, by (88), 


p Sin ^ — /) 

ai = 

cos <p 


ae^ sin tp ,, . 

((t = — — — — — ^ f[,e^ sin (f see 4 


(91) 


85. To find the radius of ourccUure of the teiresirial meridian for a 
(liven latitude . — Denoting this radius by It, Ave have, from the dif- 
ferential calculus, 

M = ILtiAiilf 
i>.‘y 

where Ave employ the notation D^y, Df y to denote the tirst 
and second differential coefficients of y relatively to x. Wa 
have from the equation of tlie ellii>se 






.V 

■J 


J):-y 


bf 

(l^}f 
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whence 

„ (ay+b^oo^)^ 

Observing that 6^ = a^{l- e^, we find, by substituting tbe value? 
ot X and y in terms of f (p 99), 

P 3=: ^ ~ (92) 

(1 — sm^ 

Example — ^Find the radius of cuivatuie foi the latitude of 
Greenwich, ^ - 51° 28' 88" 2, taking a = 6377 897 meti es We 

E = 6373850 meties 

86 Abnoimcd deviations of the 'pliimb line —Qvoxvimg the goo- 
metiical figuie of the eaith to be that of an ellipsoid of i evolu- 
tion whose dimensions, taking the mean level of the sea, aic as 
given 111 Alt 80, it must not be mferied that the diieotion of the 
plumb line at any point of the surface always coincides pieciscly 
w'lth the noimal of the ellipsoid It w'oiild do so, indeed, if the 
eaith were an exact ellipsoid composed of peifectly homoge- 
neous mattei, or if, oiigmally homogeneous and plastic, it has 
assumed its present foim solely undei the influence ot the 
attraction of gravitation combined with the rotation on its axis 
But expeiience has shown* that the plumb line inostl) deviates 
fiom the noimal to the legular ellipsoid, not only towvaids the 
noith or south, but also towards the cast oi w'cst , so that the 
apparent zenith as indicated by the plumb line diffcis fiom the 
true zenith coriespoiiding to the normal both in declination and 
light ascension These deviations are due to local iiiogiilaritics 
both in the figure and the density of the earth Then amount is, 
however, very small, seldom reaching moie than 8" of aic in 
any diiection 

In Older to eliminate the influence of these deviations at a 
given place, obseivations aie made at a niimbei of places as 
iieaily as possible symmetiically situated aiound it, and, as- 
suming the dimensions of the general ellipsoid to be as wm have 
given them, the direction of the plumb line at the given place is 
deduced from its durection at each of the assumed places (by 


* U S Coast Survey Eepoit foi 1853, p 14,^ 
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the aid of the geodetic measures of its distance and direction 
from each) ; or, which is the same thing, the latitude and longi- 
tude of the place are deduced from those of each of the assumed 
places : thou the mean of all the resulting latitudes is the gcodctk 
latitude, and the mean of all the resulting longitudes is the 
longitude, of the place. These quantities, then, correspond as 
nearly as possible to the true normal of the regular ellipsoid; 
the geodetic latitude being the angle which this normal makes 
with the plane of the equator, and the geodetic longitude being 
the angle -which the meridian plane containing this normal 
makes -with the p)lane of the first meridian. The geodetic lati- 
tude is identical -with the geoyrop/iicaZ latitude as we have defined 
it in Art. 81. 

The astronoTnieal latitude of a place is the declination of the 
apparent zenith indicated by the actual plumb line ; but, unless 
-when the contrary is stated, it will he hereafter uudei’stood to bo 
identical with the geographical or geodetic latitude. 

It has recently been attempted to show that the earth ditiers 
sensibly from an ellipsoid of revolution;’*' but no deduction o( 
this kind can bo safely made until the auomaions deviations ol' 
the plumb lino above noticed have been eliminated from the 
discussion. 


CHAPTER IT. 

EEDUCTION OF OBSEEVATIONS TO THE CENTRE OP THE EAETH. 

87. The places of stars given in the Ephemeridos are those in 
which the stars wonld he scon by an observer at the centre of 
the earth, and are called gcomiiric, or true, ])laccs. Those observed 
from the surfiice of the earth are called or apparent, 

places. 

It must he remarked, ho-wmver, that the geocentric places of 
the Ephemeris arc also called apparent places when it is intended 


yack. No. 
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to distuigiiish them from mean places, a distinction winch will 
be considered heieafter (Chap XI ) 

It will also be noticed that w^e frequently use the teinis iiue 
wp'pctvent as relatiie teims only, as, foi example, in ti eating 
of the effect of paiallax, the place of a star as seen fiom the 
centre of the eaith may be called tine, and that in which it 
would be seen from the surface of the caith weie there no 
atmosphere, may in relation to the foimer be called appaient, 
but in considering the effect of refi action, the stai s place as it 
would be seenfiom the suiface of the eaith weie theie no atmo- 
sphere may be called tiue, and the place as affected by the ic- 
fi action may in relation to the formei be called appaient, and 
similarly in other cases. 


PAEALLAX 

88 The ^parallax of a stai is, in geneial, the difference ot the 
directions of the stiaight lines diawn to the stai fiom two difteient 
points The difference of direction of two stiaight lines licing 
simply the angle contained between them, may also define 
paiallax as the angle at the stan contained by the linos diawn to 
the two points fiom which it is supposed to be viewed 
In astronomy we fiequently use the teim paiallax to expiess 
the difference of altitude or of zenith distance ot a stai seen 
fiom the suiface and the ceiitie of the eaith iespecti\el> , 
and, in oidei to express paiallax in lespect to otliei co-oidi- 
nates, pioper qualifying terms aie added, as ^'paiallax in decli- 
nation,” &c 

Assuming (at first) the eaith to be a spheie, let ^t, Fig 12, be 
the position of the obseivei on its suit ace, 
C the centie, GAZ the vertical line, and a 
stai within a measui able distance CS from 
the centie Aif', a tangent to the buifacc 
at A, and OH, paiallel to it, duuvn through 
the centie, may each he regaided as lying 
111 the plane of the celestial hoiizon (note, 
p 19) The true oi geocentiic altitude of 
the star above the celestial hoiizon is then 
the angle SCif, and the appaient altitude is 
the angle SAH^ In this case the diiections of the star from 0 
and fi om A are eompai ed wuth each othci bj refernng tl lem to tw( 


Pig 12 
s 
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fines which have a common direction, i.r. parallel lines. But a 
still more direct method of comparison is obtained hj referring 
them to one and the same straight line, as CAZ, Z being the 
zenith. We then call ZG8> the true and ZA8 the apparent 
zenith distance, and these are evidently the complements of the 
true and apparent altitudes respectively. 

In the figure we have at once 

ZA8— ZCS = ±SO 

that is, the parallax in zenith distance or altitude is the angle 
at the star subtended by the radius of the earth. When the star 
is in the horizon, as at li', the radius, being at right angles to 
AJI\ subtends the greatest possible angle at the star for the same 
distance, and this maximum angle is called the horizontal x)cirallax. 
The equatorkd horizontal parallax of a star is the ma.vinuim angle 
subtended at the star by the equatorial radius of the earth. 

89. To find the equatorial horizontal parallccx of a star at a given 
distance from the centre of the earth. 

Let 

7 t = the equatorial horizontal parallax, 

A = the given distance of the star from the earth’s centre, 
a = the equatorial radius of the earth, 

we have from the triangle CAH' in Fig. 12, if CA is the 
equatorial radius, 

sm:r = l! (93) 

The value of tt given in the Bphemeris is always that which is 
given hy this formuln when for d we oniploy the distance of the 
star at the instant for which the parallax is given. 

90. To find the paralhx in altitude or zenith distance^ the earth being 
regarded as a spimx. 

Let 

C = the true zenith distance = jZGS (Tig- 12), 

C' = the apparent zenith distance == 
p the parallax in alt. or z. d, = CSA. 
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The tiiangle SAC gives, obseivmg that the angle SAC 
Sin p a 


01 , 

sin = sin (C' — O = sin n sin C' (i?4) 

If we put 

h = the true altitude, 

K = the appaient altitude, 

then it follows also that 

sin p = sin (Ji — h^) = sin tt cos h! (95) 

Except 111 the case of the moon, the parallax is so small that we 
may consider n and p to be pioportional to then sines ["Id Trig 
Alt 55], and then we have 

p zzzTt sin ^' == IT cos /f (96) 

Since when = 90° we have sin = 1, and when =~~ 0, sin 
= 0, it follows that the parallax is a maximum when the stai 
IS in the hoiizon, and zeio when the star is in the zenith 

Example — Given the appiarent zenith distance of Venus, 
= 64° 43', and the hoiizontal parallax rc = 20'* 0, find the 
geoceiitiic zenith distance 

r = 64° 43' 0"0 

p= 18 1 

C zzz 64 42 41 9 

When the tiue zenith distance is given, to compute the paial- 
lax, we may fiist use this true zenith distance as the apparent, 
and find an approximate value of p by the formula p = tc sm ^ , 
then, taking the approximate value of ” C + compute a 
moie exact value of p by the formula (94) oi (96) This second 
appioximation is unnecessaiy in all cases except that of the 
moon, and the paiallax of the moon is so gieat that it becomes 
necessaiy to take into account the true hgiiie of the earth, as m 
the following moie general investigation of the subject 

91 In consequence of the spheroidal figure of the earth, the 
\citical line of the obseivei does not pass thioiigh the centre, 
and theretoie the geocentiic zenith distance cannot lie diiecth 


log:: 13010 
log sin C' 9 9563 
log p r257l’ 
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referred to this line. If, however, we refer it to the radius drawn 
from the place of observation (or CAZ', Fig. 11), the zenith dis- 
tance is that measured from the geocentric zenith of the place; 
whereas it is desirable to use the geographical zenith. Hence 
we shall here consider the geocentric zenith distance to be the 
angle which the straight line drawn from the centre of the earth 
to the star makes with the straight line drawn through the centre 
of the earth parallel to the vertical line of the observer. These two 
vertical lines are conceived to meet the celestial sphere in the 
same point, namely, the geographical zenith, which is the 
common vanishing point of all lines perpendicular to the plane 
of the horizon. Thus both the tiuic and the apparent zenith 
distances will be measured upon the celestial sphere from the 
pole of the horizon. 

The azimuth of a star is, in general, the angle which a vertical 
plane passing through the star makes with the plane of the meri- 
dian. When such a vertical plane is drawn through the centre 
of the earth, it does not coincide with that drawn at the place of 
observation, since, by definition (Art. 3), the vertical plane passes 
through the vertical line, and the vertical linos are not coincident. 
Hence we shall have to consider a parallax in azimuth as well as 
in zenith distance. 

02. To find the parallax of a star in zenith distance cmd azimuth 
token the geocentric zenith distance and azimuth arc given., and the earth 
is regarded as a spheroid.* 

Let the star he referred to three co-ordinate planes at right 
angles to each other : the first, the plane of the horizon of tko 
observer; the second, the plane of the meridian; the third, the 
plane of the prime vortical. Lot the axis of x he the meridian 
line, or intersection of the plane of the mci'idian and the plane 
of the horizon; the axis of y, the east and west lino ; the axis 
of z, the vertical line. Lot the positive a.xis of x be towards tho 
south; the positive axis of tj, towards the west; the positive 
axis of z, towards the zenith. Let 

J' =: the distiincc of the star from tho origin, which is 
tho place of observation, 

C — tho apparent zenith distance of the star, 

A' = the apparent azimuth “ “ “ 


*TUe hivtjsUgatioa which follows is nearly tho snme an tliat of Othikuh, to whom 
the method itsolf is due. 
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then, x' 2 /', denoting the co-ordinates of the stai in this system, 
we have, by (39), 

x' = J' sin C' cos A' 
y' ~ J' sin sin A' 
z' = J' cos C' 

Again, let the stai be lefeired hy leetangulai co-oidinates to 
another system of planes paiallel to the foimei, the oiigin now 
being the centie of the eaith In the celestial sphere these 
planes still lepiesent the horizon, the meiidian, and the piime 
vertical If then in this sj stem we put 

A = the distance of the stai fiom the oiigin, 

C = the tiuo zenith distance of the stai, 

A = the tiue azimuth 

and denote the co-oidmates of the star in this system by y, 
and z, we have, as befoie, 

X = J sin C cos A 
y = J sin C fell! A 
= J cos C 

How, the co-oidinates of the place of observation in this last 
system, being denoted by a, 6, e, we ha\ e 

a p sin ((f — 6 = 0 c = p cos (<p — <p') 

in which p = the earth’s radius toi the latitude f of the place of 
observation, and <p' is the geocentric latitude, <p — <p^ being the 
reduction of the latitude, Ait 81 , and the formuhe of tiansfoima- 
uon fiom this second system to the first aie (Ait 33) 

X = od a y =y^ h 
or, x' = X — a y' =y — ^ z' = z — c 

whence, substituting the above values of the co-oidmates, 

A' sm C' cos A' = A sm C cos J. — sm {(p — 

A' sm C' sm A' = A sm C sm A > (97) 

A' cos C' = A cos C — p cos (^ — <p') j 

which are the general lelations between the true and appaient 
zenith distances and azimuths All the quantities in the second 
members being given, the first two equations determine J^bin 
and A' , and then fiom this value of z/'sm (7', and that of J^cos 
given by the thud ecpiatiom J' and are determined 
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But it is convenient to introduce tlic liorizontal parallax 
instead of i. For, if \ve put tlie equatorial radius of the earth 
= 1, we have 

sin 77 = -— 

J 


and hence, if we divide the equations (97) hy J, and put 



we have 

/ sin C' cos A' = sin ^ eos d. — /? sin tt sin — ^') 

/sin sin A' = sin C sin A 

f cos C' = cos ^ sin TT cos ((p — <p') 

To obtain cxpressious for the difterencc between and and 
between A and A', that is, for the parallax in zenith distance 
and azimuth, multiply the tirst equation of (98) by sin A, the 
second hy cos A, and subtract the tirst product from the second; 
again, multiply the tirst by cos A, the second hy sin A, and add 
the products: we liiul 

/ sin C' sin (A' — A) = p sin r sin (<p — /) sin A \ 

/ sin C' cos (A' — A) = sin C — /> sin :: sin (^ — <p') cos A j ^ 



Multiplying the tirst of these by sin J- (A' — A), the second by 
cos |(A' — A), and adding the products, we find, after dividing 
the sum hy cos J (A' — A), 


/ sin C' = sill C — p ^in - sin (y — 


coH i ( A' + A) 
cow -1 (/f — A) 


which with the third equation of (98) will (Icterminc 
If we assume r such that 

cos 5 ('A' “1“ d ) 

we have the following equations for determining C"' : 


( 100 ) 


/sin C' = sin C — p ^\ri tt cos (^ <p') tan y 

/cos C' = cos C — p sin tt cos (v* — /) J \ / 

which, by the process craploj^ed in deducing (99), give 


/ sin (C' — C) = sin tt cob (jp — 

/ cos ( C' — C) = 1 — /> sin TT cos — ^') 


sin (C — 
cos / 
cos (C — 


r) 


(10/) 


COB p 
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B\ multiphing tlie iirst of these hj sin | the seconrl 

by cos h (C' C)? adding the piodiicts, we find, after dividing 

by cos ^ (C — 0, 


f — 1 ^ ^ — 9 ') li (C' + C) — r] 

cos y cos } (C' — 0 

01 multipl} ing by J, 

^ j ^ cos — yp cos [1 + 0— r] 

cos Y cos ] (C' — 0 


(103) 


The equations (99) determine iigoioiisly the paiallax in 
azimuth, then (100) and (102) deteimine the paiallax in zenith 
distance, and (103) the distance of the star fiom the oliseivei 
The 1 elation between J and ma\ be expiessed nndei a moie 
simple foini multiplying the fiist of tlie equations (101) In 
cos y, the second by sin y^ the difference of the products gives 


sin (:' -- y) 


( 101 ) 


93 The preceding foimulae may be developed in series 
Flit 

p sin TT sin (<p — 0 ') 

m = ^ — 

sin C 


then (99) become 


whence 


/ sm C' sin (A' — A) = m sin C sin A 
f sm cos {A — ^1) sm C (1 — m cos J.) 


tan {A' — A) — -~ 


m sm A 
— m cos 


A 


(105) 


and therefore [PI Trig Art 258], A' — A being in seconds, 


A' —A = 


msmA , m®sin2^ , m*sm34 


+ 


sin 1" 2 sin 1" 

To develop ^ in series, we take 


r,7 + 


4 . &c (106) 
Ssml" ^ ^ ^ 


. , , cos M + 5 (A' — A)'\ 

tan r = tan (,p — /) J ) —A! 

cos J (A — ^1) 

= tan — o') [cos A — sm J. tan ) (A' — ^)] 
whence, by interchanging arcs and tangents according to the 
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formiilfe tan“i y = y — i + &c., tan z = x + + kc. [PI. 

Trig. Arts. 209, 213], 


= (^ — <p'') COS A 


(jp — <p'y~ p sin 7c sin=* A sin 1" 
2 sin X 


-j~ &c. 


(107) 


where the second term of the series is multiplied bv sin V' 
because j and f ■— are Ksupposed to be expressed in seconds. 
Again, if we put 


we find from (102) 

tan (: 


p sin TT cos {<p — ^') 
cos Y 


0- 


- ~ 

1 — n cos (C — y) 


(108;^ 


whence, ^ being in seconds, 

' ’ ■“ Bin 1" + 2 .Bin 1" + ” 1" + 


Adding the squares of the eciuations (102), we have 

r ■■■■■■ (j) 1 — 2 ?; COB (C — )-) -I- 

whence [eq\iations (A) and (i?), Art. 82] 

J' log J — AI (^n cos (C — y) + ^ + &c. J (110) 


where 1/ -“the modulus of common logarithms. 

94. The second term of the series (107) is of wholly inapprc'’ 
ciable effect; so that we may consider as exact the formula 

y (^„ COS A (111) 


and the rigorous formuhe (105) and (108) may bo readily com- 
puted under tbo following form : 

Ihit 

. . , p sin TT sin (c> — <p') cos A 

sin C 

then 

tanM'— -A)== == tan tan (45^^ 4- i {A tan A 

1 — sin ^ -T ^ ^ 


( 112 ) 
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Put 

Sin iV'' 

tlien 


Example — In latitude <p = S8^ 59', given for the moon, A = 
320° 18', (^ = 29° 80', and 7 r = 58' 37" 2, to find the paiallax m 
azimuth and zenith distance 

We have (Table III ) for (p = 38° 59', <p — = 11' 15", log p 


£= 9 999428 lienee bjj- (111) r = 

: 8' 39".3 and C — r = 

29° 21' 

20'' 7 , mtli wliicli we proceed by (112) and (113) as follows 

log p sm TT 8 23118 

log p sm TV 

8 231179 

log sm ((p — (p') 7 61488 

log cos {(p — (p') 

9 999998 

log cosec ^ 0 30766 

log sec y 

0 000001 

log cos A 9 88615 

log cos (C — y) 

9 940318 

.J = 18", log sm 5 93987 ■&'= 

61' 1" 5, log sm 

8 171491 

log tan 6 93987 

log tan 

8 171539 

log tan (46° + ^19-) 0 00004 

log tan (45° + ^ t^') 

0 006446 

log tan A w9 91919 

log tan (C — y) 

9 750087 

log tan (A' — A) n5 85910 

log tan (C' — 0 

7 928072 

A' — A = — 14" 91 

C'~-C = 

= 29' 7" 79 

A' = 320° 17' 45" 09 

C' = 29° 69' 7" 70 


It is evident that we may, without a saciifice of accuracy, 
omit the factors cos {<p — (p') and cos y in the computation of sin 

If we neglect the compression of the eaith in this example, 
we find by (94) — ^ = 29' 17" 9, which is 10" in eiior 

95 To find the fmallax of a star in zenith distance and azimuth 
lohen the apparent zenith distance and azimuth are given, the eaith 
being regarded as a spheroid 

If we multiply the first of the equations (101) by cos C' and the 
second by sin the difference of the products gives 

sm 

cos Y 

for which, since cos {(p — ^') and cos y neaily ecpial to 

unity, we may take, without sensible eiror, 

sm (C' — C) =/> sin TT sm (" — y^ 


n cos (C -— ?') = 
tan (" — C) = 


p sin 7c cos f ') cos (C — j') 

cos y 

sm tan (C — y) 

1 — sm 

tan tan (45° + ^ ^0 — v)/ 


( 113 ) 


(1141 
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in wMch y has the value found by (111), or, with sufficient accu- 
racy h j the formula 

Y:=:((p — 95 ') cos A (115) 

Again, if we multiply the first of the eq[aations (98) hy sin 
and the second hy cos J.', the difference of the products gives 


sin {A — A) : 


p sin 7c sin — ^') sin A 
sin C 


(116) 


to compute which, 4 ^ must first be found by subtracting the value 
of the parallax found hy (114), from the given value of 

Example. — ^I n latitude f = 38° 59', given, for the moon A' = 
320° 1T'45".09, < 4 ' = 29° 59' 7".79, n: = 58' S7".2, to find the 
parallax in zenith distance and azimuth. 

We have, as in the example Art. 94, <p — = 11' 15", log p 

= 9.999428, r = — f') cos A' = 8' 39". 3, — 7 - = 29° 50' 28". 5 ; 
and hence, by (114) and (116), 


log p sin ff 8.231179 

log sin (?' — ;') 9.696879 

logsin(S' — Q 7.928068 
Z' — t:= 29' 7".79 
{:= 29°30'O" 


log/) sin X 8.23118 

log sin (9 — 7.51488 

log sin A' «9.80538 
log cosec ^ 0.307G6 

log sin (A~.^l)/i5.85910 
A' —A = — W’Al 
A = 320° 18' 0" 


agreeing with the given values of Art. 94. 


96. For the planets or the sun, the following formnlte are always 
sufiieiently precise : 


7' — C = iox sin (C' — r) 

A' — A = pT: sin Qp — 9 ') sin A' cosec C' 



and in most eases we may take 4 ;' — 4 = jr sin 4 ', and A' — A = 0. 

The quantity pTi is frequently called the reduced parallax, and 
7t — |OJr= (1 — | 0 )jr the reduction of the equatorial parallax for the 
given latitude; and a table for this reduction is given in some 
collections. This reduction is, indeed, sensibly the same as the 
correction given in our Table XIII., which will ho explained 
more particularly hereafter. Calling the tabular correction att, 
we shall have, with sufiicient accuracy for most purposes, 

/37r = TT ATT 


VoL. L— 8 
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9T TLe pioceding molhoda of computing tho paiaHax: enaldo 
us to pass (hredly from the geocentnc to the apparent azimutli 
and zenith distance There is, liowevei, an indnect method 
which IS sometimes moie convenient Tins consists m i educing 
both the geocentiic and the appaieiit co-oidiiiates to the point in 
which the initcal line of the obsener inieiseiLs the axis of the eaith I 
shall biic-fly designate this point as the point 0 (Fig 11). 

We may suppose the point Oto ho assumed as the centie of 
the celestial spheie and at the same time as the centre of an 
imaginai}^ teiicstria] sphere desciihed with a laduis equal to the 
noimal OA (Fig 11) Since the point 0 is in the vertical line of 
the obseivei, the azimuth at this point is the same as the appa- 
ieiit azimuth If, therefore, the geocentnc co-oidinates me hi st 
leduced to the point 0, we shall then avoid the paiallav in 
azmiutli, and tliepaiallax in zenith distance will be found I)} the 
simple foi inula foi the eaith regarded as a sphere, taking the 
normal as ladiiis 

Since the point 0 is in the axis of the celestial spheie, the 
stiaight line drawn fiom it to the star lies in the plane of the 
declination ciielc of the star , the place ot the star, therefore, as 
seen fiom the point (9, difteis from its geocentnc place only m 
declination, and not in right ascension We have then only to 
find the leduction of the declination and ot the zenith distance 
to the point 0. 


rig 13 



Ibt To reduce the decimation to the point 0 — Let 
PP', Fig 13, be the eaith’s axis , C the ceiitio , 
0 the point in which the veitical line or iioinuil 
of ail ohseiver in the given latitude f meets the 
axis, S the stai We have found foi CO the 
expression (Art 84) 

CO = ai 


in which a is the equatorial ladius of the eartii, 
and 


sm (p 

I ^ 1 

l/(l — e^ sin^ (f) 

Let 


A = the star’s geocentnc distance = 

A^ = the star’s distance from the point 0 — aS'O, 

= the geocentric declination = 90® — 

3^ =: the deelmatioii reduced to the point 0 = 90® — POH 
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then, drawing 8B perpendicular to the axis, the right triangles 
SC£ and SOB give 


sin ^ sin ^ -1- ai 
J, cos — A cos S 

which determine and S^. From these we deduce 

4 sin (5, — 5) = ai cos -5 
cos (<5, — ^) = J -p ai sin d 


} (118) 
} ( 119 ) 


wliieli determine and the reduction of the declination. If we 
divide these by J, and p)ut 




A 

A 


sin TT = 


a 

J 


in wMcli TT denotes, as l)efore, the equatorial horizontal parallax, 
they become 


whence 


sin — <J) = i sin TT cos S 

cos — (J) = 1 + z sin 7c sin d 


tan — S') = 


i sin TT cos d 
1 + i sin r sin <5 


or ill series [PL Trig. Art. 25T], 


i sin TT cos d 
sin 1" 


(^ sin Try sin 2 5 i 
2 sin 1'' ^ 


Blit since the second term of the seines involves and conse- 
quently and this is further multiplied hy the small factor sin^ tt, 
the term is wholly inappreciable even for the moon ; and, as 
the first term cannot exceed 25" in any case, we shall obtain ex- 
treme accuracy by the simple formula 

8^ — 8 = i K cos 8 (120) 

The value of is found from (119), by the same process as 
was used in finding A' in (103), to be 


A^z= A } 1 z sin TT 


sin i (8^ 4- 8) 


} 


cos I 

or, on account of the small difference hetwccii and 
/Jj = a (1 4 z sin TT sin (5) 


(121) 
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As <5^ - 0 IS SO small, it may be acciuately computed with 
logaiitlims of foui decimal places, and it will be convenient to 
substitute for z tlie foim 


in winch 


z = A sin ^ 


A = 




|/ (1 — e'^ sm^ 


The value of log A may then be taken from the following 
table with the argument <p = the geographical latitude 



log A 

0° 

7 8244 

10 

7 8245 

20 

7 8246 

30 

7 8248 

40 

7 8250 

50 

7 8253 

60 

7 8255 

70 

7 8257 

80 

7 8258 

90 

7 8259 


We shall then compute 8^ — d ,ancl under the following 
foims 


— a = A t: sm cos d 
A^= A (1 A sin TT sin <p sm d) 



If the value of has been found as below, we may take 
— a = sin ^ cos d 


2d To find the pamllax m zenith distance for the imni 0 — ^Let 
ZAO, Fig 14, be the vertical line of the observei at 
A The noimal AO terminating in the axis being 
I denoted by iV, w^e have, by (90), 


B 


A 



j/(l — sin® <p) 

But if 111 (84) we wiite sin^ f foi sin^ <p, we have 
p =z a i/(l — e® sin® <p) 

and this value is sufficiently accurate foi the compu- 
tation of the jpcuallax iii all cases If then we put 
a = 1, we have 


o 
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AO = I^=- 

p 

If now in the vertical plane passing through the line ZO and 
the star S we draw SB perpendicular to OZ, and put 

Cj = the zenith distance at 0 = SOZ 
= the apparent zenith dist. = 8AZ 


the triangles OSB, ASB give 

A cos Z' — d, cos Zi — - 
P 

A sin Z' — dj sin Z^ 

Dividing these equations by z/j, and putting 


A 


= /. 


sin jr, 


1 

p\ 


they become 


/j cos Z' = cos Zi — sin jTj 
/ i sin Z' = sin Z^ 


from which we deduce 


sin (C' — = sin sin Z^ 

/j cos (C' — Cl) = 1 — sin TTj cos Ci 

sin TTj sin Ci 


tan (C' — Cl) = 


1 — sin TTj cos Cl 


and in series, 

C' — 

Or, rigorously. 


sin sin C, , sin^ Xj sin 2 Ci 
2 sin V 


4- &c. 


sin d = sin iTj cos C, 

tan (C' — C,) = tan & tan (45° + i ^) tan Cj 


To find ffj we have 


(123) 


(124) 


(125) 


} ( 126 ) 


sm TT, 


or 


/? pA(l-\-A sin TT sin <p sin 
sin TT 


sin ;r, 


^1 


/?(1 sin TT sin f sin fT) 


(127) 
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But this very precise expression of will seldom be required : 
it will generally suffice to take 

. sin TT 

sm Tc, = 

P 

TT 

or TT = — 

P 

which will be found to give the correct value of even for the 
moon, within 0".2 in every case. Where this degree of accu- 
racy suffices, we may employ a table containing the correction 
for reducing tt to tt^, computed by the formula 

Table XIII., Vol. II., gives this correction with the arguments tt 
and the geographical latitude <p. Taking the correction from 
this table, therefore, we have 

TT^ = TT -f- AtT (128) 

M, To complete the parallax in zeni% distance for the point O lohen 
the apparent zenith distance is given. 

Multiplying the lirst equation of (123) by sin the second by 
cos and subtracting, we find 

sin — Cl) = — sin C' 

P^i 

or sin (C' — Cd ~ sin tt^ sin C' (120) 

if we denote the apparent altitude by A' and the altitude 
reduced to the point 0 by Aj, this equation becomes 

sin — h') — sin cos h' (IBO) 

Example. — In Latitude ^ = 38° 59', given the moon’s hour 
angle t ~ 341'^ V 86".85, geocentric declination <5 = + 14^ 39' 
24".54, and the equatorial horizontal parallax tt = 58' 37". 2, to 
find the apparent zenith distance and azimuth. 

The geocentric zenith distance and azimuth, computed from 
these data by Art. 14, are ^ = 29° 80', A = 320° 18', which arc 
the values employed in our example in Art. 94. To compute 
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by tlie luetliod of the present article, we first reduce the declina- 
tion to the i)oint 0 by (122), as follows : 


For if =: 38° 59' 

log A 

7.8250 

r 3517".2 

log - 

3.5462 


log sin ^ 

9.7987 

d = 14° 39' 24".54 

log cos d 

9.9856 

14 .31 
14° 39' 88".85 

log (5,— 

d) 1.1555 


With this value of 3^ and i — 341° V 36'^85, the computation 
of the zenith distance and azimuth by Art. 14 gives for the 
lioiut O 

C, == 29° 29' 4T".67 A, == 820° 17' 45".09 

and this value of is precisely the same as A/ found in Art. 94, 
as it should be, since the azimuth at the point 0 and at the 
observer are identical. 

We find from Table XIII. atc = 4". 6 , and hence 7t^ = 58' 37". 2 
+ 4".6 = 58' 41".8; and then, by (126), 


log sin 7z^ 8.23232 
log cos 7, 9.93971 
= 51' 5" log sin // 8. 17203 

log tan // 8.17208 
log tan (45° + I 0.00645 
Ci= 29° 29' 47".67 log tan C, 9.75258 

C — C, = 29 20 .03 log tan (C' — 7j 7"93111 

7' = 29° 59' 7".70 

agreeing with the value found in Art. 94 within 0".09. If we 
had computed by (127), the agreement would have been exact. 

98. To find the parallax of a star in right ascension and declination 
when its geocentric right ascension and declination are given. 

The investigation of this problem is similar to that of Art. 92. 
Let the star be referred by rectangular co-ordinates to three 
planes passing through the centre of the earth : the first, the 
plane of the equator; the second, that of the equinoctial colure ; 
the third, that of the solstitial colure. Let the axis of x be th(^ 
straight line drawn through the equinoctial points, positive 
towards the vernal equinox; the axis of y, the intersection of 



120 


PARALLAX 


the plaiie of the solstitial colaie and that of the eqiiatoi, positive 
towaids that point of the equatoi' whose light ascension is 90° , 
the axis of the axis of the heavens, positive towaids the iioith 
Let 

a = the stai’s geocentiic light ascension, 

^ declination, 

J distance, 

then the co-ordinates of the star are 

ic = J cos 5 cos a 
2 / = J cos b sin tt 
z = A sin b 

Again, let the stai he leferred to another system of planes 
paiallel to the first, the oiigm being the ohseiver The vanish- 
ing circles of these planes in the celestial spheie aie still the 
equator, the equinoctial coluie, and the solstitial coliiic Let 

a'= the star's observed right ascension, 
b' = declination, 

distance from the observoi, 

where by observed light ascension and declination we now mean 
the values which differ from the geocentiic values by the paral- 
lax depending on the position of the ohseiver on the suiface of 
the earth The co-ordinates of the star in this system will be 

x' = J' cos b^ cos of 
y' =z J' cos b' sin a' 
z' = A' sm b' 

iSTow, if 

© = the sidereal time = the right ascension of the observoi's 
meridian at the instant of obseivation, 

= the reduced latitude of the place of observation, 
p = the radius of the earth for this latitude, 

then ©, and p are the polar co-oidinates of the observer, 
entiiely analogous to a, 8, and J of the stai, so that the lectan- 
gular co-ordinates of the observer, taken in the first system, are 

a == /> cos ^p'cos© 
h = p cos sin © 
c ^ p sin <p^ 
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and for traiisformatioD from one system to tlie other we liave 


= X — y' := y — b, = z — c. 

Hence 

J' cos s' cos cu' = A cos S cos a- — p COS (p^ COS 0 

A' cos S' sin a,' = A cos <5 sin — p cos <p' sin 0 

d' sin S' = A sin S — p sin <p' 


or, dividing by 4 putting as before 


/ = 


T 


1 

sin TT = — - 
A 


(181) 


/ cos s' cos a' = cos S COS a — p sill tt COS (p' COS 0 

/ COS S' sin a' = cos S sin a — p sin tt cos p' sin 0 y (182) 

jf BinJ' = sin S — p sin - sin p' j 

From the first two of these equations ^ye dodiico 


/cos S' sin (a' — a) = p sin r cos p' sin (a — 0) 

/ cos S' COS (a' — a) = COS S — p siu - COB p' COS (a — 0) 


(183) 


Multiplying tlie first of these by sin I- (a' — a), the second by 
COS I (oc-' — a), and adding the products, we find, after dividing by 
cos I (a' — a), 


Put 


/ cos S' = cos S — 


p sin 7T COB p ' cos [J (ct' -|~ a) — 0] 
cos J (a' — a) 


tan p' cos 1 (a' — a) 
cos [1 


(184) 


then we have, for determining d', 


/sin S' = sin ^5 — p sin tc sin / 

/ cos < 5 ' = cos S — p sin tt sin <p' cot y 

whence 

. . , sin (S y) 

f 8111 Of — S) = p sm TT sm p' -r — -A- 

/ cos (S' — S) == 1 — p sin t: sin — ll 

am Y 

- A' _ flin (S — 

A sin (S ' — y) 


} 


(135) 


(136) 

(137) 


The equations (133) dctenniiio, rigorouslj, tlie parallax in right 
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"isceiision,oi a' — a , (136) the parallax in decimation, or — 5, 
and (137) detei mines J'. 

99 To obtain the developments in senes, put 


then from (133) we have 


. , . ^ m sin fa — A 

tan (a' — a) = = ^-7 

^ ^1 — mcos (a — 0) 


whence 


m sin (a — v-o) sm 2 (ot — 0) , „ 

a- — a = ^ + &C 


Putting 


■we liave from (136) 


Bin 1" 2 sm 1" 

p sin ir sin 


n = 


sin Y' 


ton r;/ _ — w sm — y) 

^ ^ 1 — n cos (5 — r) 


whence 


Sin 1' 2 sin 1" ' 


(1S8) 


(139) 


(140) 

(141) 


100. The quantity oc — 0 is the hour angle of the stai east of 
the meridian According to the usual practice, we shall reckon 
the hoiii angle towards the west, and denote it hy or put 


t = & — a 


and then we shall write (138) and (140) as follows : 


tan (a — a') = 


m sm t 
1 — m cos t 


tan (i - ^') = 

1 — n COS (;^ — d) 

The rigorous computation will he conveniently performed hy 
the following formulae 



sin {f' — m cos t = 
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p sin - cos cos t 
cos d 


tR.Il (^a — = tilll tfin (^4:5*^ "4“ I tRU t 

tan 0 ' cos i {a — a') 

tan r — — — 

cos [jf — 'a (cl — 

p sin TT sin cos (j 

Bin y- 

tan (S -— (Y) = tan S' tan (45"^ + i S') tan (y ~ (f) 


sin S' — n cos (j — r5) 


123 


( 142 ) 




101. Except for the moon, the first terms of the scries (130) 
and (141) will Bufiice, and we may use the following ajiproxi- 
nuitions : 


a — a 


pir COS / sin t 
COS 


tan y 


tan 

COS t 


S — ,r = sin <p' Bin {y — >?) 

sin y 


( 143 ) 


If the star is on the meridian, wc have i == 0, and hen(*,o 
y = and 

Q — o' =:=^ p7t sin 

Since in the meridian wo liave ^ ~ - (p — d, it is easily seen 
that C fonud by (1(^8) and d' — d found by (140) will then 
be nuiuerically equal, or the pamUax in zenith dislanee in vfuneri- 
aalljj lYjical to the 'parallax in deeUnaUon when the star in on the meri- 
dian. 


102. To Jind iherparallax of a ntar in rirjht aseenrion. and declination^ 
when Us obserred rirjht ascension and decJInation are rjiren. 

Multiplying the first equation of (1B2) by sin rxb the second 
by cos a\ and subtracting one {U'oduef from tlu^- other, wo iiiul 


. , iO sin TT cos <r' sin ((*:) a ) 

Sin (» — a ) ==: ' — ■ — A 

COB 


Til like manner, from (135) we deduce 
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p Sin 7: sm sm (y — 0'') 

sin ip — (5') = iA L 

sm y 

We have here © — a' equal to the apparent or observed hour 
angle ^ and hence, putting 

the computation may be made undci the following form : 


^ /? sm TT cos co' sm 

sm (a — a) = A 

cos <5 

tan <p^ cos \ (a — a') 

cos — 2 (^a — 

sin (5 - 5') = y' sm (r - g') 



In the first computation of a — a' \vc employ 3' foi 3 The 
^'alue of a — a' thus found is sufficiently exact foi the compu- 
tation of Y and 3 — S' "With the computed value of 3 — 3' we 
then find 3 and correct the computation of a — a' 


Example — Suppose that on a certain day at the Gieenwieli 
Ohservatoiy the right ascension and decimation of the moon 
were observed to be 

a,' = 7* 41”* 20* 436 
5' = 15° 50' 27" 66 

when the sidereal time was 

J = 11* 17”* 0* 02 

and the moon’s equatorial hoiizontal paiallax was 

X = 56' 57" 5 

Required the geocentiic light ascension and declination 

We have for Gieenwich ^ = 51° 28' 38" 2, and hence (Table III ) 
9 — 9' = 11' 13" 6, <p' = 51° 17' 24" 6, log /> = 9 9991134 The com- 
putation by (144) is then as follows . 



PARALLAX. 


12.5 


tt' (in arc) = 116° 20' 6".54 

log /> sin TT 

8.218377 

e “ =169 

15 0 .80 

log cos 

9.796142 

f== 53 

54 53 .70 

log sin f 

9.907489 

i (a - a') = 

14 55 .8 

(1) 

7.922008 

t/ — J (a — a') = 53 

39 68 

log cos S' 

9.983185 

log sec [r— 

0.227319 

App. logsm(i 

a — a') 7.938823 

log cos } (a — a') 

9,999996 

Approx, a — 

a' = 29' 51".G 

log tan 

0.096133 

(1) • 

7.922008 

log tan 7 

0.323448 

log cos S 

9.981835 

7 = 64° 35' 68" 

log sin (a — 

a') '7.94017,3 

1 

II 

m 

i 45 80 

a — a' 

= -f 29'67".23 

log p sin TT 

8.218377 

a 

= 116° 50' 3". 77 

log sin (p' 

9,892275 


= 7* 48"* 20*. 251 

log sin (7 — f5') 

9.876181 



log cosec 7 

0.044153 



log sin ((i — rJ') 

8.030986 



<5 — 4'= 4-30' 05". 24 



4= 10° 27' 22". 90 




103. For all bodies except tbe moon, tlie second computation 
will never atFect the result in a sensible degree, and we nuiy use 
the following approximations : 


COM iY 

tail 
cos Y 


tan Y : 

5 — S' — 




( 14 . 5 ;; 


Fertile sun, planets, and eorncts, it is IVecpiently more conve- 
nient to use the geocentric distance of the body instead of the 
parallax, or, at least, to deduee the parallax from the distance, 
the latter being given. This di.stancc i.s always expressed in 
parts of the sunls mean distance as unity. If we put. 


JT,, = the sun’s mean miuiitoriiil horizoiilal purallii.T, 
= the sun’s mean di.stancc from Uio eartb. 


we have, whatever unit i.s employed in exjiressing J, J„, and c. 


<i 

Hill TT tu: 

J 


Hin r,. 
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whence 


sin TT = ~ sin 7r„ 


and when we take = 1, 


sin 7r = 


sin ttq 
A 


or r == 


(146) 


According to Encke's determination 

7:^= 8" 57116 log ^0 = 0 93304 

Example — ^Donati’s comet was observed by Mr James Eer- 
GiTSON at Washington, 1858 Oct 13, 6'" 26’"'' 2V 1 mean time, 
and its obseived right ascension and declination when collected 
foi 1 efraction were 

a' = 236° 48' 0" 5 
— 7° 36' 52" 8 


The logaiithm of the comet’s distance from the earth was log J 
= 9 7444 Required the geocentric place 
We have for Washington <p = 38° 53' 39" 3, whence, b^ Table 
III , log fj cos (f' = 9 8917, log p sin = 9 7955 Com crting the 
mean into sideieal time (Ait 50), we find © = 19'' 55''*' 16* 98 
Hence, by (145) and (146), 


0 = 298° 49' 2 
g' = 236 48 0 
f = m 12 
log tTq 0 9330 

log A 9 7444 

log t: 1 1886 

log pTT cos <p' 1 0803 

log sin f 9 9460 

log sec d' 0 0038 

log (g - g')Tom 
g — a' + 10" 7 


log tan <p' 9 9038 

log cos f 9 6713 

log tan y 0 2325 

y = 59° 39' 2 
67 16 1 

log pTz sm 9 ?' 0 9841 

log sin {j — (5') 9 9649 
log cosec y 0 0640 

log {p — Toiso 

^ 10" 3 


Hence, foi the geocentiie place of the comet. 


a = 236° 48' 11" 2 .5 = — 7° 36' 42" 5 


104 Paiallax in latitacfe and longitude — Formulae simihu to the 
above obtain tor the paiallax in latitude and longitude We 
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hare only to sulistitntc foi 0anfl^' (^rhich are the light ascension 
and declination ol the gooceiitiic zenith) the coiiosponding 
longitude and latitude et tlie gooeentnc zenith (Arhuh^Mll be 
lound by Art 23), and put / and fi in tlie place of a and d Thub, 
it I and h aie the longitude and latitude ot tlic geocentnc zeiiilh, 
the e([uationb (143) give toi all objects except the inooii 

p- cos b Q — )) 
cos 
tan b 

cos (/ 1) 

/>7r sm b sin (y — /5) 
siu Y 

In the same mannei, the equations (131) nun h<' made to 
expiess the geneial lelatioiis beiweou tlie geo(*eiitiu and the 
apparent longitude and latitude, and toi the moon we tan 

employ (142), obsei vuig h,) Mibstitutc i es[)e(tivel\ 

ioi a a (\ (Y j (f' 

the quantities ' /5, fi' /, b 

In all the foi mil lac when V c (diooseto neglect the eoiupi (cswion 
ot the caitli, we Inne only to pul ip -~<f' and p I 

BEFRAOTTON 

105 Gene? (f I l((m of leji action — The path of a ra^ oi light is a 
straight line so long as the la} is iiassing tluongh a UK'dium of 
uniform density, oi thiough a\acuuin But when a la^ passes 
ohhqiiel} fiom one mediiiin into anotliei ot ditleimit densih, it 
us hont oi letuidci! Tlie la) Ixhoie it enleis tlie sec-oiid nualuim 
Is (-allcMl the itc idnit , altei it enteis the sccauid im dniiii il is 
called the icjuidcd la) , and the ddlmmum betwet^ii tin dins lions 
of the incident and uTnu led la} s is (alliMl 1lu‘ njuntcot 

If a noinial is duuvn to tlu‘ sinlaee ol tlu^ u^inu ling iiKalmm 
at the point wlnue the uieideiit ia> meets it, tlK‘ <uigl(‘ wlinh tin' 
iiieulent raj makers tvitli tins noiimd is (ailliul tlu^ nnf/lc nuf- 
(knci\ tlie angle whidi the leliaetcMl !<i\ iindves with th(‘ uoimal 
IS the (>/ ic/iodain, and the ivlia<*rton ns lln^ <lilhui‘n((^ of 
these two angles 



/I---/' 
tan Y --nr: 
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Thus, if SA, Jig 

Jig 15 



-B' 


15, IS an incident ray upon tlie suiface JBJB^ 
of a refracting medium, AC tlie lefracted 
lajT', MN tlie iioimal to the surface at Ay 
SAM IS the angle of incidence, CAN is the 
angle of refraction, and if CA be piodiiced 
backwaids in the diiection AS^y SAS^ is the 
refraction An obseiver whose eye is at 
any point of the line AC will receive the 
ray as if it had come diiectly to his eye 
without lefraction in the direction S'ACy 
which IS therefoie called the ap 2 ^ment 


diiectioii of the ray 

Now, it IS shown in Optics that this refraction takes place 
accoidiiig to the following geneial laws 

1st When a lay of light falls upon a surface (of any form) 
which sepal ates two media of difteient densities, the plane which 
contains the incident ray and the normal diawm to the surface 
at the point of incidence contains the refracted lay also 

2d When the ray passes fiom a larer to a densei medium, it 
18 ill geneial lefi acted towards the noimal, so that the angle of 
lefraction is less than the angle of incidence , and when the ray 
passes from a denser to a rarei medium, it is lefraeted /row? the 
normal, so that the angle of refi action is gi eater than the angle 
of incidence 

3d Whatever may be the angle of incidence, the sine of this 
angle bears a constant latio to the sine of the eoiicspondiiig 
angle of refraction, so long as the densities of the tw^o media aie 
constant If a lay passes out of a vacuum into a given medium, 
the numbei expiessing this constant latio is cAloA the i7idex of 
7 eft action for that medium This index is ahvays an improper 
ft action, being equal to the sine of the angle of mcidenee divided 
by the sine of the angle of lefi action 

4th When the lay passes fiom one medium into another, the 
sines of the angles of incidence and refi action are reciprocally 
pioportional to the indices of refiaction of the two media 


106 Asti onomieal refraction — The rays of light fiom a star m 
coming to the observer must pass thiough the atmosphere wdiich 
sill rounds the eaith If the space between the stai and the 
upper limit of the atmdsplieie be legaided as a vacuum, or as 
filled -with a medium wdiich exerts no sensible effect upon the 
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direction of a ray of liglit, tlie path of the ray will be at first a 
straight line; but upon entering the atmosphere its direction 
will he changed. According to the second law above stated, the 
new medium being the denser, the ray will be bent towards the 
normal, which in this case is a line drawn from the centre of the 
earth to the surface of the atmosphere at the point of incidence. 

The atmosphere, however, is not of uniform density, but is 
most dense near the surface of the eai’th, and gradually decreases 
in density to its upper limit, where it is supposed to he of such 
extreme tenuity that its first effect upon a ray of light may he 
considered as infiviitesimal. The ray is therefore cmtinualbj pass- 
ing from a rarer into a denser medium, and hence its direction 
is continually changed, so that its path becomes a curve which 
is concave towards the earth. 

The last direction of the ray, or that which it has when it 
reaches the eye, is that of a tangent to its curved path at this 
point ; and the difference of the direction of the ray before en- 
tering the atmosphere and this last direction is called the astro- 
nomical refraction, or simply the refraction. 

Thus, Fig. 16, the ray 8e from a star, entering the atmosphere 
at e, is bent into the curve ecA 
which reaches the ohserver at A in 
the directiorr of the tangent S^A 
drawn to the curve at A. If CAZ 
is the vertical line of the ohserver, 
or normal at A, hy the first law of 
the preceding article, the vertical 
plane of the ohserver which con- 
tains the tangent AS' must also 
contain the whole curve Ae and 
the incident ray Se. Hence refrac- 
tion increases the apparent altitude 
of a star, hut does not affect its azi- 
muth. 

The angle 8'AZ is the apparent ze- 
nith distance of the star. The true zenith distance* is strictly the 
angle which a straight line drawn from the star to the point A 


Fig. IB. 
z 



^ By tnie zenith distance we here (and so long ^as we are considering only the 
effect of refraction) mean that which differs from the apparent zenith distance only 
by the refraction. 
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makos with the vertical line. Such a line would not coincide 
with the ray Sc; hut in consequence of the small amount of the 
refraction, if the line Se he produced it will meet the vertical 
line AZ at a point so little elevated above A. that the angle 
which this produced line will make with the vertical will differ 
very little from the true zenith distance. Thus, if the produced 
line Se ho supposed to meet the vertical in //, the difference 
f)etweon the zenith distances measured at b' and at A is the 
■parallax, of the star for the heigdit Ah\ and this difference can he 
appreciable, only in the case of the moon. It is therefore usual 
to assume Sc as identical with the ray that would come to the 
observer directly from the star if there were no atmosphere. 

The. only case in which the error of this assumption is appre- 
ciable will he considered in the, ('hapter on Eclipses. 

107. Tables of Refrariion. — For the convenictu'c of the rea<ler 
who may wish to avail himself of the refraction tables without 
regard to the theory by which they are computed, 1 shall tirat 
e.vplain the arrangement and use of those which are given at 
till! end of this work. 

Since the amount of the refi-action depends upon the density 
of the atmosphere, and this density varies with the pressure and 
the temperature, which arc indicated by the barometer and the 
thermometer, the tables give the refraction for a mea-n state of 
the atmosphere; and when the true refraction is required, sn]>ph'- 
mentary tables are emy)loyed which give the correction ot the 
mean refraction depending ni>on tlu' observed height of the 
barometer and thermometer. 

Table 1. givt's the refra<hion when the barometer stands at 
;!0 inches and the thermometer (Fahrenheit’s) at 50°. If we 
put 

r the refraction, 
z -s-— the a])parcut zenith distance, 

C the true zenith distance, 

tllCTl 

C r.-- 

Where great accnra,(W is not required, it suffices to take r 
directly Irom Tabi.k I. and to add it to (The resulting C 
that zenith distance which we have heretofore, denoted by C hi 
the discussion of parallax.) The argument of this table is the 
apparent zenith distance z. 
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Table II. is Bessel’s Refraction Table,* which is generally 
regarded as the most reliable of all the tables heretofore con- 
structed. In Column A of this table the refraction is regarded 
as a function of the apparent zenith distance and the adopted 
form of this function is 

r — a -2? 

in which a varies slowly with the zenith distance, and its loga- 
rithm is therefore readily taken from the table with the argu- 
ment 2 :. The exponents A and X difter sensibly from unity only 
l*or great zenith distances, and also vary slowly; their values are 
therefore readily found from the table. 

The factor /9 depends upon the barometer. The actual pres- 
sure indicated by the barometer depends^ not only upon the 
height of the column, but also upon its temperature. It is, 
therefore, put under the form 

/? = BT 

and log B and log T are given in the supplementary tables with 
the arguments ‘‘height of the barometer,” and “height of the 
attached thei’mometer,” respectively ; so that we have 

log ^ = log R + log T 

Finally, log y is given directly in the supplementary table with 
the argument “ external thermometer.” This thermometer must 
be so exposed as to indicate truly the temperature of the atmo- 
sphere at the place of observation. 

In Column B of the table the refraction is regarded as a 
function of the true zenith distance expressed under the form 

r = ;"^'tan C 

and log a', A', and X' are given in the table with the argument ; 
/9 and y being found as before. 

Column A will be used when z is given to find ^ ; and Column 
B, when ^ is given to find z. 

Column C is intended for the computation of differential re- 
fraction, or the difference of refraction corresponding to small 


^ From his Asironomische TJnUrmchungm^ Vol. I. 
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differences of zenith distance, and Avill be explained hereafter 

(Miorometric Observations, Vol. II.)- 

These tables extend only to 85° of zenith distance, beyond 
which no refraction table can be relied upon. There occur at 
times anomalous deviations of the refraction from the tabular 
value at all zenith distances; and these are most sensible at 
great zenith distances. Fortunately, almost all valuable astrono- 
mical observations can be made at zenith distances less than 
85° and indeed less than 80°; and within this last limit we 
are’ justified by experience in placing the greatest reliance m 
Bessel’s Table. In an extreme case, where an observation is 
made within 5° of the horizon, we can .compute an approximate 
value of the refraction by the aid of the following supplement- 
ary table, which is based upon actual observations made by 

Aegelandbr.* 


App. zen. 
distance. 

log Refract. 

A 

X 

85° 0' 

30 

86 0 

30 

87 0 

30 

88 0 

30 

89 0 

30 

2.76687 

2.80590 

2.84444 

2.88555 

2.93174 

2.98269 

3.03686 

3.09723 

3.16572 

3.24142 

1.0127 

1.0147 

1.0172 

1.0204 

1.0244 

1.0298 

1.0368 

1.0465 

1.0593 

1.0780 

1.1229 

1.1408 

1.1624 

1.1888 

1.2215 

1.2624 

1.3141 

1.3797 

1.4653 

1.5789 


If we call R the refraction whose logarithm is given in this 
table, the refraction for a given state of the air will be found by 
the formula 

r = 


Example 1.— Given the apparent zenith distance 2 78° 

80' 0", Barom. 29.770 inches. Attached Therm. — 0 .4 E., Ex- 
ternal ’Therm. - 2°.0 E. 

Wq find from Table 11., Col. A, for 78° 30', 

log a = 1.74981 A = 1.0032 A = 1.0328 

and from the tables for barometer and thermometer, 


* TahulsR Regiomontanue^ p. 539, 
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/og jS = 4- 0.00253 log = 4- 0.04545 
log T= 4- 0.00127 
log /? = + 0.00380. 

Hence the refraction is computed as follows : 

log a = 1.74981 

J. log /S = log = -f 0.00381 

A log ;« = log = + 0.04694 

log tan z = 0.69154 

r = 310".53 = 5' 10''.53 log r = 2.49210 

The true zenith distance is, therefore, 78° 80' 0" + 5' 10".53 = 
78° 35' 10".53. 

Example 2. — Given the true zenith distance ^ = 78° 35' 
10".53, Barom. 29.770 inches. Attached Therm. — 0°.4 F., 
External Therm, — .2°.0 F. 

We find from Table II., Col. B, for 78° 35' 10", 

log a' = 1.74680 A' = 0.9967 A' = 1.0261 

and from the tables for barometer and thermometer, as before, 

log .8 = + 0.00253 log + 0.04545 
log T= + 0.00127 
log /? = 4- 0.00380 

The refraction is then computed as follows : 

loga'= 1.74680 
A' log^ = log -f 0.00379 
A' log == log == 4~ 0.04663 
log tan 7 = 0.69489 

r = 310".53" = 5' 10".53 log r = 2.49211 

and the apparent zenith distance is therefore 78° 30'. 

Example 3. — Given z = 87° 30', barometer and thermometer 
as in the preceding examples. 

By the supplementary table above given, 

log R = 2.98269 

A = 1.0298 log /3 = 4- 0.00380 log = + 0.00391 

A = 1.2624 log j- = 4- 0.04545 log r'" == 4- 0.05738 

r = 18' 26".C , log r- = T04398 
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It IS important in all cases where gieat pieeision is leqmieil 
that the barometer and thermometer be caiefully veiihed, to see 
that they give true indications The zeio points ot thermo- 
meters aie liable to change alter a ceitaui time, and inequalities 
in the boie of the tube aie not uiicoinmon A special investi- 
eatioii of eveiy theimometei is, thciefoie, necessaiy betore it is 
applied in any delicate leseaich It the eapillaiity of the bai o- 
meter has not been allowed foi in adjusting the scale, it must be 

taken into account by the observer in each leading 

We may obtain the true lefi action for any state ot the an 
within 1" or 2", very expeditiously, by taking the meaii lefiac- 
tioii fiom Table I and collecting itbj Table XIV A, and lable 
XIV B The mode of using this table is obvious from its 
airaiigemeiit Thus, in Example 1 iie find 


from Table I, Mean i eft 

“ XIV A, for Barom 29 77, Con 
“ XIV B, “ Therm — 2° “ 

Tiue lefr 


4' 38" 9 
— 2 
+ 32 
rry 9" 


which agrees with Bessel’s value within V'd hoi gieatei 
accuiacy, the height of the baromctei should be reduced to the 
teinpeiatuie 32° F , which is the standard assumed in these 
tables The collected height of the barometer m this example 
IS 29 85, and the coi responding corioction ot the retiaction 
vouldthenbe — 1", coiisequentlj the tine lefraction vould be 

5' 10", nliich IS only 0" 5 m eiioi 

These tables furnish good appioximations even at^ gieat 
zenith distances Thus, we find by them, in Example 3, ; - 
18' 24" 

108 Investigation of the refraction formula In this 
investigation we may, without sensible euoi, considoi the eaith 
as a sphere, and the atmosphere as composed ot an intinite 
iiumbei of concentiic spherical stiata, whose common centie is 
the ccntie of the eaith, each of which is oL uniform deiisitv, and 
within which the path ot a laj of light is a stiaight line Let (\ 
Fig lG,be the ccntic ot the eaith, A a ]ioint of obseivation on 
the surface, the veitical line , Aa\ b'e', ki theveitical 

thicknesses of the concentric strata , Se a taj, of light from a star 
fS; meeting the atmosphere at the point e, and siieeeshiv elv ro- 
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fracted in the directions ed, dc, &c. to the point A. The last 
direction of the ray is aA^ which, when the numher of strata is 
supposed to be infinite, becomes a tangent to the curve ecA at A, 
and consequently AaS' is the apparent direction of the star. Let 
the normals Cl, CW, &c. be drawn to the successive strata. The 
angle Sef is the first angle of incidence, the angle Ced the first 
angle of refraction. At any intermediate point between e and J., 
as c, we have Cfcc/, the supplement of the angle of incidence, and 
Cl*6, the angle of refraction. 

If now for any point, as in the path of the ray, we put 


i — the angle of incidence, 

/ = the angle of refraction, 

/jt the index of refraction for the stratum above 
/j! — below c, 

then, Art. 105, 

sin i fj! 
sin/ /X 

If we put 


(148) 


q = the normal Cc to the upper of the two strata, 
/ == ‘‘ Cb lower 

i' = the angle of incidence in the lower stratum, 
= 180° — Ghc, 

the rectilinear triangle Cbc gives 

sin q 

sin / q^ 

which, with the above proportion, gives 


q IX sin i = q^ix* sin 


an equation which shows that the product of the normal to any 
stratum by its index of refraction and the sine of the angle of 
incidence is the same for any two consecutive strata; that is, it 
is a constant product for all the strata. If then we put 


2 : = the apparent zenith distance, 
a =. the normal at the observer, or radius of the earth, 
/jty™ tlie index of refraction of the air at the observer, 


we have, since z is the angle of incidence at the observer. 


q fj. sin i ~ U/iy sin z 


(149) 
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in whicli tlie second member is constant foi the same values of 
z and /iy 

N’ow, we have from (148) 

tan K* — /) = 

j3Tit ^ — f IS tlie refi action of tlie lay in passing from one stratum 
into the next , and supposing, as we do, that the densities of the 
stiata vaiy by infinitesimal inciemeiits, i — / is the diflteiential of 
the refraction , and we may, theiefore, write dr foi tan J (i — /) 
and dfi foi fi' — , coiisec[ueiitly, also, for ft' -h and tan i for 

tan J +/) hence we have 

dr = ^ tan i (150]) 

which is the differential equation of the icf ruction 

But, as both fi and t aie vaiiable, we cannot integrate ^this 
equation unless we can expiess i as a function of fi Tins 
we could do by means of (149) if the i elation between q and 
fi were given, that is, if the law of the dcciease of density of the 
an for increasing heights above the suiface of the eaith weie 
known Tins, liowevei, is unknown, and wc aie obliged to 
make an hypothesis respecting this law, and ultiiiiatelj' to test 
the validity of the hypothesis by comparing the lefractions com- 
puted by the lesultnig formula with those obtained by dncct 
observation I shall fust considci the hypothesis of Bououiiii, 
both on account of the simplicity of the resulting foimula and 
of its histoiical interest * 

109 First hypothesis —Let it be assumed that the law of de- 
crease of density is such that some constant power of the refrac- 
tion index p IS reciprocally piopoitional to the normal q, an 
hypothesis expressed by the equation 

*I sliall consider but two hypotheses the hist, because it leads to the simple 
formula of Bradley, which, though impeifect, is often useful as an appioximate 
expression of the lefiaction, the second, because the tables foimed fiom it by 
Blssll have thus far appealed to be the most coriect and in gi catest nccoi dance with 
observation, although on theoretical grounds even the hypothesis of Blss>l is open 
to objection For a review of the labors of astronomers and pbj^sicists upon this 
difficult subject, from the earliest times to the present, see Die Astronomischf Strahlen- 
hvechuTig in iIitpt InsfoTischen Dniuichelung darffestellt, von Dr C Britiins Leipzig 
1861 



FIRST HYPOTHESIS. 


137 


/ ij. y*+' a 


which, with (149) gives 

sin i sin z 


(151) 

(152) 


or, logarithmically, 

/ sin 2 \ 

log sin i = n log ;4 + log I | 

where the last term is constant. By differentiation, therefore. 


which with (150) gives 
and, integrating. 


di ^dix 

tan i P- 

, di 

dr — — 
n 


n 


To determine the constant C, the integral is to be taken from 
the upper limit of the atmosphere to tlie surface of the earth. 
At the upper limit r = 0 ; and if we put & = the value of i at that 
limit, we have 



n 




At the lower limit the value of r is the whole atmospheric 
refraction, and i = z: hence 


r = l J^G 
n 


Eliminating the constant, we have 

r = (153) 


To find z?, we have, by putting // — 1 in (152), since the density 
of tlie air at the upper limit is to be taken as zero, 


sin = 


sin z 


(154) 


Having then found at tlie surface of the earth and suitably 
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determined n, we find & by (154), and tlicn ) by (153) The two 
equations may be expiesbed lu a bingle foimula thus 

wbicb IS Icnowu as Simpson’s toinnda, but is in fact equivalent 
to the foiniula fiist given bi Bougubr iii 1729 in a iiiemoii on 
refiactioii which gained the piizo ot the Frenc-h Acadenij 
Eiom (154) we find 

&m z — Bin '» _ Pg— 1 
Bin 2 -j- sin Pg + 1 
whence ^ 

tan i (2 - ’») = “-^7^ ^ 


and, /educing by (153), 
n 

tan -- r = 
2 


'ilzzl tan 

/•-o” + 1 



(156) 


which IS equivalent to Br iuley’s toi inula It wo ai e content to 
lepresent the lefraction apinoxiniately b) oiii touuula, ue can 
write this lu tlie foini 

r z= g tan {z —fO 


and we shall find, with Bradley, that toi a mean state ol die an 
coiiespondmg to the baioiiietei 29 G and therinomctet ol 1 aln 
we can expiess the obsen ed i eh actions, veiy noarh, bi taking 
q = 57" 036, / 1 


110 But, as we wish oui toinuda to lepresent, if possible, the 
actual const.tiition of the atinospheie, let us endeaioi to test the 
hypothesis upon which it i ests lu oi dei to i oi i espond witli the 
ril state of natiiie, d is neces>,avj that ih conMulwn oj the atmo- 
sphere which the hi/poihesi^ miolics should not onli/ ayiei wdh lh< 
observed ufiuiitoii, bat also uifh ik height of the hanmete), umi with 
the ob^erted danimiiwn of heat the altitude of the ob‘ieit,ei ahoie the 
earth's sin face increases 

The discussion ot the foiiimla vill be nioie simple it we sub- 
stitute the density ot the an m the phue ot the index ot i eh ac- 
tion Put 

§ — ^ the density ol the an at tiio suitaec ot the caith, 

A -- the density ot the an at any point above the hut face 
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The relation between 8 and /i, according to Optics, is expressed by 

/i* — 1 = 4*5 (157) 

in which 4 * is a constant determined by experiment. Accord- 
ing to the experiments of Biot, 

4* = 0.000588768 

Since k is so small that its square null be inappreciable, we may 
take 

= (1 -k 4 *5)^- = 1 + 2 *5 (158) 

and, consequently, 

= 1 -1- 2H 

=1 + 2 nkd, 

and (156) becomes, still neglecting , 

tan ^ r = nki\ tan [z — r ^ (159) 

If M-e denote the horizontal refraction, or that for z = 90°, by ry, 
this formula gives 

71 7i 

tan — = nk(\ cot — 

2 -j 

or tan — nkd^ 

and, putting the small arc — for its tangent, 

(160) 

We can find 8^ from the observed state of the barometer and 
thermometer at the surface of the earth, so that in order to com- 
pute the horizontal refraction by this formula, for the purpose 
of comparing it with the observed horizontal refraction, we have 
only to determine the value ot n. 

Let 

X = the height of any assumed point in the atmosphere above 
the surface of the earth, 

— the density and pressure of the air, and the force of grav- 
ity, respectively, at that point, 

= the same quantities at the earth’s surluco. 
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At an elevation greater than x hy an infinitesimal distance dx, 
the piessure p is diminished hy dp The weight of a column of 
air whose height is dx, density d, and gravity g, is expiessed hy 
gddx, and this is equal to the deciement of the pressuie hence 

the equation 

dp = — gSdx 


By the law of gravity, we have 

a'‘ 

^ (a + xy 

and hence 

Now, in the hypothesis under consideration, we have 

a / 1 + 4 /ci? 

a -{■ X \ .“o ) \ 1 + 4 ^^0 / 


( 161 ) 


or, neglecting the squaie of k. 


-±- = 1 — 2 (w + 1) A (3„ - «) 

a-{-x 

which gives 

d(— ^ W2(n + l)kdd 

\ Cl X J 

Hence 

dp = 2 5'(,a(w + l)kd dd 

Integrating, 

p = g^a (n 1) A3’ (162) 

no constant being necessary, since p and 8 vanish together 
To compare this with the observed pressuie p„ let 

I = the height of a column of air of the density 3„ which acted 
upon by the giavity g„ will be in equilibrium with the pres- 
sure 

in other words, let I be the height of a homogeneous atmospheie 
of the density d# which would exert the pressure Then, by 
this definition. 


A = 


( 163 ) 
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■wMch. with. (162) gives 

t = 




(164) 


At the surface of the earth, where ^5 becomes and o becomes 
tills equation gives 


1 ■= (ji V) — • k^Q 


(165) 


whence i 



and this reduces the expression of the horizontal refraction (160) to 


2kSf. 


b-H] 


(166) 


Taking as the unit of density the value of which eorre. 
sponds to the barometer 0.76 metres and thermometer 0° C., 
we have, according to Biot, 


4A5o = 0.000588768 

The constant I for this state of the air is the height of a homo- 
geneous atmosphere w'hich would pi’oduce the pressure 0’'*.76 of 
the barometer when the temperature is 0° C. ; and this height is 
to that of the barometric column as the density of mercury is to 
that of the air. According to Eegnault, for Barom. 0”‘.76 and 
Therm. 0° C., mercury is 10517.3 times as heavy as air: hence 
we have 

I = 0^.76 X 10517.3 = 7993^15 


For u we shall here use the mean radius of the eai’th, since we 
have supposed the earth to he sphe.iical, or 


a == 6366738 metres 

w^hich gives 

- = 0.00125545 

a 


(167) 


Suhstituting these values in (166), we find, after dividing by 
sin V' to reduce to seconds, 

= 1824" = 30' 24" 

But, according to Argelander’s observations, we should have 
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for Barom 0- 76 and Therm 0° C , 37' 31", and the hypothesis 

therefore gives the hoiizontal refi action too small by more than 7' 

111 The hypothesis can be tested fnithei by examining 
whether it icpiesents the law of decieasing tempeiatuies foi 
incioiitoing heights in the atniospheie In the fiist place, ve 
obseive that in ihs hypoihcsib the clensitics of the stiata of the atmo- 
sphere decrease in anthmehced pognssion ivhen the altitudes increase 
m anikyneiical progression For, since x is very small in compari- 
son with a, we have very nearly 

a _ ^ ^ 

a + X ^ 

and hence 

£ = 2C» + i)h.(i-^) 

or, by (165), 

cc = 2l\\-jJ (168) 

which shows that ecLual incremeiits of x coiiespond to e()iial 
deeiements of d 

This last equation also gives for the upper limit of the atmo- 
sphere, whei e d 0, X = 2 1 , that is, in this hypothesis the heu/ht of 
the atmosphere is double that of a homogeneous atmosphere of the same 
pi essure 

Again, we have, by (164), (165), and (168), 

^ = - = 1 — - (169) 

p^S 21 

The function — expresses the law of heat of the stiata of the 

atmosphere For let be the temperature at the suifaee of the 
earth, t the temperature at the height x If the temperature 
were in both cases, we should have 

^ = i (170) 

Po 

but when the temperature is changed from r,, to t the density is 

diminished m the ratio 1 -f e (r — r,,) 1, ® being a constant which 
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is known from experiment; so that the true relation between 
the pressures and densities at different temperatures is expressed 
by the known formula 

Po Oo 

whence 

^5 = l + .(r-r„) (171) 


which combined with (169) gives 

■r = 2h (r„ — r) 

and hence equal increments of x correspond to equal decrements 
of r. Hence, m this hypothesis, the heat of the strata of the atmo- 
sphere decreases as their density in arithineticcd progression. The 
value of e, according to Rudberg and Regnault, is very nearly 

1 ^ 2.1 
~ . Hence we must ascend to a height ^ — 58.6 metres, in 

order to experience a decrease of temperature of 1° C. But, 
according to the observations of Gay Lussac in his celebrated 
balloon ascension at Paris (in the year 1804), the decrease of 
temperature was 40^.25 C. for a height of 6980 metres, or 1° C. 
for 173 metres, so that in the hypothesis under consideration 
the height is altogether too small, or the decrease of temperature 
is too rapid. This hypothesis, therefore, is not sustained either 
by the observed refraction or by the observed law of the decrease 
of temperature. 

112. Second hypothesis, — Before proposing a new hypothesis, 
let us determine the relation between the height and the density 
of the air at that height, when the atmosphere is assumed to he 
throughout of the same temperature, in which case we should 
have the condition (170). Resuming the differential equation 
(161), 

dp = gyid ii-^\ 

\a xf 

put 

a 

— i — $ 

a X 
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in wMcli s is a new variable very nearly proportional to x, W e 
then have 

dp = — g^aSds 

which with the supposition (170) gives 

dp 

~P~ i'o 


Integrating, 


To 

in which the logarithm is Napierian. The constant being 
determined so that p becomes Pq when s = 0, we have 


and therefore 


logi)o= G 




as 

T 


where I has the value (163). Hence, e being the Napierian base, 


£ = 1 = e-T (172) 

Po ^ 

which is the expression of the law of decreasing densities upon 
the supposition of a uniform temperature. In our first hypo- 
thesis the temperatures decrease, but nevertheless too rapidly. 
We must, then, frame an hypothesis between that and the hypothesis of 
a uniform temperature. 

Now, in our first hypothesis we have by (169), within terms 
involving the second and higher powers of s, 

pqH 21 


and in the hypothesis of a uniform temperature, 

PqS~ 

The arithmetical mean between these would be 


|) 5 „ _ 03 
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but, as we have no reason for assuming exactly the arithmetical 
mean, Bessel proposes to take 



h being a new constant to be determined so as to satisfy the observed 
refractions. This equation, which we shall adopt as our second 
hypothesis, expresses the assumed law of decreasing tempe- 
ratures, since, by (ITl), it amounts to assuming 




1 e (r — To) = e h 


(174) 


and it follows that in this hypothesis the temperatures will not 
decrease in arithmetical progression with increasing heights, 
tliougli they will do so very nearly for the smaller values of s^ 
that is, near the earth’s surface. 

ITow, combining the supposition (173) with the equation 


we have 


dp = — g^adds 



?^eTds: 

Po 


a 


eft ds 


Integrating and determining the constant so that for s = 0, p 
becomes p^, we have 

as 

^ = e-Te"-l) 

Po 


which with (178) gives* 




So 


as 



-i)+f 


Inasmuch as the law of the densities thus expressed is still 
hypothetical, we may simplify the exponent of e. For if h is 
much greater than I (as is afterwards shown), we may in this ex- 


ponent put e — 
of our hypothesis 


as 
'"h 

d = <\ e 


and we shall have as the expression 


I h 


dn e 


7i — I 
~ h ' I 


( 175 ) 


* Bbssel. Fundamenta Astronomioe, p. 28. 
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By comparing this with (172), we see that this new hypothesis 
(litihrs iToni that of a uuiioriu temperature by the correction -■ 


applied to the exponent of e. 

Putting, for brevity, 

h — I a 
h ' I 

we have 


Oft ^ 


(176) 

(177) 


in wMeli ^ is constant. This expression of the density is to he 
introduced into the differential equation of the refraction (150). 
iSTow, by (149), in which q = a + x, we have 


. . a/jtft sins: (1 — s) /jlq sin;: 

sin i =z ^ 

(p. X)/4 




vvherxce 


tan i ; 


sm ^ 


(1 — s) sin z 


t/( 1 smn) ^ g 

(1 — s) sin z 

j^cos^ z —^1 — j + (2s — sin^ 


From the equation = 1 + 4 kd we deduce 

dfjL 2 k (Id 

jj- 1 4 - 4:kd 

and if we introduce as a constant the quantity 


2H 

1 + m 


(178) 


(which for Barom. and Therm. 0° 0. is a = 0.000294211) 


d/jt 



We might neglect the square of /*, and consequently, also, that of 
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a, with hardly appreciable error, and then this expression would 
dd 

become simply a but for greater accuracy we can retain the, 

denominator, employing its mean value, as it varies within very 
narrow limits. For its greatest value, when d ~ o„, is 1, 
and its least value, when 3 ™ 0, is = 1 — 2a, and the mean 
between these values is 1 “* a. Hence we shall take 


d/JL a dd 

IX “ 1 — a Oo 


In the denominator of the value of tan i w^e have also to sub- 
stitute 

1 _ 3= 1 _ L±i^ =2a( 1 - - \ 


Therefore, substituting in (150), we have 


dr = 


(1 


a sin 2 (1 



a) [cos'" 2 — 2c(. 1 1 — ^ I -f- (2s — S“) 9ill“ ^ 


or, by (177), 
dr ■ 


al3 sin z (1 


(1 — a) [C08“S — 2a (1 


— s) e ^’’ds 

e“^*) -|- (2s — s*) Kin“^(] 


i 


In the integration of this equation wo may change the sign of 
the second member, since oiir object is only to obtain the 
numerical value of r. It is apparent that if we put 1 for 1 — j 
in the numerator of this expression, and also neglect the term 
s^sin^^ ill the denominator, the error will bo almost or quite 
insensible; but, not to reject terms without examination, let us 
develop the expression into series. For this purpose, put the 
radical in the denominator under the form i/ sin^ z, in 

which 

y = [cos^ z — 2a (1 — 4- 2.S sin''* cE' 

Then 


I — s 

(y® — s** sin''* z) i 


1 — g / ^ sin** z \- 1 

y ’ . y“ / 


4 +-^ + 40.) 
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1 2sy^ — Sluin’ z 

Hence, restoring the value of y, we have 

tt/J sin z e~^^ds 

. . - - - 

(1 — a) [eos^ ^ 2a (1 — 

a^smze'^^^sds — 2a (1 — e"“^0 + 1 

(1 — a) [cos" ^ _ 2a (1 — + 25 8111^ 5r]3 

-- &c (179) 

We cliall liereaftei show that the second term of tins develop 
ment is insensible- ContLiung ourselves foi tlie present to the 
first term, let ns, aftei the method of Laplace, intiodiice the new 
variable s' such that 


s 


Sin" z 


then this term takes the form 


( 180 ) 


dr = 


a/9 sin z e 

(1 — a) [cos^ z + 2s' sin" z"] i 


( 181 ) 


in which we have yet to i educe the numerator to a function of 
the new vaiiable 5 ' 2l7ow, by Lagrange's Theoum,"^ wdien 


^ See Ppirce’s Curves and Functions, Vol I Art 181 Foi the convenience of 
the reader, however, I add the following demonstration of this theorem it is pro- 
posed to develop the function u =fy m a series of ascending poweis of x and y 
being connected by the equation 

y == ^ 4- a;0?/ 

and the functions / and 0 being given If from this equation y could be found as an 
explicit function of x and substituted in the equation u =/y, the development could 
be effected at once by Madam in’s Theorem, according to which we should ha've 

U = Uq-\- DjIqX 4 - ^ 

where denote the values of u and its successive derivatives wlien j = 0 

It is proposed to find the values of the derivatives without recourse to the elimination 
of y, as this elimination is often impracticable For brevity, put Y =. 0 ?/ , then the 
derivatives of 

y — t + zT 

relatively to x and t are 
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we have 


fs =fs' + + ^^DK^sy.JDfs^-] 

+ l(9>sr.Dfsq + &c. 


ill whicli/ and <p denote any functions wliatever, and i), D^, &c. 
the successive derivatives of the functions to which they are 
prefixed. Hence, by putting 


fs = e'~^^ 

this theorem gives 


= 



sin^ z 


^xy=^+ D,y=zl+x D^YD, y 

whence, eliminating a;, 


D,y=YD,y 


Multiplying this by Djix, it gives 

l>^uz=z YD^u 

The derivative of this equation relatively to t is 


(a) 


D^lD,u2 = D,\:YD,u2 

This is a general theorem, whatever function u is of y, and consequently, also, what- 
ever function D,« is of y. We may then substitute in it the function Y''I>,u for D u, 
and we shall have ‘ 

= D, [ Y» + (i) 

Now, the successive derivatives of (a) relatively to x are, by the successive appli- 
cation of (6), making n = 1, 2, 3, &c., 


U=:D,[ YD,u-] = Z?, [ YW^u-] 

- Ox ® “ = d,\[y^d,u] = 

D^u=i 

But when x = 0, we have y — t, Y= and hence 

u„=ft, D„ii,, = . Dft, ... D”Uo = D^-il(,j,tYDf(] 

where the subscript letter of the D is omitted in the second members as unnece- * 
since t is now the only variable. These values substituted in Maclaurin’s T1 
give Lagrange’s Theorem : 


fy=fti-<t>t.Dft . Df! 
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a/3 


Sin- 


^[1 


3 — ^6 


'] 




^ — D [(1 — e-^^’Ve -^"'1 

1 2sin‘2 ^ -* 

^ — D^ m _ e-^^'y e-^‘'l 

12 3sin'2 '- -* 


^ D“-» rCl - e-^^'Y e-^n 

12 3 n sin^ z *" 

- &c (182) 

But we have m the numerator of (181) 

ds = — de-^' 


and hence, differentiating (182) and siihstitutmg the lesiilt in 
(181), we find 


dr= 


ai? sin 2 ds' 


(1 — a) [cos^ 2 + 2 s' sin® 2 ]J 


,-fis 


siir z 


2)[(1- 


-Ssy-Ss'j 


-^^D®[(1 

2 6in*2 


g-ps')i e-Ps'^ 


12 3 n sin®" z 




+ &C I 


(183; 


To efiect the differentiations expiessed in the several tenns ot 
this series, we take the general expiession 


= + 1)«. 




= + ne-"P^'+ — &c j 

where the upper sign is to he used when n is even, and the lower 
sign when n is odd. Differentiating this n times successively, 
V e have 
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l)y lueaiis of wliicli, iiuikiiig n ~ 1 . 2 . 3 . . . successively, we 
reduce (183) to the following forni : 

cir = 2 

(1 — ft) [cos‘^ z 2 s' sih^ z'ji' I sin^ s' 

4. — 2^2e-2^®'+ e"^*' ) 

1 . 2 sin* 2 ' 

4. ^ ( 43e-iP»'_ 3».3e-®^*'+ 2 ». 3 ) 

^1.2.3sin'2' ^ 

+ &c. } (184J 

We have now to integi'ate the terms of this series, after having 
multiplied each by the factor witliout the brackets. The inte- 
grals are to he taken from the surface of the earth, where ^ — 0, 
to the upper limit of the atmosphere; that is, q being the nor- 
mal to any stratum (Art. 108), they are to be taken between the 
limits q — a and q~ a J/ being the height of the atmo- 

sphere. Now, this height is not known ; but since at the upper 
limit the density is zero and beyond this limit the ray sufters 
no refraction to infinity, we can without error take the integrals 
between the limits q = a and q oo ^ i,e, between ^ ^ 0 and 
.9 1. But we may make the upper limit of s also equal to in- 

finity. For, by (1T6), /? will not difter greatly from and conse- 
quently will be a very large number, nearly equal to 800, as we 
iind from (167); hence for s = 1 we have in (172) d = 

which will he sensibly e^i^;al to zero, and consequently the same 
as we should find by taking s = cc . Hence the integrals may 
be taken between the limits s == 0 and s = qo ; consequently, 
also, according to (180), between the limits s' = 0 and s' — cc . 
Now, as every term of the series will be of the form 

y? sin z (185) 

[cos® 2 + 2 s' sin® z\i [cot® + 2 s']! 

multiplied by constants, we have only to integrate this general 
form. Let i be a new variable, such that 
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then (185) hecomea 



»£ 

2 


cots a; — 


the integral of which is to be taken from t = 

yj^cotz = T (187) 

to i = 00 , which are the limits given hy (186) for s' = 0 and 
a' = 00 If, therefore, we denote hy (n) a function such that 

dt e~‘“= 4(?i) 

or 

(w) == e r “ dt e - ‘ ' (188) 

the integral of (185) will become 


*^0 [cos’“24-2s'8in'“2]^ " Vn 


(189) 


Substituting this value in (184), making successively w = 1, 2, 3, 
&c , we find the following expression of the refraction . 





+ 2^(2) + 4(l)] 

+ 3 + (3) + 2^34(2)-4(l)] 

+ &C I 

which, smce we have m general 


(190) 
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can also be written as follows 


ap 


[+ 2 


J 


Sin''2: 


e 4'(2) 


r 


»l/2/g 
1—0, \ + 




1.2 sin‘^ 


2 02 Sap 


1.2.3 sin® 2 

+ &C. 


e 4(4) 


153 



113. The only remaining difficulty is to determine the func- 
tion ^(n), (188). In the case of the horizontal refraction, where 
cot z = 0 and therefore also T— 0, this function becomes 
independent of (n), and reduces to the well-known integralf 

f“dte-^‘ = ~ (192) 


* Laplace, Micanique Celeste, Vol. IV. p. 186 (Bowditch’s Translation) ; where, 

howevei’, - stands in the place of the more general symbol p here employed. This 
I 

form of the refraction is due to Kramp, Analyse des refractions astronomiqaes et ter- 
restres, Strasbourg, 1799. 

f This useful definite integral may be readily obtained as follows. Put k = 
r dt e--tt. Then, since the definite integral is independent of the variable, we 

X OO 

due , and, multiplying these expressions together, 

k'^=r dte-*f'"dve-'’- = r f"* 

•^0 *^0 *^0 0 
the order of integration being arbitrary Let 

V =tu', whence dv=.t du 

(for in integrating, regarding v as variable, t is regarded as constant) : then we have 




=x 


du . dt . te — (1 + nu ) 


/*QO /'a 

= I du ) 


dt . te— ^^(1 + «*«) 


du . 

0 2(1 + w2) 


' 0 

, — i 


whence 


= J (tan ^ oo - 


• tan 0) = j 


00 
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wheie 71 = 31415926 The expictebion loi the lioiizoiital 

1 efr action is tlieiefoie iouiid at once h} putting for (n] 
III every teim of (191), and sin <2 = 1, iiamel} 






4^ 

i4._Z — e 

'12 3 

\4" 


(193) 


For small values of T, that is, toi gieat zenith distances, v<> 
may obtain the value ot the integial in (188) by a senes ol 
ascending poweis of T* We have 


r dte'^^^=C die (194) 

J */ 0 0 

The first integial of the second inenihei is given by (192) The 
second is 




1 2 


1+^) 


= T — 


1 2 


5 


12 3 7 


■ + 


(195) 


Another development foi the same case is obtained by the suc- 
cessive application of the method of integiation by parts, as 
follows ^ 

= t e~“ + Y t*dte-** 


• By the foimula. J*x dy ■■ 




-fydx^ making alwayb 


and dy succes 


BiTely = dt^ i'di, t^dt &<c 
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2f‘ 

1 -j L 

-r 3 -T 


3.5 


+ 


3.5.7 


4- &o. 


whence, by introducing the limits, 




(2 (2 


3.5 


3.5.7 


&c. j (196 ) 


As tlie denominators increase, these series finally become con- 
vergent for all values of T; but they are convenient only tor 
small values. 

For the greater values of a development according to the 
descending powers may be obtained, also by the method ot 
integration by parts, as follows:* We have 




2t 


dt 

~F 




1 —ft . 1 I 1 • 3 


2t 


2H^ 




Hence 




p-TT 

dt e”“ = — — - 
r 2T 


1 , + J:^ 

! ^ (-2 


2^ 

1.3.5 


If* 


-f 


2 ^ (2 T'‘f (2 T'^f 

1.3.5. . .(2w — l) \ _1.3.5 ...(2?t4-l) r^ dt 
(2 f ^ T it*’*"*'® 


The sum of a number of consecutive terms of this series is 
alternately greater and less than the value of the integral. But 
since the factors of the numeratoi’s increase, the series will at 
last become divergent for any value of T. Nevertheless, it we 
stop at any term, the sum of all the remainmg terms will be less than 
this term ; for if we take the sum of all the terms in the brackets, 
the sum of the remaining terms is 


_ 1.3.5...(2ra4-l) r “ dt „ 


* By the formulay*a: dy — xy— fy dx, making always dy = t dt e “ , and x 

successively = -~i ig’ 



RErRACTION 


The integral in this expression is evidently less than the product 
of the integral 


Jj, C2n + l)T*“+‘ 

multiplied hy the greatest value of between the limits IT and 

00 , and this greatest value is Hence the above lemainder 

IS always numerically less than 

- 1-3 5 (2n— 1) ~TT 

■+■ 2’' + ! 2’’“’* + ^ 

which expression is nothing more than the last term of the senes 
(when multiplied by the factor without the brackets), taken with 
a contrary sign Hence, if we do not continue the summation 
until the terms begin to inciease, but stop at some suftciently 
small term, the error of the result will always be less than this 

t Brill 

Finally, the integral may be developed m the form of a con- 
tinued fraction, as was shown by Laplace Putting for brevity 


4 (n) — M, 


2 (2 (2 f 


+ &c ) (198) 


and denoting the successive deiivatives of Wo relatively to IT by 
My Mj, &c , we have first 

L + J_L_LlJ + &c (199) 

u, = ‘lTu,-l ( 200 ) 

Differentiating this equation, successively, we have 

Mj = 2r«i -h 2«o 
tCg = 2iTu^ -|- 

= 2iTu^ -j- 6^3 
&c 


or, in general, 


“Wn + i == 2rw^ ~|- 1 


II having any value in the series 1 2 3 4 , . . &c. 
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Hence we derive 


or, putting 


By (200) we have 


, Uni-1 


Un 


12 

(201) 



/A:\ Ufi ^ 1 

(202) 

W 

L 


_ ^ 


«0 


1 

/k\k til 

(203) 

Vv a. 



But from (202), by making n successively 1, 2, 3, &c., ive have 

-1/ V/n Ut - /k\z 


■“» 1 _ ‘h 1 

■which successively substituted in (208) give 


22V, = 


1 -f- &c. (204) 

This can be employed for all values of T, but when k exceeds i 
it will be more convenient to employ (195) or (196). 

The successive approximating fractions of (204) are 

1 1 l + 2k 1 + 5A- + 

l’ 1 -j-A 1 + 8A:’ 1 + 6* + 1 + lOA + 15/c^’ 

and, in general, denoting the n!^ approximating fractoii by — , 
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an _ + (» ~ 

i ; “ 6„_1 4 - (” — ■^) 

By the preceding method'), then, the function can he 
.utd L a..y /.lue of T A uWo coota.mug the lo^o. to 
c,t this tuuction toi all values of Tfiom 0 to 10, is gn en h^ 
B) st: iFunclanunta Asi.ono.n., pp 30, 37), heiiig - 
of that tnst coiistiiicted by Kkamp By he aid o this table the 
computation of the leti action is gieatly tacihtated 

114 Let us now examine the second teim of (179 ) This teim 
tvi havf .tB greatcBt vahte tu the ho.taoto tef.aohott, Bvhea 
2 _ 9 ()o^ which case it i educes to 

sds — 2a (1 — e 

” (1 - 7^"^^ 

Moieovei, the most sensible part of the integial coiiespoiids to 
small values of s, and therefore, since a is also very small, w( 
may put 2a (1 - e-^0 = The mtegial thus becomes 


a/3 (3 — 4ai3) _ r gldse-^’ 

\ /-I „ 0\1 ^ 0 


2^ (l_a)(l — 


ISTow we have, by integrating by parts, 


p 

„ , 1 r 

dse-^‘-- ^ +^J 

s ds e 

and hence 

C"s^dse-^ = ^J 

Jo 2j3^o 

dse~^‘ 

Putting i9s = 

af®, this becomes, by (192), 



I 1 j 

jSl 2/3 \ 

' TV 

1 

Hence the term heeomes 



a (3 - 4a^) 

IZ 


~ 8 (1 — a) (1 — ^ 

12/3 
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ir>9 


Taking Bessel’s value of h = 116865.8 toiscs'*'' = 22T775,7 
metres, and the value of Z== 7993.15 metres (p. 141), we iind by 
fl76) /9 = 768.57. Substituting this and a = 0.000294211 (p. 146), 
the value of the above expression, reduced to seconds of are by 
dividing by sin 1", is found to be only 0".72, which in the hori- 
zontal refraction is insignificant. This term, therefore, can be 
neglected (and consequently also all the subsequent terms), and 
the formula (191) maybe regarded as the rigorous expression of 
the refraction. 

115. In order to compute the refraction by (191), it only re- 
mains to determine the constants a and /9. The constant a 
might be found from (178) by employing the value of k deter- 
mined by Biot by direct experiment upon the refractive power 
of atmospheric air, but in order that the formula may represent 
as nearly as possible the observed refractions, Bessel preferred 
to determine both a and /3 from observations. f 
Now, a depends upon the density of the air at the place of 
observation, and is, therefore, a function of the pressure and 
temperature; and /?, which involves /, also depends upon the ther- 
mometer, since by the definition of I it must vary with the tem- 
perature. The constants must, then, be determined for some 
assumed normal state of the air, and we must have the means 
of deducing their values for any other given state. Let 

jPq ~ the assumed normal pressure, 

temperature, 

p z=z the observed pressure, 
r = “ temperature, 

== the normal density corresponding to and Tq, 
d = the density corresponding to p and r; 


* Fundamenta Afitronomiu^, p. 40. 

I It sliould be observed that the assumed expression of the density (177) may 
represent various hypotheses, according to the form given to /3. Thus, if we put 


p z= we have the form (172) which expresses the hypothesis of a uniform tem- 


perature. We may therefore readily examine how far that hypothesis is in error in 
the horizontal refraction; for by taking the reciprocal of (167) we have in this case 
P — 796.53, and hence with a =0.000294211 we find, by taking fifteen terms of the 
series (193), = 39' 54".5, which corresponds to Barom. 0"*. 76, and Therm. 0° C. 

This is 2' 23".5 greater than the value given by Argelandee’s Observations (p. 141). 
Our first hypothesis gave a result too small by more than 7', and hence a true hypo- 
thesis must be intermediate between these, as we have already shown from a con- 
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then we have hy (171) 
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1 e (r _ T„) 


Po 


ill which e IS the coefficient of expansion ot atmospheiic air, oi 
the expansion for 1° of the tliernionietei If the thennometer is 
Centigrade, we have, according to Bessel, 

e = 0 0086138 

From (178) it follows that a is sensibly proportional to the 
density, and hence if we put 

a, = the value of a for the noimal density ^o, 
we have, for any given state of the an, 


P (205) 

“"~l + £(r — T„) po 

111 which for p and p, we may use the heights of the barometiie 
column, piovided these heights are i educed to the same teni- 
pciature of the mercury and of the scales 
Again, if 

\ = the height of a homogeneous atmospheie of the tempeialuro 
and any given pressure, 

then the height Z foi the same pi essure, when the temperature 
IS r, is 

1 = 1^11 + t(T- T„)] (206) 

The normal state of the air adopted by Bessel in the deteimi- 
iiation of the constants, so as to lepieseiit Bradley’s obseiva- 
tions, made at the Gieeiiwicli Observatoiy ni the years 1750- 
1762 was a mean state corresponding to the baromctei -d 0 
inches, and theimonieter 50° Fahieiiheit = 10° Centigrade, and 
for this state he found 

= 0 000278953 


sideration of the law of temperatureb At the same time, we see that the hypothesis 
of a uniform temperature is nearer to the truth than the first hypothesis, and we are 
so far justified in adhering to the form <5 = the modification of suhbti- 

tiitine: a corrected value of 3 i ^ i r n 

*This value, determined by Bessel, from the observations of stars, differs slightly 
from the yalue ^ more recently determined by Rcdbbbq and Eegkauit by direct 
experiments upon the refractive power of the air 
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or, (lividiug bj sin V, 

a„ = 57".538 


and 


A = 116865.8 toises = 227775.7 metres. 


F or the constant at the normal temperature 50° F., Bessel 
employed 

= 4226.05 toisos = 8236.73 metres.* 

Since the strata of the atmosphere arc supposed to be parallel to 
the earth’s surface, Bessel employed for a the I’adius of curva- 
ture of the meridian for the latitude of Greenwich (the observa- 
tions of Bradley being taken in the meridian), and, in accordance 
with the compression of the earth assumed at the time when 
this investigation was made, he took 

a = 6372970 metres. 

Hence w'e have 


= 7 = 745.747 

A I, 

These values of a,, and being substituted for a and y? in 
(193), the horizontal refraction is found to be only about V too 
great, which is hardly greater than the probable error of the 
observed horizontal refraction. At zenith distances less than 
85°, however, Bessel afterwards found that the refraction com- 
puted with these values of the constants required to be multi- 
plied by the factor 1.003282 in order to represent the Ednigsberg 
o'bservations. 


116. By the preceding formulfe, then, the values of the coii- 
staiitts a and /9 can be found for any state of the air, as given hy 
the haroineter and therniometer at tho place of observation, and 
then the true refraction might be directly computed by (191). 
lint, as this computation would be too troublesome in practice, 
the Mcciu Tcfraction is computed tor the assumed normal values 
o,t d and /9, and given iu the refraetiou tables. From this mean 


* According to tlie later cleterminatioa of ‘Regnault whicli we have used on p. 143 , 
we should have 828(5.1 metres. The difference does not affect tlie value of 
Bessel’s tables, which are constructed to represent actual observations. 

VuL. L— 11 
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loftactiou -ire must deduce the hue rehactioii m anj ease by 
™’w proper oo.reehous aependipg upon the ohse.ued state 
„t thl Jometer and thermometer For tachty of loga.ithmic 

computation, Bessel adopted the foim 

^ V (^07) 

“\Po/ + * 

in wliiclir„i8 the tabular lefraction coiie&ponding to 2^0 and ^ 
audris the lefi action coriespondiiig to the obs>eirc f aiu r 
Ictus see \i hat interpretation must be given to the expono s 
land I If the pressiue remained the refraction correspond- 
ing to the temperature t would be 

. dr , s , £_ nT-r;y 
*'o + “ dT‘‘ 1 2 


or, with snfS-cient precision^ 




In hke mannei, if the tenipeiatuie tvere constmh ‘J'” r' ^I 
sme IS inci eased by the quantity p - p,, the refi action ^^ol 

hecoiiie neail/ 




Hence, when both pressure and tempeiatiue vary, we shall haic, 
very nearly, 


{' + F. 


1^-L (208) 

7 n ^ 


Sow, pnttmg|- in (207) under the forat 1 + andilerelop- 

ing by the binomial theoiem, ice have 

, =r,|l 4-^Cp-Al + «Stc I X {l-te(r-r„)4 tU } 

Theretore, neglecting the smaller terms, we must have 


-Ei ^ 

■ 7, dp 


1 di 


S dt 
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to determine wliich we are now to find the derivatives of (191) 
relatively to p and t. Put 


sin^ 


( 210 ) 


and = (1), or in general 

2n - 1 


“ 4C») 


( 211 ) 


then, if 'vve also put 


a?” 


e = ^ 

the formula (191) becomes 


e—(i^+kc. ( 212 ) 


(1 _ a) r = sin^ - \h-Q 


(213) 


ill which, since the variations of Y~Z~a sensibly the 

same as those of a, we may regard 1 — a as constant. Dilferon- 
tiatiiig this, observing tliat Q varies with both p and r, while fl 
varies only with r, we have 


(1 -- a) 


dp 




Vi 


(1 


. dr 

a) -y 
dr 


8in^ z 


12 m 

dr 


(IQ 

dp 

-a)- 


dr 


(214) 


In difierentiating Q, it will be convenient to regard it as a func- 
tion of the two variables x and /3, the quantities (/j, &o. vary- 

ing only with /?. 'We liave, since j3 does not vary with p, 


dQ^ dQ dx 

dp dr. dp 


and since both x and Q vary with r, 


dQ_dq ^ ^ 

dr dx dr dr 


(215) 


( 216 ) 


Prom (212) we fii»cl 
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dQ 1 X 

(217) 


dx X 


in which 



Q' —au~ 


(2LS) 

Also, 

=*«-'!»' +y;.-^#+ fa. 

cZ/9 1.2 dS 

(219) 


in wMeli we hare generally, by (211), 

(Iq dT 

4 “ ” ‘ d T ' ( li 3 

Bnt by (200), in wliieli ?/„ = bave 

d4f« ) 
n 

and by (187) 


dT 


2 ft - 1 

2 Tq ^ — n * 


wlience 


dT _^ 

# “2/S 

iq ^ 

—i£ = — q n “ 

t?,9 (9 2i3 

cot ^ 

_ nq ^ 

2 2 / 2/5 


Sulostitntiiig tlie values of this expression for ?i — 1, 2, 3, <k(i. in 
(219), ^yQ have 


d Q cot '* 


2 * 4 . _ J |_ e 3 == 3 ^^^ _|. & e . j 

|a: e-* + + r.'TTS ) 


2 1/2 /9 


The first series in this expression = Q'. The second, \H'lier 
e-%e—^, &c. are developed in series, becomes 


a; + = 


X 


1— r 
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and hence 


dQ cot^ ^ cot z X 

diS ■“ 2 2 ^ 2 ^ * 


( 220 ) 


We have, further, from (210) and the. values of a, I, and ^ in the 
preceding article, 


dx X da 
dp a ' dp 


X tt X 

a p P 


di 3 di 3 dl a 

Tt ^ a ' 


da 

— = — ta 
dr 

dr a dr' fi dr 


■e/S. 


h 


h^l 


■ ex • 


2h-^l 

h~l 


Substituting tliese values in (215) and (216), and then substituting 
in (214), we find* 


a- 

dr 

• , |2 


1 — X 


-a)-Y- = 

Aip 


■Q'- 

p 


(1 - 

_„)-- 

= — e sin^z i 


q, f 2/i- — 

^ \h—l^ 

— a;) + 



+ e { (1 - 

- 

, a;S cot Z ) 

i/i 



'•+ l-x.| 

h — 1 


-12 / 
( 221 ) 

These fonnuhe arc to be computed Avith the normal values of a, 
/3, r, I, atvd 'p, and for the different zenith distances, after which 
A and 1 are computed by (209). The values of A and 1 thus 
found arc given in Table 11. 

117. Finally, in tabulating the formula (207), Bessel puts 

r„ a tan c (222) 

1 

r = 


JL 

it. 


1 + — ■^o) 


(where a and /9 no longer have the same signification as in the 
prc'ceding articles). 


'X- Bepsel, Fundamenla Astronomise, p. 34, 
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The true icfractioii then takes the foim 

r = tt/9^/^tanz C223) 


Tlic (laautity here denoted by jS is the ratio of the ohscivccl and 
uoiinul heights of the barometer, both being rediioecl to the same 
teninonituie of the nierour^ and of then sualeh Fust, to coiicct 
for the temperature of the scale, let 6®, or denote the ob- 
soiTod rcadinf> of thcbaromctei scale according as it isgiaduatcd 
in Pans hues, English inches, oi Fieneli metics The standard 
temperatmesoftho Paiis line is 13° R6aiiinni,ot the English inch 
02° Faluenheit, and of the French nietie 0° Pontigiade , that is, 
tlio graduations of tlie scveial scales nidicato true licigbtt. only- 
when the attaidied thonnonieters nidicato these tenipci atnics 
Tospectiveh The eKpaiisioii of brass fioni tbo ticezing pomt to 
the boiling iioiiitis 0018782 of its length at the freezing point 
If then tiio reading of the attached tlieiinonictei^ is dcaiotcd 
either by ) /', or c', accoiding as it is Reauiinii’s, Faluenheit s, 
or the Ccntigiado, the tiue height obseived will he (putting i -- 
0 0018T8-2) 


1 -f -r' 

j,iV) ^ , 

1 + ^^^ 


or 


1(1) 


80J-rbs 
M -b 13 s’ 


6<‘) ’ 

1 + — 30 
^ 180 


50 ^) 


14 - — e‘ 
^ 100 


160 + (/-8% j<« 10^' 

180 + 308 


whore the multipliers 1 + ^r', &c evidently 1 educe the reailing 
to what itwrouldhave been if the observed teinpei atm eliad been 

that of freezing, and the divisois 1 + ^ 13, &e. fintlioi reduce 

these to the respective temperatuies of graduation, and conse- 
quently give the tine heights 

This tine height of the mercuiyvvill be piopmtional to tlic 
pressure only when the temperature of tbe iiiercun is eonsUnt 
'VFo must, therefore, reduce the height to what it w'ould he it tbe 
tcmpeiature were equal to the adopted iionnal tcnipeiatiii which 
is in our table 8° Reaumur =50° F = 10° 0 Now, mercury 

cxnaiids of its volume at the fieezing pomt ot water, when 

^ 5i> 5 
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its temperature if. raised from tliat point to the boiling point of 
water. Hence, putting 5 "the above heights will be reduced 

to the normal temperature by multiplying them respectively by 
the factors 

804-85 180 4 18 5 100 4 10 g ^225) 

80“4^’ 180 4 (/ - 32)5 100 4 c'q 


The normal height of the barometer adopted by Bessel was 29.0 
inches of Bradley’s instrument, or 333.28 Paris lines ; but it after- 
wards appeared that this instrument gave the heights too small 
by 1 a Paris line, so that the normal height in the tables is 383.78 
Paris lines, at the adopted normal temperature of 8 ° h. Reducing 
this to the standard temperature of the Paris line — 13 R., we 
have 


: 333.78 


80 4 8 s 
80 4 13 s 


(226) 


In eoinparing this with the observed heights, the and rnust 
he reduced to lines by observing that one English inch -- 11.2.595 
Paris lines, and one metre = 443.296 Paris lines. Making tins 

reduction, the value of i9 = ^ is found hy dividing the product 

of (224) and (225) hy (226). The result may then be separated 
into two factors, one of which depends upon the observed heiglit 
of the barometric cohinin, and the other upon the attached thei- 
niometer ; so that if we put 

_ 80 4 8 g I 

~ 388.78' 80 4 8 s 

11.2595 80 4 13s 180 4 18 5 / 

~ ® ■ 333.78 ■ 80 4 8 s ' 180 4 30s ( 

) (227) 

443.296 8 0 4 13s 100 4 [ 

~ ■ 333.78 ' 80 4 8 s ' 100 \ 

and j 

80 4 r's _ 180 4 (/' — 32) s ^ 100 4 f 

^^30'47^'“"i 80 4 (/' — 32)5 100 4c'g / 

wo shall have /9 = BT, or 

log /3 = log B 4 5" (228j 
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The quantity x would "be computed directly uiidei the form 

1 

1 e (t 

if Tq were at once the freezing point and the normal temperature 
of the tables, foi e ispioperly the expansion ot the an foi each 
degree of the thermometer above the fieezing point, the density 
of the air at this point being taken as the unit of density But 
if the normal temperature is denoted by rjj, that of the freezing 
point by Ti, the observed by r, we shall have 

1 ^ C^o h) 

1 + e (t q) 

an expression which, if we neglect the sqiiaie of e, will be i educed 
to the above moie simple one by dividing the nnnicratoi and 
denominator by 1 + 2(70 — '^i) Bessel adopted foi r„ the i aluc 
50° F by Bradley’s thermometer, hut as tins tlicimometei uas 
found to give 1° 25 too much, the normal value of the tables is 
r„ = 48° 75F Hence, if r,/, 01 c denote the tempciatiue indi- 
cated by the external thermometer, according as it is Keaiuiiui, 
B\hr , or Cent , we have* 

_ 180 4 - 16 75 X 0 S6438 

180 -b |r X 0 36438~ 

180 4 - 16 75 X 0 30d38 
= 180 32) X 0 36438 

180 4 16 75 X 0 §64^8 
~ 180 -f 5 c X 0 36438 



The tables constructed according to these fonnuljc give the 
values of log B, log T, and log r, with the arguraenth haiometer, 
attached theimom'eter, and external tlieimometei iespcctivel\, 
and the computation of the true lefiaetioii is leiidored evti'cmcly 
simple An example has already been given in Art 107 

118 In the preceding discusbioii we have omitted aii> coii- 
sideialion of the hygiometiic state ot the atmosphere The 


^ Tabidjn Re(/zo?no7Uafis, p LXII 
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refractive power of aqueous vapor is greater tliar tliat of at- 
mospheric air of the same density, hut under the same pressure 
its density is less than that of air; and Laplace lias shown that 
^‘the greater refractive power of vapor is in a great degree com- 
pensated by its diminished density.”* 

119. Refraction table with the argument true zenith distance,— Ylhm 
the true zenith distance is given, we may still find the refrac- 
tion from the usual tables, or Col. A of Table IL, where the 
apparent zenith distance z is the argument, by successive ap- 
proximations. Lor, entering the table with instead of Zj we 
shall obtain an approximate value ot r, which, subtracted from (^, 
will give an approximate value of z ; with this a more exact 
value of T can be found, and a second value of 2 ", and so on, until 
the computed values of r and z exactly satisfy the equation z 
^ it is more conAmnient to obtain the retraction directly 

Avitli the argument For this purpose Col. B of Table II. gives 
the quantities which are entirely analogous to the cr, A, 

and A, so that the refraction is computed under the form 

r = tan C (230) 

where ^ and y have the same values as before. 

The values of a', JL', and are deduced from those of a, A, 
and A after the latter have been tabulated. They are to be so 
determined as to satisfy the equations 

tan z = ^ (231) 

- == C — tan r (232) 

and this for any values of ^ and r- Let {z) denote the value of 2 
which corresponds to when /9 = 1, 7 = 1; that is, when the 
refraction is at its mean tabular value. The value of ( 2 ) may be 
found by successive approximations from Col. A., as above ex- 
plained. Let (oc), (A), (/), and (r) denote the corresponding 
values of (x, A, A, r. We have 

(r) = (a) tan ( 2 ) = o! tan C 

( 2 ) = C — o! tan C 


whence, by (232), 


^ Mec. Cel. Book X. 
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z = (z) — a' tan C 03^'r^' — 1) 


But, taking Napierian logarithms, we have 


and hence, 6 being the Napierian base, 

= e A'l? 1 vJy = 1 (I'Z/S + a' + &c 

wheie, as ^9 and r differ but little fioin unit}, the higher power? 
of A'l /9 + may he omitted Hence 

z = (z) — (r) [A'Z/9 + A'Z)-] 


Now, taking the logarithm of (231), we have 

I (a tans) + + AZr = tan C) + A l,e + A'Zr 

The first member is a function of e, which we may develop as a 
function of (s) , foi, denoting this tiist member by /e, and putting 


y = -(r) [_A'li3 + k'lfi 


we have s = (2) + 2 /? and hence 

fz =/ [( 3 ) + 2 /] =/ (^) + y + &c , 

nheie we may also neglect the higher poweis of y But since 
f{z) IS -what/s becomes \ihen z = ( 2 ), and consequently A - (,A), 
f = (A), we have 

f(z) = I [(a) tan (2)] + (A) + (A) ly 

df(z) _ dl\(a.) tan (2)] _ d [(a) tan (2)] _ J_ djr) 

~d^'~ d(z) ~ (a) tan (2) tU^) (0 
Hence we have 

fz = I [(a) tan (2)] + (A) + (A) [^' ^rl 

= I [a' tan C] + A' -A A' ly 
or, since fa^ tan (z) = a' tan 
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Since this is to be satisfied for indeterminate values ot /? and f, 
the cocflicients of and Ir in the two members must be equal; 
and therefore 


and also 


(4) 


^dCz-) 


X' 




1 + 


d(r) 

d(z) 


/ 

a 


= (a) 


tan (z) 
tan C 


(233) 


All tlio (j[iiantities in the second members ot these formulae may 
be found from Column A of Table II., and thus Column B may 

be formed.’^ 

If we put 


A' = 


we shall now find the refraction under the form 


r = A'' tan C 


120. To find ike refraction of a star in right ascension and decli- 
nation. 

The declination d and hour angle t of the star being given, 
together with the latitude cp of the place of ohservation, we first 
compute the true zenith distance and the parallactic angle q 
hy (20). The refraction will be expressed under the form 

r = A' tan ^ 

in which 

A ^ = a! Y 

The latitude and azimuth being here constant (since refrac- 
tion acts only in the vertical circle), we have from (50), by put- 


See also Bbsski, Astronomkeht Untermclvmtjm, Vol. I. p. 151 ). 
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tmg d(p = 0, rfA 
riglit ascension), 


da, (a 


= — A' tan C cos </ I (-234^ 

cos 0 dia. = — A' tan ; sin q J 

which arc readily coiiipuled, amcc the logai.thme of tirn C cot , 
and tail C aiii ? mil al.eadj have hcei, found m “"'Ifiug C hy 
(20) The value of log k’ mil ho found ftom f ahle II Coluiii i 

B, with the argument C i i 

The values of dd and do thus found aie those which are to be 

algebraically added to the aiypaunt declination and right ascen- 
sioii to free them tioiii the cftect of refi action 

The mean value of U is about 57", which may be emi)lo 3 0 (I 
when a veiy' precise lesult is not lequiied 


DIP OF THE IIOIIIZON 

121 The dip of the hot izon is the angle ot doiirossion of the 
visible seahoiizon below the fine hoiizon, aiising tioni the ele- 
vation ot the eye of the ob/«Grvei above tlio level ot the sca 
Let CZ, Tfig 17, he the veitieal hue ot an ohseivei at A, 

whose height aho\c the le^el ot the 
Fig 17 sea IS AB The piano of the tiue ho- 

iizon of the ohseivei at A is a piano 
at light angles to the vortical hiio 
(Alt 3) Let a. vortioal plane he 
passed through CZ, and lot Bl'I) he 
the intersection of this plane with the 
eaith’s suifaee logaided as a sphere, 
Aif its inteiseetion with the hoiizoii- 
tal plane Draw A TH' in tins piano, 
tangent to the ciionhir sootion ot the 
earth at T Disiegauling foi the jiro- 
sent the efieet of the atinosphci o, 'JA\ ill 
be the most distant point of the sintaee visible tioni A It v o 
now eoncene the vertical plane to rciolve about C^as an axis, 
AS will generate tlie plane of tbe celestial liorizon, wlule AJJ 
will geneiate the smface of a cone toiiclnng the eaith iii the 
small circle called the visible hoiizou, ami the angle ITAJJ' 
n ill he the dip ot the hoiizon 
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122. To find the dip of (he horizon, neglecting the aimospherk refrac- 
turn, let 

= the height of the eye = 
a = the radius of the earth, 

D ” the dip of the horizon. 

AYe have in the triangle CAT, ^ CT=IIAJT' = D, and hence 


tan J) ■■ 


AT 

CT 


I5j geometry, ive have 

AT = VAB X AD = Vx(fa 

whence 


l/2a;r -h a* . t x 

tonP=: = 

As X is always very small compared with «, the square of the 

fraction — is altogether inappreciable: so that we may take 
a 

simply 

tan JO = (235) 


123. Tofi 72 d the dip of the horizm, Jmvmg regard to the atmospheric 
refraction. 

The curved path of a ray of light from the point T, Fig. 18, 
to the eye at A, is the same as that 
of a ray from A to IT; and this is 
a portion of the whole path of a 
ray (as from a star 8) which passes 
through the point A, and is tangent 
to the earth’s surface at T. The 
direction in which the observer at n' 

A sees the point T is that of the 
tangent to the curved path at A, or 
All ' ; the true dip is therefore the 
angle HAH', and is less than that found in the preceding article. 
It is also evident that the most distant visible point of the earth’s 


Fig. 18. 
z 
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spiifate IS more lemoto from the obfeeivei than it would be if 
the eaith had no atmospheie 

Now, recuning to the investigation of the refraction in Art^ 
108, we obscive that the angle HAH' is the complement ot 
the angle of incidence of the ra> at the point A, tlicic denoted 
by i, and it vas theie t^liown that it 7 , jt, and i aic iChpeitively 
the nounal, the index ot lefiattion, and the angle ot iiRidence 
toi a point elevated abo\e the eaith s surface, while ft, /Iq, anc z 
are the same quantities at the suiface, we have 

7 sin 1 = a A/o sin z 

But in the present case we have 2 = 90° , and hence, putting 


D' = the true dip = 90° — i 
q = a + a. 


we have 


sin i = cos D' 


iA + — 'i 

/x a \ ' 


Developiiig and neglecting the square of — as before, 


cos = 


(236) 


which would suffice to deteimine D' when and // have been 
obtained tioiii the obseivod densities of the an at the obsorvoi 
and at the level of the sea But, as D' is small, it is moic con- 
venient to deteimine it fiom its sine, and we maj also mtio- 
diice the density of the an directly into the formula by putting 
(Art 110), 

1 1 ~ H ^^^^0 

fX Al 1 -f* 


’ Substituting the value of a from (178), namely, 


2k8^ 

1 -f 4*4 


we give this the form 
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ITo 


^0 





4 


= 1 1 - 2 « (1 


3 


which, by neglecting the square of the second term, gives 




Hence, still neglecting the higher powers of a and as well a^» 
their product, we have 

sin U = i/ 1 




■vvliicli agrees with the foianula given by LapTjACE, M(‘Q CM. 
Book X. 

For an altitude of a few feet, the difference of pressure will 
not sensibly atfeet the value of />', and may be disregarded, 
especially since a very precise determination of the dip is not 
possible unless we know the density of the air cd ihe viaiblc hori- 
zon, which cannot usually be oliserved. We may, however, 
assume the temperature of the water to be that ot the lowest 
stratum of the air, and, denoting this by while r denotes the 
temperature of the air at the height ot the eye, we have []malv- 
iugp =2b i’* approximately, 


(5 


1 


<\ 1 -p ® (’■ — ’’o) 

in which for Fahrenheit’s thermometer e 


1 — C (t — T„) 


sin I)': 


\ 


2,r f , a , 

1. .r • 


0.002024. 

it 


Ilericc 


sin I 1 


sirP B 


} 


where JD is the dip, computed by ^235), when the retraction is 
neglected, the sine of so small an angle being put for its tan- 
gent. If we substitute the values a = 0.00027895, sin D == 
D sin V', and e = 0.002024, this formula becomes 
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r'_r 24021(^-0 

in which D is iu seconds. If D is expressed in minutes in the 
last term, it Avill he sufficiently accurate to take 

D' = I)—mx (238) 

Tills 'svill give = D when r = as it should do, since in 
that case the atmosphere is supposed to be of uniform density 
from the level of the sea to the height of the observer. If 
r < we have jD' > D. In extreme cases, where r is much 
greater than we may have D' < 0, or negative, and the visible 
horizon will appear above the level of the eye, a phenomenon 
occasionally observed. I know of no observations sufficiently 
precise to determine whether this simple formula, deduced from 
theoretical considerations, accurately represents the observed 
dip in every case. 

124. If, however, we wish to compute the value of i)' for a 
moan state of the atmosphere without reference to the actually 
observed temperatures, we may proceed as follows : In the equa- 
tion above found, 


we may substitute the value 

/ fi \ w + 1- a 

''a + x 

which is our first hypothesis as to the law of decrease of density 
of the strata of the atmosphere. Art. 109. This hypothesis will 
serve our present purpose, provided n is so determined as to 
represent the actually observed mean horizontal refraction. "We 
have, then, 


“•■»'=(' + 1 )' 


n 


and developing, 


neglecting 


the higher powers of 


X 

a’ 
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or 


COB D' = 1 

n 

n + 1 

sin D' = 

n 2x 

n + l‘ a 


1 n 

D' = D 

\n + l 




To determine n, we have by (160), reducing r# to seconds, 


4 

” (j’o sin 1")’ 


where, for Barom. 0’'‘.76, Therm. 10°O., which nearly represent 
the mean state of the atmosphere at the surface of the earth, we 
have d/cdo = 0.00056795, and = 34' 30" (which is about the 
mean of the determinations of the horizontal refraction by dit- 
ferent astronomers) ; and hence we find 


n = 5.639, . _JL_ = 0.9216 = 1 — 0.0784 

\n + l 

j)' = D — .0784 J> (239) 

The coefficient .0784 agrees very nearly with Delambre’s value 
.07876, which was derived from a large number of observations 
upon the terrestrial refraction at difterent seasons of the year. 
To compute D' directly, we have 


D' 


0.9216 
sin 1" 



If X is in feet, we must take a in feet. Taking the mean value 
a = 20888625 feet, and reducing the constant coefficient of i/a:, 
we have 

D' = 58".82 i/a: in feet. 

Table XI., Vol. 11., is computed by this formula. 

Voi. I.— 12 


(240) 
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Pig. la. 


ITS 

125. To find ihe distance of (he sea horizon, and the distance of an 
object of hmrn height just visible in the horizon . — The small portion 
TA, Fig. 19, of the curved path of a I'ay of 
light, may be regarded as the arc of a circle; 
and tlieii the refraction eleviites A as seen 
froiii T as much as it elevate.s T as seen 
from A. Drawing the tangent TP, the ob- 
server at T would sec the point A at P; 
and if the chord TA were drawn, the angle 
PTA would be the refraction of A. This 
refraction, being the same as that of T as 
seen from A, is, by (239), ecpial to .0784 D. In the triangle 
TPA, TAP is so nearly a right angle (with the small elevations 
of the eye here considered) that if we put 



AF 


we may take as a sufficient approximation 

a-j = X tan PTA — a tan D X -0784 tanD 
But we have a tau^D = 2a;, and hence 


Putting 
we have 
or, nearly, 


a-, .1568 a: 

d — the distance of the sea horizon, 
PT = 

d = V'da (a- + xj) = i/l3136ax 


0 


If X is given in feet, we shall find d in statute miles by divuding 
this value by 5280. Taking a as in the preceding article, we 
find 

l/ 2.3136a _ -1 ai7 
5280 


and, therefore, 


d (in statute miles') = 1.317 \/x in feet (241 ) 


If an observer at A' at the height A'B' = x' sees the object 
A, whose height is x, in the horizon, he must be in the curve de- 
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sei'ibed by the ray from A which tonehes the earth’s surface at 
The distance of A' from Twill he = 1.317 and hence 

tlie whole distance from A to A' will be = 1.317 (Vx^Vxy 
Tlio above is a rather rough approximation, but yet quite as 
uoc'urute as the nature of the problem requires; for the anoma- 
lous variations of the horizontal refraction produce greater 
errors than those resulting from the foi’mula. By means of this 
formula the navigator aprproaebing the land may take advantage 
of the tirst appearance of a mountain of known height, to deter- 
oiinc the position of the ship. For this purpose the foiniula 
Ci241) is tabulated with the argument “ height of the object or 
<■■>■0 and the sum of the two distances given in the table, coi- 
respondiug to the height of the object and of the eye rcspect- 
i vely, is the required distance of the object from the observer. 

126. To fi))d ihe dip of the sea at a (jiven distance from the. ohsarer. 

13 V the dip of the sea is here understood the apparent dcpics- 

ssicm of any point of the surface of the water nearer than the 
visible horizon. Let T, Fig. 20, he such a 
pxrint, and A the position of the observer. 

Let TA’ be a ray of light from T, tangent 
to the earth’s surface at 7\ meeting the ver- 
tical line of the observer in A'. Put 

the dip of Tm seen from A, 
d = the distance of Tin statute miles, 

X = the height of the observer’s eye in feet = A£, 
x' = A'B. 


Fig. 20. 



We have, by (241), 



and the dip of T, as seen from .A\ is, therefore, by (240), 


= 58" .82 i/F = 44".CG d. 


Now, supposing the chords TA, TA' to be drawn, the dip of T 
at ^ exceeds that at A' by the angle A7A', very nearly; and 


we liave nearly 


AAf 

luio’lo = — X 


TJ.' sin 1" d'Zm d sia 1" 
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whence 


D" = 44".66 d + 


X — X* 

5280 d sin 1" 


Snbstitiitiiig the value of x' in terms of d, 


j)ff _ 22'M4 d -f 89".07 — (X being in feet and d in statute 
d 


miles). 


(242) 


69 ^ 

If d is given in sea miles, we find, by exchanging d for 


Z)'' = 25".65 d + 
miles). 


g ".73 — {x being in feet and d in sea 
d 


(243) 


The value of D" is given in nautical works in a small table 
with the arguments x and d. The formula (243) is very nearly 
the same as that adopted by Bowditch in the Practical Navifiaior, 


127. At sea the altitude of a star is obtained by measuring its 
angular distance above the visible horizon, which generally 
appears as a well-defined line. The observed altitude then 
exceeds the apparent altitude by the dip, remembeiung that by 
apparent altitude we mean the altitude referred to the true 
horizon, or the complement of the apparent zenith distance. 
Thus, being the observed altitude, h the apparent altitude, 


h = h' - D' 


or, when the star has been referred to a point nearer than the 
visible horizon, 

D" 


SEMIDIAMETERS OF CELESTIAL BODIES-. 

128. In order to obtain by observation the position of the 
centre of a celestial body which has a well-defined disc, wo 
observe the position of some point of the limb and deduce tliat 
of the centre by a suitable application of the angular semi- 
diameter of the body. 

I shall here consider only the ease of a spherical bodj^ The 
apparent outline of a planet, whether spherical or sj)heroidal, 
and whether fully or partially illuminated by the sun, will be 
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discussed in connection witli tlie theory of occultations in 

^ tL angular semidiameter of a spherical body is the angle 
subtended at the place of observation by the radnis ot the disc. 

I shall here call it simply the semidiameter, and distinguish the 
linear semidiameter as the radius. ^ 

Let 0, Fig.. 21, be the centre of "s-- ^ 

the earth, A the position of an ob- 
server oil its surface, il/ the centre ^ 
of the observed body, OB, AB', ' 
tangents to its surface, drawn from ^ 

0 and A. The triangle OBM re- 
volved about 0A£ as an axis v ill de- 
scribe a cone touching the spherical 
body in the small circle described 
by the point B, and this circle is the 

disc whose angular semidiameter at o 

0 is MOB. Put 

S = the geocentric somidiamctor, MOB, 

S' — the aiiparent scmidiamctcr, MAB', 
j J' = the distances of the centre of the body from the centre of 
the earth and the place of observation respectively, 
a = the equatorial radius of the earth, 
a' = the radius of the body, 

then the right triangles 03IB, AMB' give 


m 


But if 


the equatorial horizontal parallax of the body , 


we have, Art. 89, 


and hence 


sin S — — sin 
a 


r, with sufficient precision in most cases, 


( 246 ) 
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The geoeentric semidiameter and the liorizontal parallax have 

therefore a constant ratio — For the moon, Ave haA^e 

a ’ 

- =. 0.272966 (247 ) 

a 

as deriA^ed from the GreeiiAAnch observations and adopted by 
Hansen ( Tables de la Lune^ p. 89). 

If the body is in the horizon of the observer, its distance from 
him is nearly the same as from the centre of the earth, and hence 
the geocentric is frequently called the horizontal seniidiameter ; 
but this designatioii is not exact, as the latter is someAvhat greatei* 
than the former. In the case of the moon the difterence is 
between O'M and 0".2. See Table XIL 

If the body is in the zenith, its distance from the observer is 
less than its geocentric distance by a radius of the earth, and the 
apparent seniidiameter has then its greatest Aurlue. 

The apparent seniidiameter at a given place on the earth’s 
surface is computed by the second equation of (245) or (24G), in 

which the value of ^ is that found by (104) ; so that, putting 2 ' 

the true (geocentric) zenith distance of the body, =r:the appa- 
rent zenith distance (aftected by parallax), A — its azimuth, 
9 9^ reduction of the latitude, we have, (by (HI) and (104), 

8mS' = sin6'*?nl£-'ziL) [ (248) 

8in(C-r) J 

129. This last formula is rigorous, but an approximate formula 
for computing the difterence aS"' — /SaauII sometimes be convenient. 
In (103) we may put 


cos (y — <p') ^ ^ 

COS y COS 1 (c' — 0 

without sensible error in computing the very small difference In 
question ; we thus obtain 


£ 

J 


= 1 


p sin r cos [1 -f r) __ 
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ruum^ /9,1QN 

m = p sin 7[ cos [i (C +0 y] ^ 

wc have 

£. ^ 1= 1 + ?/i + + &c. 

1 ■— m 

aud hence, since the third power of m is evidently insensible, 

g' — S = Sm + Sm^ C^50) 

which is practically as exact as (248). The value of C' required 
in (249) will he found with sufficient accuracy by (114), or 

Z' — C = /) :r sin (;' — r.) 

The quantity S' — S is usually called the aiigDientation of the 
semidiameter. It is appreciable only in the case of the moon. 

130 If wc neglect the compression of the earth, which will 
not in'volve an emir of more than 0”.05 even for the moon,=^ we 
may develop (250) as follows. Putting jo = 1 and ^ = 0 in (249), 
we may take 

m = sin Tz cos I (C' + 0 

= sin TT cos — I — 0] 

== sin TT cos C' + ^ sin (C' — 0 sin C 

= sin TT cos C' + i sin^Tr sin^ C' 

which substituted in (250) gives, by neglecting powers of sin ;r 
above the second, 

S' — S = Saime cos + 2 S sin''* r sin'* ?' + S sin® tc cos® Z' 

= S sin n cos + -I S sin® -+ I S sin®:r cos® 

But we have 

^ a' a' sin tt 
S= _ 


The greatest declination of the moon being less than 30®, it can reach great 
altitudes only in lotr latitudes, where the compression is less sensible. A rigorous 
investigation of the error produced by neglecting the compression shows that tlie 
maximuiiii error is less than U".0G. 
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and if we put 

A sin 1", log A = 5 2495 

we liave sin n = hS, wliicli substituted above gives the follow- 
ing formula for computing tlie augmentation of the moon’-*^ 
semidiameter 

S’ — S = h 8^coa ^' + i 8^ cos'* C' (251) 


Example — ^Fmd the augmentation for = 40°, 8 = 16' 0" 
= 960". 


log 8^ 5 9645 

log A 5 2495 

log cos C' 9 8843 

log 1st term 1 0983 


log 8” 8 947 

log i A' 0 198 

log 2d term 9 145 
log cos'* C' 9 769 
log 3d teim 8 914 


1st term = 12" 54 

2d “ = 0 14- 

3d “ = 0 OH 

£f' _ ;S = 12 7t> 


The value of S' — 8 may be taken directly fiom Table XII. with 
the argument apparent altitude = 90° — 


131 If the geoeentiic hour angle (t) and declination (d) an* 
given, we have, by substituting (137) in (245), 

sin 8' = sm 8 v (252 ) 

for wliicli y and 5' are to be deteimined by (134) and (136), oi 
With sufficient accuracy foi the present purpose by the formnhic 


tan Y 


tan 
cos t 




p 7T sm / sm (5 — y) 
sin Y 


132 To find the conh action of the lertical semidiameter of the sm 
&r moon 'produced by atmosphei ic refi action 

Since the refraction increases with the zenith distance, the 
refraction for the centre of the sun or the moon will be greatei 
than that foi the upper limb,* and that foi the lower limb will hi 
greatei than that foi the centre The appaient distance of tin 
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limbs is tlierefore diminislieci, and tlie wliole disc, instead of 
being circular, presents an oval figure, the vertical diameter of 
which is the least, and the horizontal diameter the greatest. 
The refraction increasing more and more rapidly as the zenith 
distance increases, the lower half of the disc is somewhat more 
contracted than the upper half. 

The contraction of the vertical seiiiidiameter may be found 
directly from the refraction table, by taking the diftereiice of 
the refractions for the centre and the limb. 


Example. — The true semidiameter of the moon being 16' 0", 
and the apparent zenith distance of the centre 84®, find the con- 
traction of the upper and lower semidiameters in a mean state 
of the atmosphere (Barom. 30 inches, Therm. 50® E.). AYe find 
from Table I. 

For apparent zen. dist. of centre, 84° 0' Befr. = 8' 28".0 

approx. upper limb, 83 44 <‘=89 .4 

“ lower “ .84 16 « =8 48 .1 

Hence, 

Approx, contraction upper semid. = 8' 28".0 — 8' 9".4 = 18".6 
a lower = 8 48 .1 — 8 28 .0 = 20 .1 


These results are but approximate, since we have supposed the 
apparent zenith distance of the limb to difter from that of tlie 
centre by the true semidiameter, whereas they differ only by the 
apparent or contracted semidiameter. Hence we must repeat as 
follows : 

App. zen. dist. upper limb = 83° 44' 18".6 Befi*. = 8 9 .7 

a « lower = 84 15 39 .9 « = 8 47 .7 

Contraction of upper semid. = 8' 28".0 — S' 9".7 = 18".3 
a lowex* = 8 4/ — 8 28 .0 = 19 .< 


Observations at great zenith distances, wliere this contractiou 
is most sensible, do not usually admit of great precision, on 
account of the imperfect definition of the limbs and the uncer- 
tainty of the refraction itself. It is, therefore, suflieiently exact 
to assume the contraction of either the upper or lower semi- 
diameter to Le equal to the mean of the two. In the above 
example, whicVi otfer« an extreme ease, it we take the me.ii 
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19" 0 as the contraction for either semidiameter, the error will 
be only 0"-7, which is quite within the limit of error of ohserya- 
tions at such zenith distances. 


Pig. 22. 


133. To find the contraction of any inclined semidicmieier^ produced 
by refiraciion. 

Let Fig. 22, be the apparent place of the sun’s or the 
moon’s centre; ACJBD, a circle described 
with a radius MA equal to the true semi- 
diameter, will represent the disc as it would 
appear if the refraction were the same at 
all points of the limb. The point A, how- 
' ever, being less refracted than 31, will ap- 
pear at JL', P at P', &c. ; while P, being 
more refracted than M, appears at P'. The 
contraction is sensible only at great zenith 
distances, where w^e may assume that A 31 
and PP'E, small portions of vertical circles drawn through A 
and P. ar-a sensibly parallel. If then we put 



^ = the true vertical semi diameter = AM, 

S,_ = the contracted vert, semid. = A'M, 
iS'g = the contracted inclined semid. = MP', which makes an 
angle q with the vertical circle, 

^8^ = the contraction of the vertical semid. = S — 
j!\Sq = the contraction of the inclined semid. == S — 

we shall have 


S'q cos q = PP = the difference of the apparent zenith distances 
of M and P', 

= the difference of the app. zen, dist. of 31 and A\ 


Kow, the differ eiice of the refractions at 31 and A^ is AM, and 
the difference of the refractions at 31 and P' is PP'; and, since 
these small differences are nearly proportional to the difierences 
of zenith 'distance, we have 


cos q = AA: PP' 

8 
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The small triangle PFP' may be regarded as rectilinear and 
riglit-aiigled at F; whence 


FP’ = PP' X cos (j 


or 


AS, = AS, 


S, cos'-'^ 


If we put S, for in the second member, the resulting value of 
diS", will never be in error O'' 3 for zenith distances less than 85 . 
and it suffices to take 

AS,= AS, co8“ q (2531 


This rormnla is sufficiently exact for all purposes to which wo 
shall have occasion to apply it. 


134. To find the contraction of the horizontal semidiameter.— The 
formula (253) for q = 90° makes the contraction of the hori- 
zontal semidiameter = 0. This results from our having assumed 
that the portions of vertical circles drawn through the several 
points of the limb are parallel, and this assumption de- 
parts most from the truth in the case of the two ver- '■=■ f 
tical circles drawn through the extremities of the j 
horizontal diameter. To investigate the eiTor in this j 
case, let ZM, Fig. 23, be the vertical circle drawn / 
through the centre of the body, ZM' that^ diwn 
through the extremity of the horizontal semidiameter / \ 

In consequence of the refraction, the points M \ 
and M' appear at N and N'. If we denote the zenith Vm . 
distances of M and N by C and z, those of M' and N' 

‘ly r and z', the refraction MN may be expressed as a func- 
ti-'ii cither of 2 or of C, Art. 107, and we shall have 


r =zk tan z = k' tan C 

where k and k' are given by the refraction table with the argu- 
ments z and The zenith distance of the point M' differs so 
little from that of M that the values of k and k' will be sensibly 
the same for both points, and we shall have for the refraction 
M'N', 
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These two equations give 

tan z tan C 

tan ^ tan C' 

But if the triangle ZNN^ is right-angled at iV, we have 


and hence, also, 


cos Z = 


tan z 
tan z' 


cos Z = 


tan C 
tan C' 


Therefore the triangle ZMM^ is also right-angled^ and it gives 


. ^ tan S tan S' 

tan Z = 

8m(2r4*0 ^ 

in which S = 31M' and S' = NN^. Hence 


tan S 
tan S' 


sin (z + r) 
sin z 


= cos r + cot z 


or, very nearly, 


/S' 


= 1 -f- r sin 1" cot = 1 + ^ sin 1" 


Hence the contraction of the horizontal sennicliameter is ex- 
pressed by the following formula : 

S— S' =:S'k 8in I" 

£n the zenith, the mean value of log k is 1.76156; at the zenith 
distance 85°, it is 1.71020. For S' = 16', therefore, the contrac- 
tion found hy this formula is 0".2T in the zenith, and 0".24 for 
85°. Thus, /o?' all ze7iith distcmees less than 85° the contraction of 
the horizontal sernidumeter is very marly constant mid equcd to oiic^ 
fourth of a second. 

When the body is in the horizon, we have k = r coi z = 0, 
and hence 8 — ^S' = 0, wdiieh follows also from the sensible 
parallehsm of the vertical circles at the horizon. 


HEDltCTlON OP ZENITH DISTANCIW. 


189 


REDUCTION OF OBSERVED ZENITH DISTANCES TO THE CENTRE OF 

THE EARTH. 

135. It is important to observe a proper order in the applica- 
tion of the several corrections wliieli have been treated of in this 
chapter. 

The zenith distance of any point of the lieavens observed with 
any instrument is generally affected with the index error and 
other instrumental errors. These errors will be treated of in 
the second volume ; here we assume that they have been duly 
allowed for, and we shall call “observed” zenith distance thai 
which would he obtained with a perfect instrument, and shall 
denote it by z. 

In all cases the first step in the reduction is to find the refrac 
tion r (=a^-'*y^tanz) with the argument s', and then z + r is the 
zenith distance freed from refraction. 

1st. In the ease of a Jized star, 

r = z r 

is at once the recpiired geocentric zen. dist. 

2d. In the case of the moon, the zenith distance observed is 
that of the upper or lower limb. If S is the geocentric and *S” 
the augmented semidiameter found by Art. 128, 129, or 130, 

r -(- r ± S' 

is the apparent zenith distance of the moon’s centre freed from 
refraction, and affected only by parallax, and, consequently, it is 
that which has been denoted by the same symbol in the discus- 
sion of the parallax. "With this, therefore, we compute the 
parallax in zenith distance, Z' — C, hy Art. 95, and then 

c = c' — Q:' — c) 

is the required geocentric zenith distance of the moon’s centre. 

To compute S' by (248), (250), or (251), Ave must first knoAv C'; 
but it Avill suffice to employ in these formulie the aiiproximatc 
Amine ^' = z + r ± S. 

We can, hoAvcAmr, avoid the computation of S', Avhen extreme 
precision is not required, by computing the parallax for the 
zenith distance of the limb. Thus, putting = z + r, and 
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computing ■“ C 95, the quantity C = C' ~ (C^ C) 

tte geocentiic zenith distance of the limb, and tlierefoie, ap- 
plying tie geocentric semidiameter, ^ di S is the leqmied geo- 
centric zenith distance ol the moon’s centie This process 
iiiYohes the erior of assuming the honzontal paiallax for the 
limb to he the same as that for the moon’s centie It can easily 
be sliOYYii, however, that the erroi m the result will never amount 
to 0^'' 2, which m most cases in practice is iiinmportaiit The 
exact amount will be investigated in the next aiticle 

3d In the case of the mn or a 'pla7iet^ when the limb has been 
obseived, the piocess of leduction is, thooi etically, the same as 
foi the moon , hut the paiallax is so small that the aiigmeiitatiou 
of the semidiamefer is insensible. "We tlieiefore take 

C' = 2r + ? ± S 

and then, computing the parallax by Ait 96, oi even by Art DO, 
^ ~ the true geocentric zenith distance 

li a point has been leteiied to the sea hoiizon and the 
ineasiiied altitude is H, then, D being the dip) of the hoii/oii, 
h' = H — D h propel ly the observed altitude, and z = 90° ~ h' 
the obseived zenith distance, with which we pioceecl as al) 0 'se 

136 The pioeess above given for reducing the obvseived zenith 
(liNtance of the moon’s limb to the geocentiic zenith distance of 
the moon’s centie, is tliatwliieli is usually employed, hut the 
whole lediictioii, exclusive of lefiaction, may be diiectly and 
rigorously computed as follows Putting 

C' = + r = the apparent zenith distance of the moon's limb 

corrected foi refi action, 

C = the geocentiic zenith distance of the moon’s centre, 

then, S' being the augmented semidiametei, wo must substitute 
C' ± S' loi C'' the formulae foi paiallax, and, by (101), we 
have 


/ sin ±: S') = sin C — fi sin tt cos tan y 

f cos ±: S') — eob ^ — /) sin r cos — ^') 

Multiplying the irst of these hy cos the second by sin C', and 
subtracting, we have 
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±/ , 1 „ S' = - .in (C - 5, + ( 5 , _ 

eos ^ 

a! 

ill -wliicli/^ j. By (245) have also 

/ sin = sin S 

and hence the rigorous formula 

. . . . A i N cos (0 — . Ci 

sin (:'—:)=:/> sin r sin C' — - r) sm B 

cos y 

for ivliicli, hoiYever, Ave may employ with equal accuracy in 
practice 

sin {V — 0 ~ P ^ sin (C' — y') sin S (254) 

in Avhicli, jL being the moon’s azimuth, ive have 

y z=z: (^<p (p') COS A 

If we put (Art. 128) 

}; = -= 0.272956 

a 


we have sin S = k sin tt, and (254) may he written as folloY’'s : 

sin (r' — :) = Ip sin (C' y) h= /c] sin tt (255) 

Bor convenience in computation, however, it will lie better to 
make the following transformation. Put 

sin p = sin tt sin (C ' — y') (256) 

then (254) becomes 

sin (^' — C) = sinp 4 = sin S 

= sin ( 2 ; q:: S) -|- ^bi p (1 — COS S’) =F sin B (1 — cos p') 
= sin (29 =F a 8 ) + 2 sin p sin^ .} B q:= 2 sin S siiV*^ .1 p 

where the last two terms never amount to 0 ''. 2 , and therefore the 
formula may he considered exact under the form 

sin {V — C) = sin (p q= B) =F i {p =F B) sin 1 " sin p sin B 

Since P' -- C 2^ ^ ^ (lifter by so small a cpiantity, there ivill 
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be no appreciable eiror m regarding them as proportional ta 
their smes ; and hence we have 

— C = p =F /S H= 1 (p + S) sm p sin S' (257) 

the uppci feigns being used foi the upper limb and the lower 
signs foi the lower limb 

111 this formula, p is the paiallax computed for the zenith 
distance of the limb, and the small term J(p q: S) sin p sin S may 
be regaided as the coirectiou for the erior of assuming the 
paiallax of the limb to be the same as that of the centie 

Example — ^In latitude <p = 38° 59' hf , given the observed zenith 
difetance of the moon’s lower limh, z = 47° 29' 58", the azimuth 
4 = 33° O', Baiom 30.25 inches, At Therm 65° E, Ext Theim 
64° E , Eq hor par r — 59' 10" 20 , hiid the geocentric zenith 


distance of thenioou’s centie 



(Table III ) — </,') 

= IV 15" 

=47^= 

»29'58" 00 

log ( 9 ) — o') = 

2 8293 

(Table II ) 9 = 

1 2 27 

log cos A 

^ 9236 

II 

31 0 27 

log ) 

2 7529 

y = 

9 26 

(Table III ) log /j 

9 999428 

C' - y =47 

21 34 

log sin TT 

8 235806 



log sm (;'—>) 

9 866652 



log sin 

8 101886 

p = 

43' 28" 09 

log sm TT 

8 235806 



16 9 00 

(Art 12S) log (0.27295G) 

9 436093 

p+ s = 

59 37 09 

log sm S 

7 071899 

i{p JS) sin p sm S 

0 11 

log sm p sm S 

5 i i 39 

II 

X_r 

1 

CO 87 20 

log (;) 4 - S) 

3 5535 



log 5 

9 6990 

C = 46° 31' 23" 07 


log J -j.- S) sm^ sm S 9 0264 

It IS hardly necessary to observe that if the geocenti’ic isenith 
distance of tlie centie of the niooii or otliei body is given, the 
appaient zenith distance of the limb aflected by paiallax and 
refiactioii vill be deduced by leversing tlie oidei of the steiis 
above explained. 

If altitudes aie given, we may employ altitudes tliioughout 
the computation, putting everywhere 90® — A, &c for 2 :, &c , and 
making the necessaiy obvious moditLcatioiis in the formulse. 



TIME 


195 


le mtcival to 7’= May 25, 11* 13"' 12" 6, T — 7" = 13‘' 11* 
2* 6 = 13'* 467 Hence we have 


A t; = — le™ 13' 60 
ST{T- yj = + 1 5 03 

Ay = — 15 8 47 

y = 11* IS™ 12' 60 

T = 10 58 4 13 

in this example the rate is obtained foi one true mean 
vhile the unit of the inteival 13" 467 is a mean day as 
I by the clock The piopei interval with which to eom- 
ihe late iii this case is 13" 10* 58“ 4' 13 = 13" 457 with 
we find 


A y,, = _ i6-» 13' 50 
ST X 13 457 =-4^ 1 4 98 

A y = — fs 8 52 
y = IP 13“ 12*60 
T'= 10 58 4 08 


epetition will bo reiidorod unnecessary by always giving 
to 111 a anil of the clock Thus, suppose that on Juno 3, 
11“ 12' 35 by the clock, we have found the coireotion 
10' 14, and on June 4, at 14* 17”' 49’ 82, we have found 
rection + 2"' 19' 89 ; the rate m one hour of the clock will be 


ST=±^'Jl 

34 1104 


=> + 0' 2858 


practical details lespeetiiig the care of clocks and other 
eepers, the methods of conipaiing then indications, &c , 
I II , see also Chaptei VII , “Longitude by Chronoractei ’’ 
hcie confine nnself to the methods ot determining their 
ion bv ahtionomical obseivatioii 

le methods, howovei, which involve details depending 
he peculiai natuie of the instiumcnt with which the ob- 
m 18 made, will be treated very biieflv in this chaptci, 
nr full discussion will be leserved foi Vol 11. 



196 


TIME* 


FIRST METHOD — BY TRANSITS 

138 At the instant of a star’s passage ovei the meridian, note 
the time Tbj the clock The stai’s hour angle at that instant 
IS = 0^ whence the local sidereal time is (Ait 55) 

T' = w = the starts right ascension 

m 

If the clock IS regulated to the local sidereal time, we have, 
therefore, 

^T=za— T 

But if the clock is regulated to the local mean time, we first con- 
vert the sidereal tune a into the corresponding mean time T' 
(Art 52), and then we have 


Ar== T —T 

This, then, is m theory the siniiilest and most direct method 
possible It IS also practically the most piecise when propeily 
earned out with the transit msti ament But, as the tiansit in- 
strument IS seldom, if evei, precisely adjusted in the nxeiidiaii, 
the clock time T of the true meridian transit of a star is itself 
deduced from the observed time of the tiansit over the instill- 
ment by applying proper corrections, the theory of which will 
he fully discussed in Yol IL 

It will theie be seen, also, that the time may be found from 
transits over any veitical circle 


SECOND METHOD — BY EQUAL ALTITUDES 

139 (A ) JEqual altitudes of a fixed star — The time of the men-' 
dian transit of a fixed stai is the mean between the two times 
when it IS at the same altitude east and west of the mei idian , so 
that the observation of these two times is a convenient substi- 
tute foi that of the meridian passage when a tiansit instrument 
is not available The obseivation is most frequently made with 
the sextant and aitificial hoiizon, but any instrument adapted to 
the measurement of altitudes may be employed It is, however, 
not required that the instrument should indicate the ti ue alti- 
tude , It IS sufficient if the altitude is the same at both observa- 
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tions. If we.use the same instrument, and take care not to 
change any of its adjustments between the two observations we 
may generally assume that the same readings of its o-raduated 
arc represent the same altitude. 'Small inequalities, “however 
may still exist, which will be considered hereafter.* ’ 

The clock correction will be found directly by subtractiiio- 
the mean of the two clock times of observation from the com- 
puted time of the star’s transit. 


Example 1. March 19, 1856; an altitude of Arciurus east 
of the meridian was noted at 11'* 4» 51'.5 by a sidereal clock 
and me same altitude west of the meridian at 17^ 21'^ 30^0* find 
the clock correction, * ^ 


East 
West 

Merid. transit by clock = T 
March 19, Arcturus E. A. = » 

Clock correction = /\T = 


IP 4" 
17 21 


5P.5 
SO .0 


14 

14 


18 

9 


10,75 

7.11 


4 3.64 


This is the clock correction at the sidereal time 14^‘ 9^^ 7^11 or 
at the clock time 14^* 13"‘ 10\75. 


Example 2.— March 15, 1866, at the Cape of Good Hope 
Latitude 33° 56' S., Longitude P 18’» 56* B.; equal altitudes of 
Spiea are observed with the sextant as below, the times being 
noted by a chronometer I’egulated to mean Greenwich time. 
The artificial hoi’izon being employed, the altitudes recorded are 
double altitudes. 


Bast. 

10 '* 20 “ 0».5 
“ 20 28 . 

“ 20 55. 
Means 10 20 27 .83 


2 Alt. Spioa. West. 

104° 0' S'* 40” 38*. 

“ 10 “ 40 10 .5 

“ 20 “ 39 42 . 

2 40 10 .17 
10 20 27.83 


Merid. Transit, by Chronom. = T = 12 30 19 .00 


The chronometer being regulated to Greenwich time, we 
must compute the Greenwich mean time of the star’s transit at 
the Cape (Art. 52). We have 


^ For the method of observing eqnal alliludcs 'vviUi the sextant, see Vol II 

' ■ 
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Local sidereal time of transit = 

rr ot = 

13^ 1 7*" 

a7' 

92 

Longitude 

= 

— 1 

13 

56 


Greenwich sideieal time 

= 

12 

3 

41 

"92 

March 15, sid time of mean noon = 

2 S 

^ 5 

5 

37 

Sid interval fiom mean noon 


TT 

JO 

3() 

55 

Reduction to mean time 


__ 

2 

2 

97 

Mean Gr time of star s ^ 






local tiansit j 

r ^ 

12 

28 

33 

58 

Chronometer time of do = 

T = 

12 

30 

19 

00 


Chronometer correction = A = — 1 45 42 


140 (B) Equal altitudes of the su7i befoie and aftc7 7ioon — If tha 
declination of the sun weie the same at both obseivatioiis, the 
hour angles reckoned fioni themeiidian east and ^\est would he 
equal when the altitudes were equal, and the mean of the U\o 
clock times of observation would be the time bj the clock at 
the instant ot appaient noon, and we bhould find the clock eon 
rection as in the case of a hxed star To find the collection 
tor the change ot decimation, let 

(p = the latitude of the place of obbeivaiioii, 
d — the sun’s declination at appaient (local) noon, 

= the mciease of declination fioin the mendian to the west 
obseivatioi), or the decrease to the east ol)sei\ation, 
h = the sun’s true altitude at each obseivation, 

7), = the mean of the clock times A M and P M , 

ATo=the collection of this mean to leduce to the clock time 
of apparent noon, 

t z=z half the elapsed time between the observations 
Then we have 

t -f- aTo = the hoin angle at the A M observation reckoned 
towards the east, 

t — aTq = the hour angle at the P M obseivation, 

0 — Ad = the declination at the AM 
^ + A<? = « “PM “ 

and, by the first equation of (14) applied to each obseivation, 

sm A = sin 9 sin (a aS) + cos cos (d — Ad) cos (t ~-| A 7^) 
sin A = sm ^ sin (d -J- Ad) -j- cos f cos (d + Ad) cos (t — a T^) 
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If we substitute 


sin (<5 ±: Ai5) = sin d cos ±: cos 5 sin a^ 
cos (fJ ± A^5) = eos^cos q= sin 5 sin a-? 

cos (if ± A T„) = cos t cos A T; q: sin t sin a 

and then subtract the first equation from the second, we shall 
find 

0 = 2 sin COB d sin A<y — 2 cos <p sin S sin aS cos t cos a T 
-f- 2 cos If cos (3 sin f cos sin a 


whence, by transposing and dividing by tlie coefficient of sin a 7;, 


sin — 


tun Afl . till! o tail Ao . tail f) 


sin t 


tiin t 


cos A 71 


This is a rigorous expression of tlie recpiired eorrectioii aT, but 
the change of declination is so small that we may put ao for its 
tangent, aTJ, toi its sine, and unity for cos aTJ,, without any 
appreciable error; and, since Af? is expi-essed in seconds of arc, 
we shall obtain a 7(, in seconds of time by dividing the second 
member by 15. We thus find the formula* 


ATT 


Ao . tail f 
15 sin t 




Ac? . tan 5 
15 tan t 


(262) 


The Ephemeris gives the hourly change of d. If we take it for 
the Gi'eenwich instant corresponding to the local noon, and call 
it A 'd, and if t is reduced to hours, we have 


and our formula becomes 


A»5 — A'&.t 


A 7T = — a'S [-Equation 


15 sin t 


15 tan t 


Lfor 


noon 


] (263) 


To facilitate the computation in practice, we put 


15 sin i 

a = A , A'd . tan ^ 


B 


t 


1 5 tan t 
b =jB . . tan d 


then we liave 


A / Q = ^ -j- 


As first given hy G^uss, Monallkhe Correspotidenz, Vol, 23. 


( 264 ) 
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The correction aTq is called the equation of equal altitudes The 
computation according to the above foim is lendered extiemelj 
simple by the aid of oiii Table IV , which gives the values of 
log A and log B with the aigiimeiit ‘^elapsed time’' (—2/) 
Then a and 6 aie computed as above, the algebraic signs of the 
focveial factors being duly observed When the sun is moving 
tow aids the noith^ give a'B the 'positive sign, and also wdicn 
f and d aie noith, give them the positive sign, in the opposite 
cases they take the negative sign The signs of A and B are 
given in the table; A being negative only when t<i 12^' and B 
positive when t < 6'* or > 18^'. 

When Ave have applied aTJ, to the mean of the clock times (or 
the “middle time”), Ave have the time 

as shoAvn by the clock at the instant of the sun’s meiidian transit 
Then, computing the time Avhether mean oi sidereal, which 
the clock IS required to show at that instant, we have the clock 
cormction, as befoie, 

at= r' — T 

Example — March 5, 1856, at the U S Naval Academy, Lat 
38° 59' N, Long 5^^ 5”' 57^5 W, the sun A\ms obseived at the 
same altitude, AM and P M , b} a chiononieter regulated to 
mean Greeinvich time, the mean of the A M times Avas 1^ 8"* 26" 6, 
and of the P M. times 45”*^ 41' 7 , find the chronometer cor- 
rection at noon 

We have first A M Ohio Time = 8”^ 26^ 6 

PM = 8 45 41 7 

Elapsed time 2t = 7 37 15 1 

Middle time = 4 57 4 15 

From the Lphemeris we find for the local apparent noon of 
March 5, 1856, 


d ^ — 5° 46' 22" 5 Equation of time = 4- 11»» 85' 11 
A'^ = + 58".10 


Foi tlje utmost piecision, we reduce a'^ to the instant ot local 
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aoon "With these quantities and f = S8° 59', we pioceed as 
follows 


Arg T*- ST'” Table lY log A 
log a'S 


n9 4804 
1 7642 
log tan ^ 9 9081 
log a nl 1527 
a = — 14« 21 


log B 
log A'd 
log tan 


log b 
b 


9 2151 
1 7642 
? 0047 

ri9 9840 
— 0*96 


Middle Chro time = 4^ 57”* 4^ 15 

A r„ = « + j = — 15 17 

Chro Tune of app noon T = 4 56 48 98 


This quantity is to be compaied with the Gieeiiwich time of the 
local apparent noon, since the chionometer is reo-nlated to 
Greenwich time We have * 

Moan local time of app noon = 0* 11™ 35“ 11 
Longitude =5 5 57 50 

Mean Gieonwich time “ = T' = 5 17 82 61 
aT= T' — T = + 20™ 43“ 63 


If the coireetion of the chionometer to mean local time is 
reqmied, we have only to omit the application of the loneitude. 
Thus, we should have 

Chro tune of app noon = 4‘ 56“ 48* 98 

Equation of time = — n 35 n 

Chro tune of mean noon = 4 45 13 87 

and since at mean noon a chroiiometei regulated to the local 
time should give 0" 0“ O’, it is here fast, and its correction to 
local time is — 45“ 13’ 8T 

141 (0 ) E(iucil altitudes of the sun in the afternoon of one day andb 

the morning of the next following dag , i.e. before and after midnight - 

It IS evident that when equal zenith distances aie observed in 
the latitude f ip, their siqijilcment to 180° ma;) be consideied as 
equal zenith distances ohseived at the antipode in latitude — f 
on the same meiidian Hence the foimula (263) vull give the 
equation for noon at the antipode by substituting — ^ for + <p, 
that IS, hy diangnig the sigu of the fiist teim , but this noon at 



202 


TIME. 


the iintipode is the same absolute instant as the midnight of the 
observer, and hence 

j' __ f . t tan (J rE<iuation fori 

^ ^ 15 sin ^ 15 tan ^ L midnight. J 

and this is computed with the aid of tlie logaritlinis of A and JJ 
in Table IV. precisely as in (264:), only changing the sign of ^1- 
The sign for this case is given in the table.* 


142. To find (he correction for small inequalities in the altitudes , — 
If from a change in the coiulitioii of the atino^spliere the re- 
fraction is different at the two observations, eqtuil apparent alti- 
tudes will not give equal true altitudes. To find the change a/ 
in the hour angle i produced by a change a/^ in the altitiid(-‘ /q 
we have only to differentiate the equation 

sin li = sin ^ sin d -j- cos <p cos d cos t 
regarding (p and d as constant ; whence 


cos h . = — cos ^ cos 5 sin ^ . 15 Asf 

where aJi is in seconds of arc and At in seconds of time. 

If the altitude at the icesi observation is the greater l)y a 4, tlie 
hour angle is increased by At, and the middle time is increased by 
4 At, The correction for the difference of altitudes is therefore 
Af, and, denoting it by a'T^, we have, hy the above equation, 


- t rp . V. VO J 

A 1q = 

30 eos <p cos < 


(2(i6) 


This correction is to he added algebraically to the middle clock 
time m any of the eases (A), (B), (C) of the preceding articles. 


Example.— Suppose that in Example 2, Art. 139, there luul 
been observed at the east observation Barom. 30.30 incthes, 
Therm. p., but at the v'est observation Barom. 29.55 inches, 
Therm.^y^ F We have for the altitude 52° 5' or zenith dis- 
tance 3 1 ou , by Table I., the mean r efraction 4,5’' A. By Table 

Srllh/re erro?lndf rT VV^.^n.etl.o<i 'li 

*‘“‘1 of a chronometei ty eijual altituaes,” Apuenaii to thf 
.liuencan Lphemeris for 1856 aad 1857. appendix to tUe 
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XIY A and XIV.B, the cotrections for the baromotei and ther- 
niometer are as follows, taking for greater accuracy one-eighth 
of the corrections for 6' & 


East Obs 

Baiom 30 30 -f- O'' 6 
Therm 35*^ +14 

+ 1 9 


West Obs 
Baroni 29 55 — 0" G 
Therm 52^^ — 0 1 

~o r 


The difierenee of these nnmbeis gives aJi = + 2" 6 as the excess 
ot the i)ue altitude at the vest obseivation. Hence, bv the 
iorniula (266), 


A/i = -f- 2" 6 
A = 62° 5' 

^ = — »33 5b 
3 = — 10 25 
f == } elapsed time = 2* 51* 


A' 7; + 0' 12 


log A// 0 415 

log oob h 9 789 
log sec (f 0 081 
log feec 3 0 007 

log eoseef 0 270 
log Jo 8 523 
logA'TJ, 9 085 


When, howevei, seveial altitudes have been obsoived, as in 
t us evaniplo, wo nia) obtain this collection horn the ohaena- 
tions themselves , foi we see that the double altitude of 

(hanged 20' = 1200" m about 55', and hence we have the 
proportion 

1200" 2" 6 =: 55’ a' T 


rtioh pyes .'T = + 0- 12 a. befo.e Bj- taking the ehangc 
the double altitude, the tonith term is the value of | a^, oi \'T 
If tins correction be applied, we find the coirected time of 
transit =p'' 30* 19*12, and conseiiiientb the chionometer eor- 
lectioii — 1"' 45*54 


The altitudes may difler from other causes besides a chauve it, 
the refiaction , for instauce, the second observation may l^e in- 
teiriipted hy passing clouds, so that the precise! j eoiiesponduio- 
altitude cannot be taken , but, lather than lose tlie whole oln 
eervation, if we can obsene an altitude difteiing but little from 
t e hist, we may use it as an ecpal altitude, and compute the 
correction for the difierenee by the foimula (266) 


143 J^ffeci of mo7s tn the kditiide, declination, and altitude upon 
the time found by equal altitudes— Thotmxii found bv eciual altitudes 
of a hxetl star is v holly iudepondcut of oiiois'in the latitude 
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and declination, since these quantities do not entei into thc^coin- 
piitatioii 111 observations of the sun, an error in. the latitude 
aflects the term 

a = A/\^d tan f 

by diffeientiatiiig which we find that an erior dcp piodnces m a 
the error dci — sec^^ . oi, putting sin dcp for dp^ 

da — A tdd sec* <p sin dcp 

In the same manner, we find that an eiior dd in the declination 
produces in h the eiroi 

dh = sec* d sin dS 

In the example of Ait. 140, siippiose the latitude and declina- 
hoii weie each in eiioi 1 '. We have 


log A tiJd nl 2446 
log sec* <p 0 2188 
log sin 1' 6 4637 
log da n7 9271 
da — — 0^ 008 


logBA^d 0 9793 
log sec* <5 0 0044 
log sin V 6 4637 
log db 7 4474 
^ZJ=-|-0*003 


If dp and dd had opposite signs, the whole erroi in this case •would 
be 0’ 008 + 0" 003 = 0’ 011 As the obseivei can ahvays cnusily 
obtain his latitude within 1' and the declination (even when the 
longitude is somewhat uncertain) within a few seconds, v o may 
regard the method as practically free fiom the oficcts of any 
eirors in these quantities The accuiacy of the result will there- 
fore depend v holly upon the accuracy of the observations. 

The accuiacy of the observations depends in a measure upon 
the constancy of the instrument, but chiefly upon the skill of the 
observer Each ohseiver may determine the probable error of 
his ohservatioiis by discussing them by the method of least 
squares An example of such a discussion will be given in the 
Mlovung article 

Tbe efiect of an error in the altitude is given by (266) Since 
we have, A being the azimuth of the object, 

j cos 5 sm t 
nil A — 


cos h 
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the formula may also be written 


30 cos (p sin A 

which will be least when the denominator is greatest, Le. when 
J. = 90° or 270°, or when the object is near the prime vertical. 
From this we deduce the practical precept to take the observations 
when the object is nearly east or loest. This rule, however, must not 
he carried so far as to include observations at very low altitudes, 
where anomalies in the refraction may produce unknown dif- 
ferences in the altitudes. If the star’s declination is very nearly 
equal to the latitude, it will be in the prime vertical only when 
quite near to the meridian, and then both observations may be 
obtained within a brief interval of time ; and this circumstance 
is favorable to accuracy, inasmuch as the instrument will be less 
liable to changes in this short time. 

144. Probable error of observation, — The error of observation is 
composed of two errors, one arising from imperfect setting of 
the index of the sextant, the other from imperfect noting of the 
time; but these are inseparable, and can only be discussed as a 
single error in the observed time. The individual observations 
are also aftected by any irregularity of graduation of the sextant, 
but this error does not aftect the mean of s^pair of observations 
on opposite sides of the meridian; and therefore the error of 
observation proper will be shown by comparing the mean of 
the several pairs with the mean of these means. If, then, the 
mean of a pair of observed times be called a, the mean of all 
these means a^, the probable error of a single pair, supposing all 
to be of the same weight, is* ° 



in which n = the number of pairs, and q = 0.6745 is the factor 
to reduce mean to probable errors. The probable error of the 
final mean is 


* See Appendix, Least Squares. 



206 


TIME. 


Example. — At the U. S. Naval Academy, June 18, 1849, the 
following series of equal altitudes of the suii was observed. 


Chro- 

43^ 

A.M. 

53*. 

Chro. 
9* 44*^ 

P.M. 

3*. 5 

5* 

13*” 

a 

’ 58L25 

a 

+ 

— ao 
0M2 


(a — «o)s 

0.0144 

44 

19. 

43 

38. 



58 .50 

-f 

0.37 


.1369 

44 

45. 

43 

11 .5 



58 .25 

4 

0.12 


.0144 

45 

11. 

42 

46.3 



58 .65 

4 

0.52 


.2704 

. 45 

37. 

42 

19.7 



58.35 

4 

0.22 


.0484 

46 

1 .7 

41 

53.5 



57.00 


0.53 


.2809 

46 

00 

41 

27. 



57.75 



0.38 


1444 

46 

55. 

41 

0.5 



57.75 



0.38 


-1444 

4T 

19.7 

40 

36 .5 



58.10 

— 

0.03 


.0009 





= 5~ 

13 

58.13 

2 

(« — 

“o)* = 

i7o^ 

1fl z 

_ 1 , 

= 9 

= 8 





r == 

4- 

n — 

i ~ 

0*245 


A similar discussion of a number of sets of equal altitudes of 
die sun taken by the same observer g^ave 0'*,23 as the probable 
error ot a single pair for that observer, and consequently the 
probable error of the result of six observations on each side of 
the meridian would be only 0^23 / 6 = 0^094. This, liow- 

ever, expresses only the cicddenicd error of ohser ration^ and does 
not ill elude the eftect of changes in the state of the sextant be* 
tween the morning and afternoon observations. Such changes 
are not unfreqnently produced by the changes of temperature to 
which it is exposed in obseiwatioiis of the sun; it is important, 
therefore, to guard the instrument from the sun’s raj^s as much 
as possible, and to expose it only during the few minutes 
leqiiired for each observation. The determination of the time 
hy stars is mostly free from difficulties of this kind, but the 
observation is not otherwise so accurate as that of the sun, ex- 
cept in the hands of very skilful observers. 


THIED METHOD. — BY A SINOLE ALTITUDE, OH ZEXITH DISTANCE. 

145. Let the altitude of any celestial body be observed with 
the sextant or any altitude instrument, and the time noted hy 
the clock. For greater precision, observe several altitudes in 
quick succession, noting the time of eacdi, and take the mean of 
the altitudes ^as corresponding to the mean of the times. But 
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111 taking the mean of seveial ohseivatious id tlub iiay, it must 
not he toigotteii that iie assuiue that tlic altitude \aiies iii pio- 
portion to the time, A\hich is theoieticalh tine onij m the 
exceptional case wheie the obseivci on the equatoi and the 
stai’s declination is zeio It is, howevei, piactieally tiiic foi an 
mteival of a feiv minutes when the stai is not too near the 
meridian The ohseivations themselves wnll genei ally show the 
limit beyond wdiicli it will not be safe to apiih this iiile When 
the obseivations hai'e been extended bejond this limit, a cor- 
loetioii foi the unequal change in altitude (i e foi second differ- 
ences) can be applied, which will be tieated ofbolmv 
With the altitude and azimuth iiistinmeiit w'e geiieially ob- 
tain zenith distances diioctly In all cases, liow^evei, we may 
suppose the obsei ration to gno the zenith distance Having 
then collected the obseivation foi instiumental eirois, for le- 
fiaction, &c , Alts 135, 130, let ^ be the lesultiug tiue oi geo- 
centiie zenith distance Lot y; be the latitude of the place of 
obseivation, d the stai’s declination, t the stai’s horn angle 
riiethiee sides of the sphciical tiianglo foimed by the zenith, 
the pole, and the stai may be denoted b'y a = 00° — 6 = Q, c = 

00° -- d, and the angle at the pole by L — if, and hence. Art 22, 
w'c deduce 

sm ^ - >?)1 sm 1 CC -(y - 8)^ \ 

\ \ COS ^ cos d I j 

ivhich gives t by a very simple logaiithmie computation Jj’iom 
/ we deduce, by Ait 55, the local time, wdneh eompaied wuth 
the obsei red clock time gives the clock coirection leqtiired 
It Is to be obseiAed that the double sign belongino- to the 
ladical in (207) gives tw'o values of sinji!, the posiWe coire- 
siKUiding to a west and the negative to an east hour angle; since 
au\ given zenith distance may be obsei ved on eithei side of the 
meiidian To distinguish the tiue solution, the observer must 
of couise note on wdiuh side of the meiidian he has obsen'ed 
If the object obsei a cd is the sun, the moon, or a planet, its 
declination is to be taken fioni the Ephemeiis, foi the time of 
the obsei latioii (lefeiied to themendian of the Ephemeiis), but, 
as this time is itself to be found fioiii the obsenWion, w'e must 
at fn st assume an appi oxiniate value of it, wuth which an appioxi- 
mate declination is found With this declination a first eonipu- 
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tationbytlie formula gives an approximate Taliic of and hence 
a more accurate value of the time, and a new value of the decli- 
nation, with which a second computation by the formula gives a 
still more accurate value of t Thus it appears that the solution 
oi our problem is really indirect, and theoretically involves an 
intinite series of successive approximations; in practice, how- 
ever, the observer generally possesses a sufficiently precise value 
of his clock correction for the purpose of taking out the declina- 
tion of the sun or planets. The moon is never employed for 
determining the local time except at sea, and when no other 
object is available.* 

Example. — At the U. S. Naval Academy, in Latitude <p= 38® 
58' 53" N., Longitude 5^^ 57^5 W., December 9, 1851, the fol- 
lowing double altitudes of the sun ^vest of the meridian were 
observed wuth a sextant and artificial horizon, the times being 
noted by a Greenwich mean time chronometer : 

Chronometer. 2 0f 

T'* 35’™ 14^5 33° 30' 

35 55 . 20 

36 35.5 10 

37 15.5 0 

37 55 . 32 50 

Cleans T 36 35 .1 33 10 

The approximate correction of the chronometer was assumed to 
be + 9"" dO". Find its true correction. 

With the assumed chronometer correction we obtain the ap- 
proximate Greenwich time = 7''’ 46'“ 15®, with which \ve take 
from the Ephemeris 

d = — 22° 50' 27" Smf s semidiameter S = 16' 17" 

Eq. of time = ^ 7*™ 25 l 80 lior. parallax tt = 8".7 

We have then 


Barom. 30.28 inches. 
Att. Therm. 55° F. 

Ext. Therm. 50° F. 
Index correction of the 
sextant = — 1' 10" 


* But the moon’s altitude and the hour angle deduced from it may he used in 
hnding the observer’s longitude, as will he shown in the Chapter on Longitude. 

t The symbol is used for “observed altitude of the sun’s lower limb,” and 2 Q 
for the donhle altitude from the artificial horizon. In a similar manner we use 

0, X T- 
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Observed 2 O 

=: 33^= 

> 10' 

’ 0" 

Index corr 

z=: 

1 

10 



8 


App altitude 

= 16 

34 

25 


= 73 

25 

35 

(Tablell)/* 

= 

3 

15 

TT 8m^zz=^ 

= — 


8 

>s 

= — 

16 

17 

C: 

= 73 

12 

25 


The computation bj (267) is then as follows: 


y = 
S = 

<f — ^ = 

c = 

i sum = 
^ diff = 


38° 58' 53" 
22 50 27 
Cl 49 20 
73 12 25 
67 30 52 5 
5 41 32 5 


log sec 0109383 
log see 3 0 035464 

log sm i sum 9 965661 
log sm I diff 8 996455 
19 106963 
logsmn 9 553482 


4 < = 20° 57' 25 '6 
Apparent time = < z= 2* 47“ 39*4 
Eq of time = — 7 25 8 

Local mean time = 2 40 is”6 

Longitude = 5 5 57 5 

TrueGr Time= T' = 7 46 n i 


T= 7 36 35 1 
Ar=-j- 9 36 0 


agreeing so nearly with the assumed coneetion that a repetition 
of the computation is unnecessary. 


146. If it IS preferi ed to use the altitude instead of the zenith 
istance, pat the true altitude A = 90° — and the polar distance 
of tlie star P = 90° — tlieii we haye, in (267), 


sm ^[C — ((£,_ ^)] =sin 4 (90° 90 ° pv 

sin4[t + y, — ^ ] =sin 4 (90° — A -j- jp _ 90° P) ; 

If then we put 


: cos 4 (A -f y -j- P) 
:sin 


s = 4(A 4- yj 4-P) 

•■he formula becomes 


sm 4 f 


VoL I — 14 




cos s sm (s — k)) 
cos CP smP , 
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Ill this form *^76 may ahrajs take P == the distance from the ele- 
vated pole, and regard the latitude as always positive, and then 
no attention to the algebraic signs of the quantities in the second 
member is required. Thus, in the preceding example, we should 
proceed as follows: 


App. alt. = 

16^ 

34' 

25" 




r — = 

— 

3 

7 




s = 


16 

17 




A = 

16 

47 

35 




9 = 

38 

58 

53 ... 

. . . log 

sec 

0.109383 

P = 

112 

50 

27 . . 

. . . log 

cosec 

0.035464 

25 = 

168 

36 

55 




5 = 

84 

18 

27 .5 . . . 

. . . log 

cos 

8.996455 

5 — A = 

67 

30 

52 .5 . . . 

. . . log 

sin 

9.965661 






19.106963 


and the computation is finished as in the preceding article. 

147 . If we aim at the greatest degree of precision which the 
logarithmic tables can afibrd, we should find the angle by its 
tangent, since the logarithms of the tangent always vary more 
rapidly than those of the other functions. Tor this purpose we 
deduce 

^ i (C -f 50 + ^) 

(^ - y) sin (^ - 0 \ 

^ \ COS 5 cos — C) / 
or. if the altitude is used, 

^ = -J ^ jp^ 

cos s sin {s — h) 
sin (s — <p) cos {s — P) 

148. If a number of observations of the same star at the same 
place are to be individually computed, it will be most readily 
done by tbe fundamental equation 

COB t = CQB C — sin y sin S 



(269) 

] 


(270) 


cos ^ cos d 
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trigonometric table the log. of 1“.^ W “•!? *»“ ^o 

talor will then be found by fho aid of 7io tlto nume- 

troctio.1 Table, whieb is So wto ? tr? ® O' Sub- 
Tables. Tbe Idditiou or tbl of 

coidiug as sin p siu S i, posiliyror Mgrvo 


ntuitipiyiugd, by 




where d^, dtp, d$, may denote small errors of r a 

eorrespondiiiff error of i! flute + ’ ■ * ttie 

augle.Sr angle aUbe eta, ‘ « ‘h* Parallactic 

4 "tandlafr^ - kavo, by putting 


Ibdt 


dC 


d!. 


sin q cos S cos p sin A 


“lb!: i^iinftSru” fr 

azimuth is 90° or 270°- that is i when the 

vertical ; for we tbe.. W 15 TIT,*' r‘“ ™ '>■* 

Ot this expression obtains its miv- " denominator 

Bi-e cos', is a nmxCm T’- ^Iso, 
tious of zenith distances for determint r® 
most accurate results when the olaee isi ?i ^ give the 
other hand, tbe least fall!” Sw„7. f,““ 

0.1 tbe meridian, and the least fl i i * “ when it is 

ie at tbe pole. P«ttiou of tbe obseiver 

® J puttiiijor dr = 0 a c,; 

’ ’ !? cos 5 = cos , sin A we have 


15 dt 


d(p 

cos ^ tan A] 


least eftectwben fte star'tao.rtheV”*'*"'^* *he 

obterret is on tbe eiptal r ll 
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the prime vertical, a small error in <p lias no appreciable eftect : 
since, then, tan JL = 00 , and lienee when the latitude is uncertain, 
we maj still obtain good results by observing only stars near the 
prime vertical. 

By putting = 0, df = 0, we have 


Udt 


dd 

cos d tan q 


which shows that the error in the declination of a given star 
produces the least eflect w'hen the star is on the prime vertical 
and of different stars the most eligible is that which is nearest 
to the equator. 

As very great zenith distances (greater than 80°) are, if pos^ 
sible, to he avoided on aecoiiiit of the uncertainty in the refraction, 
the observer will often be obliged, especially in high latitudes, 
to take his observations at some distance from the prime vertical, 
ill which case small errors of zenith distance, latitude, or declina- 
tion may have an important effect upon the computed clock cor- 
reeiion. Nevertheless, constant errors in these quantities will 
ha\e no sensible effect upon the rede of the clock deduced from 
zenith distances of the same star on different days, if the star is 
observed at the same or nearly the same azimuth, on the same 
side of the meridian; for all the clock corrections will he in- 
creased or diminished hy the same quantities, so that their 
difierenees, aud consequently the rate, will be the same as if 
t lese errors did not exist. The errors of eccentrieity and 
g:mdaatioii of the iiistnmieiit are among the constant errors 
which may thus be eliminated. 


But if the same star is observed both east and west of the 
meridian and at the same distanee from it, smA or tan and 
tan 5, will he positive at one observation and negative at the 
(fo q® same nnmerical value, constant errors 

onnl5f-A^”-^ numerical value of dt with 

f'; the deduced clock correc- 

mean vmII be the true correction at the time of the star’s transit 


* From the equation 

(for constant values of 
same case. 


gj,, ^ COS <l> . , . 

^ ~ follows that sin g is a maiimum 

■ “<1 <') ^I'on sin ^ = 1 , and tan g is a the 
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over the meridian. Hence, it follows again, as in Art. 143 that 
small errors in the latitude and declination have no sensible 
eftect upon the time computed from equal altitudes. 

150. To find the change of zenith distance of a star in a given in- 
icrml of time, having regard to semid differences. 

The formula 

— cos ^ sin A dt 

is strictly true only when d^ and dt are infinitesimals. But the 
complete expression of the finite difterence in terms of the 
finite difterence At involves the square and higher powers of 
Let be expressed as a function of t of the form 

^=ft 

then, to find any zenith distance ^ corresponding to the 
hour angle t + At, we have, by Taylor’s Theorem, 

C + a: =f(t + A<) =ft + d'^ft At^ 

dt dt'‘ 2 ‘ 


or, taking only second dift'erciices, 


Ar = i^.A^ + ^!!£.^ 
dt dP 2 


W’e have already found 

dt 


— cos ^ sin A 


which gives, since A varies with t, but cp is constant, 

dK d 4 

— = cos 55 cos A . — 

dt 

— = ^ ^ q sin A 

whence sin C sin t 

dX 


cos (p sin 
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and the expression for becomes 

cos (p sin A cos A cosy 


aC = cos ^ sin ^ . A^ + 


sin t 


Since ai^ and id are here supposed to be expressed in parts of 
tlie radius, if we wish to express them in seconds of arc and of 
time respectively, we must substitute for them a^;^ sin 1" and 
15 Ai sin 1", and the formula becomes 


aC = cos (p sin A (15 a^) 


cos <p sin A cos A cos q (15 Aty sin 1" 

2 


sin t 


(271) 


But in so small a term as the last we may put 


(15 A^)^ sin 1" 2 sin* i At 

2 sin 1" 


: m 


the value of which is given in our Table V., and its logarithm 
in Table VI. ; so that if we put also 


we shall have 


^ , cos A cos q 

a = cos q) sin A^ k — ^ 

sin t 


aC = 15 aAt -f akm 


(272) 

151. A number of zenith distances being observed at given clock 
times, to correct the mean of the zenith distances or of the clock times 
for second di^er&'Lces, — The tu*st tcrni of tliG £tl)ovG vuluc ot* 
varios in propoitioii to ^t, but tbo socond tBrin varios in proper- 
tiou to cJ ? ; and hence, when the interval is sufficiently great to 
render this second term sensible, equal intervals of time corre- 
spond to unequal differences of zenith distance, and vice versa: 
in other words, we shall have second differences either of the 
zenith distance or of the time. Two methods of correction 
present themselves. 

Ist. Reduction of the mean of the zenith distances to the mean of the 
times.— Let T^, T^, T^, &e. be the observed clock times ; r., r„ r. 
&c. the corresponding observed zenith distances; Tthe mean ot 
the times; Co the mean of the zenith distances; r the zenith 
distace coiresponding to T. The ohauge f. - f con-eeponde to 
the interval T,- T, ; to T,- T, *o. ; so that if ,ve put 


T^—T: 


r, — T-. 


, &e. 



COBBEOTION lOR SBCOJf]) DIFFERENCES. 


215 


we hare, by (272), 

— C = 15 a Tj + aJm^ 

Cfl — C = 15aT, + alm\ 

Cj — C == 15aTg + oMi^ 

&c. &c. 

. , , , 2 sin* ir, 2 sin* i j i m i 

in which nu = — t-tt™, ^ &c., are found by Tab.T. 

sin 1" sm 1" 

with the arguments rg, &c. The mean of these equations, 
observing that 

. h + + ^3 + ^ 

gives 

f=:C + ^>8 + 

® n 


ill which n = the number of observations. Or, denoting the mean 
of the values of m from the table by that is, putting 

M = 

® n 

we have 

C = Co — (278) 

Reduction of the mean of the times to the mean of the zenith 
distances , — ^Let 7J, t;he clock time corresponding to the mean 
of the zenith distances, then Co C change of zenith dis- 
tance in the interval and, since this interval is very small, 

we shall have sensibly 

whence 


^0= ^ + (274) 

Ve have, then, only to compute the true time 7J,' from the mean 
of the zenith distances in the usual manner, and the clock coiv 
rection will then be found, as in other cases, by the formula 

^T= ^ T, 

To compute A, we must either first find q and A, or, which is 
preferable, express it by the known quantities. We have 

cos cos^ = cos t — sin ^ sin A cos C 
. sin* t 

= cos t cos <p cos ^ COB C 

sin* C 
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wlience 


2 ; = T + t's cot t 


T ^ 


si n cos y cos d 
sin C tan C 


(275) 


in wliicli we employ for C ^ the mean zenith distance and 
the computed hour angle. 

This mode of correction is evidently more simple and direct 
than the first. 


Example. — In St. Louis, Lat. 38° 38' 15" H., Long. 6'“ T" 7* W 
tne following double altitudes of the sun were observed with a 
Fistor and Martin prismatic sextant, the index correction of 
which was + 20". The assumed correction of the chronometer 
to mean local time w’as + 2"* 12". Barom. 30.25 inches, Att. 
Therm. 80°, Ext. Therm. 81°. 


St. Louis, June 24, 1861. 



2^ 

Chronom. 

r 

m 


125° 15' 10" 

22* 

30'.5 

Qwi 42* 

88". 14 


125 49 10 

16 

7.5 

5 5 

50 .73 


126 23 0 

17 

46.0 

3 26 

23 .14 


126 41 40 

18 

39.5 

2 33 

12 .76 


127 82 30 

21 

6.5 

0 6 

0 .02 


.127 57 45 

22 

22. 

1 10 

2 .67 


128 22 0 

23 

33.5 

2 21 

10 .84 


128 51 50 

25 

1.2 

3 49 

28 .60 


129 8 35 

25 

51 .3 

4 89 

42 .46 


129 33 0 

27 

3.5 

5 61 

67 .19 

Mean 

127 33 28 

7^= 22 21 

12.15 

= 

= 82 .66 


+ 20 

Correction for \ 

1.67 

log 

1.5139 


127 33 48 

second diff. / 

Obs’d 0 

63 46 54 

3" =22 21 

10.48 

log. 

8.8239 


— 27 .2 

7 ^ 0 ' = 22 23 

22 .94 

log cot t 

wO.3367 

+ 3 .7 


— 4*. 73 

71(1(5745 

T = 

AT= -t- 2 

12.46 


+ 15 46 .3 



'og rr «o 

0.3378 

A„ = 

64 2 16 .8 



log sin t 

ri9.6215 


25 57 43 .2 



log cos (p 

9.8927 

= 

38 38 15 . 



log cos 6 

9.9627 

6 = 

23 23 49 .3 



log cosoc Co 

0.3688 

t =■ 

— 24° 43' 48".4 



log cot Co 

0.3125 

= . 

— 1*38’"55».23 



— 3*.06 

n0.4860 

App. time = 

22 21 4.77 



— 1 .67 


£q. of time = 

-f 2 18 .17 





'pf — 

J.Q 

22 23 22.94 






*Tlie refraction should here be the mean of the refractions computed for the 
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The ccnection for second difleiences is paiticulaily useful in 
reducing senes of altitudes obseived with the lepeating circle,* 
for with tins instrument we do not obtain the several altitudes, 
but only then moan (See Yol II ) When the several altitudes 
aie known, we can avoid the collection by computing each 
observation, or by dividing the whole series into gioups of such 
extent that within the limits of each the second difteiences will 
be insensible, and computing the time from the mean of each 
group 


FOURTH METHOD — BY THE DISAPPEARANCE OF A STAR BEHIND A 
TERRESTRIAL OBJECT 

152 The rate of the clock may be found by this method with 
considerable accuracy without the aid of astionomical instru- 
ments The terrestrial object should have a shaiply defined 
vertical edge, behind which the disappearance is to be obseived, 
and the position of the eye of the obseiver should be precisely 
the same at all the observations If the stai’s right ascension 
and decimation aie constant, the difterence between the sideieal 
^ clock times and of two disappearances is the rate ^^Tin the 
interval, oi 

dT= 2 ;— 2 ; 


but if the light ascension a has increased in the interval by Aa, 
then the rate is 

dT= 2,— 2, + Aa 


To find the correction for a small change of declination = a5, 


several altitudes or zenith distances, hut for small zenith distances the difference 
will be insensible At great zenith distances we should compute the several refrac- 
tions, but under 80° we may take the refraction r for the mean apparent zenith 
distance iSq, and correct it as follows Take the difference between and each 2 , and 
the mean of the values of 

2 sm» 

sm 1" 

from Table V (converting the argument z — Zq into time) , then the mean of the 
refractions will be found by the formula 

= r + Ittiq sin r sec^ z^ 

The difference z — Zq should not much exceed 1° 

* This method was frequently practised in the geodetic survey of France See 
J^oiivelle Bescnption Geometnque de la Fiance (Puissant), Vol I p 96 
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we have, hj the second eq^uation of (dl), siucc the azimuth is heie 
constant as well as the latitude, so that dA = 0 and df = 0, 

^ a5 tan q 
i^t — i 

15 cos 5 

and hence the rate in the interval will be 

r. — r, + Ad — (276) 

15 cos d 

The angle q will be found with sufficient precision from an 
appioximate value of i by (19) or (20), 

If we know the absolute azimuth of the object, we can find 
the hour angle by Art 12, and hence also the clock correction 

TIME OP KISINU AND SETTING OP THE STARS. 

153 To find the time of true rising or setting^ — that is, the instaht 
when the star is in the true horizon, — we have only to compute 
the hour angle by the formula (28) 

cos t = — tan <p tan S 
and then deduce the local time by Art 55 

154 To find the time of appaieni rising or setting^ — that is, the 
instant when the star appears on the hoiizon of the obseiver, — we 
must allow for the horizontal refraction Denoting this i efi action 
by Tq, the true zenith distance of the stai at the time of apparent 
rising or setting is 90^ + ^o? employing this value foi we 
compute the hour angle by (267) 

Since the altitude h ~ 90^ — we have in this case h = — r^, 
with which we can compute the lioui angle by the formula (268) 

In common life, by the time of suniise oi sunset is meant the 
instant when the sun’s iippei limb appears in the hoiizon The 
tiue zenith distance of the centre is, then, ^ = 90® + — tt + aS 

(where ;r = the hoiizontal parallax and S=t\iQ semidiametei), 
with which we compute the hour angle as before. The same 
form IS to be used foi the moon 

TIME OP THE BEGINNING AND ENDING OF TWILIGHT 

155 Twilight begins m the moining or ends in the evening 
when the sun is 18® below the horizon, and consequently the 
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zenith distance is then ^ = 90° + 18°, or h — — 18°, with which 
we can find the hour angle by (267) or (268). 

Note. — Methods of finding at once both the time and the latitude from observed 
altitudes will be treated of under Latitude, in the neit chapter. 


PINDINO THE TIME AT SEA. 

First Method. — By a Single Altitude. 

156. This is the most common method among navigators, as 
altitudes from the sea horizon are observed with the greatest 
facility with the sextant. Denoting the observed altitude cor- 
rected for the index error of the sextant by H, the dip of tlie 
horizon by D, we have the apparent altitude h' = H — I) ; then, 
taking the refraction r for the argument A', the true altitude of a 
star is A = A' — r. A planet is observed by bringing the esti- 
mated centre of its reflected image upon the horizon, so that no 
correction for the semidiameter is employed ; the parallax is com- 
puted by the simple formula (jr being the horizontal parallax) 

p z=n cos h' 

and hence for a planet 

h = h' — r t : cos A' 

The moon and sun are observed by bringing the reflected 
image of either the upper or the lower limb to touch the horizon. 
As very great precision is neither possible nor necessary in these 
observations, the compression of the earth is neglected, and the 
parallax is computed by the formula 

p = cos (A' — r) 

and then, being the semidiameter, 

h — Ji' — r -f- TT cos (A' — r) ± 5 

In nautical works, the whole correction of the moon’s altitude 
for parallax and refraction = tc cos (A' — r) — r is given in a table 
with the arguments apparent altitude (A') and horizontal parallax 
{n). In the construction of this table the mean refraction is used, 
but the corrections for the barometer and thermometer are given 
in a very simple table, although they are not usually of sufacient 
importance to be regarded in correcting altitudes of the moon 
which are taken to determine the local time. 
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TTie hour angle is usually found by (268). 

It is important at sea, -where the latitude is always in some 
degree uncertain, to find the time by altitudes near the prime 
vertical, where the error of latitude has little or no efiect 
(Art 149). 

157. The instant when the sun’s limb touches the sea horizon 
may he observed, instead of measuring an altitude with the sex- 
tant. In this case the refraction should be taken for the zenith 
distance 90° + D, but, on account of the uncertainty in the hori- 
zontal refraction, great precision is not to be expected, and the 
mean horizontal refraction may be used. We then have 
^ = 90° + -D + ^0 — ± with which we proceed by (267). In 
so rude a method, 7t may be neglected, and we may take 16' as 
the mean value of S, 36' as the value of Tq, 4' as the average 
value of i) from the deck of most vessels; then for the lower 
limb we have = 90° 56', and for the upper limb = 90° 24'. If 
both limbs have been observed and the mean of the times is 
taken, the corresponding ho-ur angle will be found by taking 
^ = 90° 40'. 


Second Method. — JBy Uqual Altitudes. 

158. The method of equal altitudes as explained in Arts. 139 
and 140 may be applied at sea by introducing a correction for 
the ship’s change of place between the two observations. If, 
however, the ship sails due east or west between the observa- 
tions, and thus without changing her latitude, no correction for 
her change of place is necessary, for the middle time will evi- 
dently correspond to the instant of transit of the star over the 
middle meridian between the two meridians on which the equal 
altitudes are observed. But, if the ship changes her latitude, 
let 

= the increase of latitude at the second observation; 
then (Art. 149) the effect upon the second hour angle is 

= ^ , 

15 cos tan A 

vyliicli is the correction subtractive from the second observed 
time to reduce it to that -whicli would have been observed if the 
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ship had not changed her latitude oi had run upon a paiallel 
Hence ^6.1 is to be subtracted fiom the mean of the chioiio- 
metei times to obtain the chioiiometei time of the star’s transit 
oyer the middle meridian. 

Ill this formula we must observe the sign of tan A It will 
be more convenient in piaetice to disregard the signs, and to 
apply the iinmeiical value of the correction to the middle time 
according to the following simple rule- — add the coirection when 
the ship) has 'receded from the sun, subtract it when the ship has 
approached the siin. 

The azimuth may be found by the formula 

, sm i cos 5 

sin A = 

cos h 

in which for i we take one-half the elapsed time 

The sun being tbe only object which is employed in this way, 
we should also apply the e(puation of eqiiA altitudes, Art 140; 
but, as the greatest change of the sun’s declination in one hour 
is about 1^, and tbe change of the ship’s latitude is generally 
much greatei, the equation is commonly neglected as relatively 
unimportant in a method which at sea is necessarily but ap- 
pioximate But, if required, the equation may be computed 
and applied precisely as if the ship had been at rest. 

Example — At sea, March 20, 1856, the latitude at noon being 
39° IT , the same altitude was observed A.M. and P M as fob 
lows, by a chronometer regulated to mean Greeinvich time 


Obsd 

30° 0' 

AM Chro time = 11* SD” 

33 

Index corr. 

— 2 

PM “ « = 6 20 

17 

Dip 

— 4 

Elapsed tune =2t= 6 40 

44 

Refraction 

— 2 

Middle time = 2 59 

55 

Semidiam 

+ 16 

Chron coriection = — 2 

12 

h 

= 30 8 

Green time of] 95 "^ 

noon 1 

43 


The ship changed her latitude between the two obseivations 
by A<f = — 20' = — 1200'' Foi the (xieeiiwicli date March 
20, 2^ 58”', the Ephemeris gives 5 = + 0^ 4', and we have t — 
3^ 20”^ 22" = 50° 5' 30", <p = 39° 0' Hence 
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log 

sin t 

9.8848 

log 

ic 

8.5229 

log 

cos d 

0.0000 

log 

A(p 

3.0792 

log 

sec h 

0.0631 

log 

sec <p 

0.1095 

log 

sin A 

9.9479 

log 

cot A 

9.7165 




log 

26*.8 

1.4281 


The ship has approached the sun, and hence 26^8 must be sub- 
tracted from the middle time. 

If we wish to apply the equation of equal altitudes, we have 
further from the Ephemeris a' 5 = + 59", and hence, by Art. 
140, 

log A n9.4628 log B 9.2698 

log a' 5 1,7709 log A'd 1.7709 

log tan 9.9084 log tan d 7.0658 

a = — l3^9 log a nl.l421 5 == + 0^0 log b 8.1065 

Hence we have 

Chro. middle time = 2^ 59” 55*. 

Corr. for change of lat. = — 26 .8 

Equation of eq. alts. = — 13 .9 
Chro. time app. noon == 2 59 14 .3 

At sea, instead of using the observation to find the chrono- 
meter correction, we use it to determine the ship’s longitude (as 
will be fully shown hereafter) ; and therefore, to carry the opera- 
tion out to the end, we shall have 

Chro. time app. noon = 2* 59” 14* 

Corr. of ohronom. = — 2 12 

Green, mean time noon = 2 57 2 

Equation of time = — 7 48 

Greenwich app. time at the local noon = 2 49 14 

which is the longitude of the middle meridian, or the longitude 
of the ship at noon. 

159. In low latitudes (as within the tropics) observations for 
the time may be taken when the sun is very near the meridian, 
for the condition that the sun should be near the prime vertical 
may then be satisfied within a few minutes of noon ; and in case 
the ship’s latitude is exactly equal to the declination, it will be 
satisfied only when the sun is on the meridian in the zenith. In 
such eases the two equal altitudes may be observed within a few 
minutes of each other, and all corrections, whether for change 
of latitude or change of declination, may he disregarded. 
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CHAPTER VI. 

riNDING THE LATITUDE BY ASTRONOMICAL OBSERVATIONS. 

160. By tlie definition, Art. 7, the latitude of a place on the 
surface of the earth is the declination of the zenith. It was also 
shown in Art. 8 to be equal to the altitude of the north pole above 
the horizon of the place. In adopting the latter definition, it is 
to he remembered that a depression below the horizon is a 
negative altitude, and that south latitude is negative. The 
south latitude of a place, considered numerically, or without 
regard to its algebraic sign, is equal to the elevation of the 
south pole. 

It is to be remembered, also, that tlie latitude thus defined is 
not an angle at the centre of the earth measured by an arc of 
the meridian, as it would be if the earth were a sphere ; but it 
is the angle which the vertical line at the place makes with the 
plane of the equator. Art. 81. 

"We have seen, Art. 86, that there are abnormal deviations of 
the plumb line, which make it necessary to distinguish between 
the geodetic and the astronomical latitude. We shall here treat ex- 
clusively of the methods of determining the astronomical lati- 
tude; for this depends only upon the actual position of the 
plumb line, and is merely the declination of that point of the 
heavens towards which the plumb line is directed. 

FIRST METHOD. — BY MERIDIAN ALTITUDES OR ZENITH DISTANCES. 

161. Let the altitude or zenith distance of a star of known 
declination be observed at the instant when it is on the meridian. 
Deduce the true geocentric zenith distance C, and let 8 be the 
geocentric declination, (p the astronomical latitude. 

Let the celestial sphere be projected on the plane of the 
meridian, and let ZNZ', Pig. 24, be the celestial meridian: Q 
the centre of the sphere coincident with that of the earth: POP' 
the axis of the sphere; P the north pole; and ECQ the projection 
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of tlie plane of the equinoctial Let CZ be paiallel to the 
vertical line of the obseiver, then the points of the celestial 
spheie, being the vanishing point of all 
lines parallel to is the astionomical 
zenith of the obseivei, and ZE— the astio- 
nomical latitude — (p If, then, A is the 
position of the star on the meridian, north 
N of the equator but south of the zenith, we 
have ZA = AE — 5, and hence 

+ C (277) 

z 

This equation may be treated as entirely general by attending 
to the signs of <? and ^ Since in deducing it we supposed the 
stai to he north of the equator, it holds foi the case 'where it is 
south by giving the declination in that case the negative sign, 
according to the established practice, and, since we supposed 
the star to be south of the zenith, the equation will hold for the 
case wheie it is north of the zenith by giving in that case tlie 
negative sign If the stai is so fai noith of the zenith as to be 
below the pole, or at its lower culmination, the equation will 
still hold, provided we still undei stand by d tho star's distance 
north of the equator, measured fiom E throwgh the zenith and 
eleiated pole^ or the aic EA^ This aic is the supplement ot the 
declination, and we may here remark that, in general, any 
formula deduced foi the case of a star above the pole will 
apply to the case where it is below the pole by employing the 
supplement of the declination instead of the declination itself; 
that IS, by reckoning the declination oier the pole. 

The case of a star below the pole is, however, usually con- 
sidered under the following simple form. Put 

P = TA = the star's polar distance, 
h = true altitude, 

then 

<P=TAh (278) 

ill which for south latitude Pmust be the star’s south polar dis^ 
tance, and tho snin of jp and h is only the numerical value of ^ 

The declination is to bo found for the instant of tire meridian 
transit by Art 60 or 62. 

In the observatory, instruments are employed which give 
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du’ectl j the zenith distance, or its supplement, the nadir distance. 
With a meridian circle j^erjectly adjusted in the meridian, the 
instant of transit would be known without reference to the 
clock, and the observation would be made at the instant the 
star passed the middle thread of the reticule ; hut when the in- 
strument is not exactly in the meridian, or when the observation 
is not made on the middle thread, the observed zenith distance 

must he reduced to the meridian, for which see Tol. n. Meridian 
Circle. ’ 

With the sextant or other portable instruments the meridian 
altitude of a fixed star may be distinguished as the greatest 
altitude, and no reference to the time is necessary. But, as the 
sun, moon, and planets constantly change their declhiatioii, 
their greatest altitudes may be reached either before or after the 
meridian passage and in order to observe a strictly meridian 
altitude the clock time of transit must be previously computed 
iiucl the oLsorvod <it that tinio. 

Example l.-On March 1, 18.56, in Long. 10" 5- 82* E., suppose 
the apparent me ridian altitude of the sun’s lower limb north of 
the zenith, is 03° 49' 50", Barom. 30. in., Ext. Therm. 50°; what 
is the latitude ? 

App. zon. dist. O = 26° 10' 10". 

r = -f 28 .7 

p = ~ 3 .8 

8 = + 16 10 .3 

r = — 26 26 45 .2 
5 = — 7 3 3 5 .8 

P = _ 33 59 50 

Example % — July 20, 1856, suppose that at a certain place 
the true zenith distances of a Aquilce south of the zenith, and 
a Cephd north of the zenith, have been obtained as follows : 
a Admits aCejphd 

c = + 26“ 34' 27".5 ?: = - 26° 54' 28".3 

^ ^ 5 = 4- 61 58 21 .1 

= 4- 85 3 50 .2 9= 4- 35 3 52 .8 

The mean latitude obtained by the two stars is, therefore, 
f = -4- 35° 3' 51" . 5. In this example, the stars being at nearly 

* See Art. 172 for the method of finding the time of the sun’s greatest altitude, 
vhich may also he used for tlie moon or a planet. 

' Voi. 1.— 15 
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the same zenith distance, but on opposite sides of the zenitli, any 
constant though unknown error of the instrument, peculiar to 
that zenith distance, is eliminated in taking the mean. Thus, 
if the zenith distance in both cases had been 10" greater, we 
should haye found from a cp == 35^ 4' 0".2, but from 

a Ce])}iei (p = 35° 3' 42". 8^ but the mean would still be cp -- 3o° 8' 
ol".5. 

It is evident, also, that errors in the refraction, wdiether due to 
the tables or to constant errors of the barometer and thermo- 
meter, or to any peculiar state of the air common to the two 
ohservations, are nearly or quite eliminated by thus combining a 
pair of stars the mean of whose declinations is nearly equal to 
the declination of the zenith. The advantages of snch a com- 
bination do not end here. If we select the two stars so that tho 
difterence of their zenith distances is so small that it may be 
measured with a micrometer attached to a telescope which is so 
mounted that it may he successively directed upon the two stars 
without disturbing the angle which it makes with the vertit?al 
line, we can dispense altogether with a graduated circle, or, at 
least, the result obtained will be altogether independent of its 
indications. For, let ^ and he the zenith distances, r? and 
the declinations of the two stars, the second of whicli is north of 
the zenith; then, if C' denotes only the numerical value of the 
zenith distance, we have 

<p = 8 

= — C' 

the mean of which is 


^ J (5 q- H') -(- J — C') (2/ 9) 

so that the result depends only upon the given declinations and 
the observed difference of zenith distance which is measured with, 
the micrometer. Such is the simple principle of the method first 
introduced by Captain Talcott, and now extensively used in this 
country. To give it full etfect, the instrument formerly known 
as the Zenith Telescope in England has received several important 
modifications from onr Coast Survey. It will be fully treated of, 
in its present improved form, in Tol II., where also will be 
found a discussion of Talcott’s method in all its details. 

162. Meridian altitudes of a circumpolar star observed both above 
and below the pole , — ^Every star whose distance from the elevated 
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pole is less than the latitude may he observed at both its upper 
and lower culminations. If we put 

h 

K 

P 
Pi 

we have, evidently, 

<p = li — 

<p zz=z 

the mean of which is 

<P = ^(Ji \) -t- J- (jPj — jp) (280) 

whence it appears that by this method the absolute values of p 
and Pi are not required, but only their difference pi—p. Tlio 
change of a star’s declination bj^ precession and nutation is so 
small in 12^^ as usually to be neglected, but for extreme precision 
ought to be allowed for. This method, then, is free from any 
error in the declination of the star, and is, therefore, employed 
in all fixed observatories. 


= the true altitude at the upper culmination, 

= lower 

= the star’s polar distance at the upper culmination, 
= lower 


Example. — With the meridian circle of the IsTaval Academy 
the upper aud lower transits of Polaris were observed in 1853 
Sept. 15 and 10, and tbe altitudes deduced v'ere as below : 


Upper Transit. 

Sept. 15, App. alt. 40°28'25".42 
Barom. 30.005 'v 
Att. Therm. 05°. 2 iuef. 1 6.84 
Ext. “ 63 .8 J 

h =Z 40 27 19 .08 

jp = 1 28 26 .04 

^6 =38 58 53 -Ci 


Lower Transit. 

Sept. 16, ■ 37° Sr 39". 76 

Barom. 30.146 -j 

Att. Therm. 76° (Ref. 1 12 .45 
Ext. “ 74 .eJ 

= 37 30 27 .31 
/>!= 1 28 25 .86 

^ = 38 58 53 .17 
53 .04 

Mean ^ = 38 58 53 .11 


In order to compare the results, each observation is carried 
out separately. Ey (280) wo should have 


l(ji + AJ = 38^^ 58' 53".20 

l(Pi—p)= — 0 .09 

= 58 53 .11 

riiis method is still subject to the whole error in the refraction, 
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wliieli, laoweA^er, in tlio present state of the tahlcs, will nsnally 1)C 
very small. 

If the latitude is greater than 45®, and the star’s dcelination 
less than 45®, the upper transit occurs on the opposite side of the 
zenith from the pole. In that case h must still represent th<^ 
distance of the star from the point of the horizon helow the pole, 
and ^Yill exceed 90®. Thus, among the Greenwich ohservations 
we find 

1837 June 14, Capella \ = 7° IS' 7".94 
^ =^95 39 7 .91 

<p 2S"37 .93 

163. Meridian zenith distances of the sun observed near the smnmcr 
and winter solstices. — ^When the place of observation is near the 
equator, the lower culminations of stars can no longer l)e ob- 
served, and, consequently, the method of the preceding article 
cannot be used. The latitude found from stars observed at their 
upper culminations only is dependent upon the tabular declina- 
tion, and is, therefore, subject to the error of this declination. If, 
therefore, an observatory is established on or near the equator, 
and its latitude is to be fixed independently of observations made 
at other places, the meridian zenith distances of stars cannot be 
employed. The only independent method is then by meridian 
observations of the sun near the solstices. 

Let us at first suppose that the observations can be obtained 
exactly at the solstice, and the obliquity (e) of the ecliptic is 
constant. The declination of the sun at the summer solstice is 
= ■+£, and at the winter solstice it is ==-—£; hence, from the 
meridian zenith distances and observed at these times, we 
should have 

e 

the mean of which is 

^ = Kc + c') 

a result dependent only upon the data furnished by the observa- 
tions. 

iNow, the sun will not, in general, pass the meridian of the 
observer at the instant of the solstice, or when the declination is 
at its maximum value e; nor is the obliquity of the ecliptic con- 
stant. But the changes of the declination near the solstices arc 
very small, and hence are very accurately obtained from the 
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solar tal)les (or from tlie Ephemeris wliicli is liasecl on tliese 
tables), notwithstanding small errors in the absolute value of the 
obliquity. The small change in the obliquity between two 
solstices is also very accurately known. If then as is the un- 
known correction of the tabular obliquity, and the tabular values 
at the two solstices are e and e', the true values are e -j- as and 
e' + AS ; and if the tabular declinations at two observations near 
the solstices are e — x and — - (s' — x')^ the true declinations wull 
be (? = £ -f ^ and = — (s' + as — a:'), and by the formula 
^ — d shall have for the two observations 

^ — C -f ^ + Ae — X 

<p = C/ — e' — A£ + 0)' 

the mean of which is 


^ = j(C + C') + 

a result which depends upon the small changes s — e' and x — 
both of which are accurately known. 

It is plain that, instead of computing these changes directly, it 
suffices to deduce the latitude from a number of observations 
near each solstice by employing the apparent declinations of the 
solar tables or the Ephemeris; then, if is the mean value of 
the latitude found from all the observations at the northern 
solstice, and the mean from all at the southern solstice, the 
true latitude will be 

ip = 

Every observatiou should he the mean of the observed zenith 
distances of both the upper and the lower limb of the sun, in 
order to be independent of the tabular scmidianieter and to 
eliminate errors of observation as far as p)ossible. 

SECOI^D METHOD. — BY A SINGLE ALTITUDE AT A GIVEN TIME. 

164. At the instant when the altitude is observed, the time is 
noted by the clock. The clock correction being known, avo find 
the true local time, and hence the star’s hour angle, by the 
formula 

t ■=. 0 CC 

in Avliicli 0 is the sidereal time and oc the star’s ridit ascension. 
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If the sun is observed, i is simply the apparent solar time. We 
have, then, by the first equation of (14), 

sin ^ sin (5 -j- cos tp cos b cos t = sin h 

in which f is the only unknown quantity. To determine it, 
assume d and D to satisfy the conditions 

sin i> == sin d 

d cos D = cos d cos t 

then the above equation becomes 

d cos (jp — D) = sin h 

which detei'mines <p — -D, and hence also (p. For practical con- 
venience, however, put 


cp — = :h Y 

then, by eliminating the solution may be put under the follow, 
ing form : 

tan jD = tan <5 sec t 

cos Y ~ sin ft sin J) cosec 5 ) (281) 

^ = Z) zh r / 

The first of these equations fully determines D, which will be 
taken numerically less than 90°, positive or negative according 
to the sign of its tangent. As t should always be less than 00°, 
or D will have the same sign as 

The second equation is indeterminate as to the sign of 
since the cosine of + ^ and — y “the same. Hence we 
obtain by the third equation tw^o values of the latitude. Only 
one of these values, however, is admissible when the other is 
numerically greater than 90°, which is the maximum limit of 
latitudes. When both values are within the limits + 90° and 
— 90°, the true solution is to be distinguislied as that wdiicli 
agrees best with the approximate latitude, which is always suffi- 
ciently well known for this purpose, except in some peculiar 
cases at sea. 


Example 1. — 1856 March 27, in the assumed latitude 23° S. 
and lougitude 4e3° 14' W., the double altitude of the sntrs lower 
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limb observed with the sextant and artificial horizon 114^ 
40' 30'' at 4^ 21’'^ 15" by a Greenwich Chronometer, which was 
fast 2’”^ 30". Index Correction of Sextant = — 1' 12", Barom. 
29.72 inches, Att. Therm. 61° F., Ext. Therm, 61° E. Eequired 
the true latitude. 


Sextant reading = 114° 40' 30" 

Chronometer 

4* 21» 15* 

Index corr. = — 1 12 

Correction 

— 2 30 

114 39 18 

G-r. date, March 27, 4 18 45 

App. alt. Q = 57 19 39 

Longitude = 

2 52 56 

Semidiameter = -|~ 16 3 

Local mean t. = 

1 25 49 

Eef. and par. = — 31 

Eq. of time = 

— 5 19 

A= 57 35 11 

App. time, t = 

1 20 30 

^ = -f 2 51 30 

= 

: 20° 7' 30" 

log sec t 0.027360 



log tan d 8.698351 



log tan D 8.725711 

log cosec 0 

1.302190 


log sin D 

8.725098 

00 

CO 

0 

CO 

+ 

II 

log sin li 

9.926445 

Y ^ 25 58 49 

log cos Y 

9.953733 

I) — rz=<p = — 22 56 11 




Example 2. — 1856 Aug. 22 ; suppose the true altitude of 
Foynalhaut is found to be 29° 10' 0" when the local sidereal time 
is 21'" 49”^ 44" ; what is the latitude ? 

We have a = 22* 49”" 44% whence — l^O'^O*; <5= — 30° 22' 47". 6 ; 
D= _ 310 15 ; ^ ^ ^ 0 QO Q, ^ ^ _j_ 28° 44' 53". The nega- 

tive value of y here gives <p = — 91° 15' 19" j which is inadmissible, 

165. The observation of equal altitudes east and west of the 
meridian may be used not only for determining the time (Art. 
139), but also the latitude. For the half elapsed sidereal time 
betAveen two such altitudes of a fixed star is at once the hour 
angle required in the method of the preceding article. When 
the sun is used in this way, the half difterence between the 
apparent times of the observations is the hour angle, and the 
declination must be taken for noon, or more strictly for the 
mean of the times of observation. By thus employing the 
mean of tlic A.M. and P.M. hour angles and the mean of the 
corresponding declinations, we obtain sensibly the same result 
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as by computing each observation separately with its proper 
hour angle and declination and then taking the mean of the 
two resulting latitudes; and an error in the clock correction 
does not affect the final result. The clock rate, however, naust 
be known, as it affects the elapsed interval. See also Art. 182. 


166. Effect of err on in the data upon the latitude computed from an 
observed altitude, — ^From the first of the equations (51) we find 


d(p = 


d: 

cos ± 


sin q cos d 
cos JL 


dt 4- 


cos^^ 

cos 


dd 


or, since h= 90"^ — dh = — d^^ and sin q cos d = cos <f sin A, 

= — sec A. dh — cos ^ tan A.dt cos q sec A . dd 

whence it appears that errors of altitude and time will have the 
least effect when A = 0 or 180®, that is, when the observation is 
in the meridian, and the greatest effect when the observation is 
on the prime vertical. If the same star is observed on both 
sides of the meridian and at equal distances from it, the coeffi- 
cient of dt will have opposite signs at the two observations, and 
hence a small error in the time will be wholly eliminated by 
taking the mean of the values of the latitude found from twa 
such observations. It is advisable, therefore, in taking a series 
of observations, to distribute them symmetrically with respect to 
the meridian. When they are all taken very near to the meri- 
dian, a special method of reduction is used, w'hich will be 
treated of helow as onr Third Method of finding the latitude. 

The sign of see A is different for stars north and south of 
the zenith: hence errors of altitude will be at least partially 
eliminated by taking tie mean of the results found from stars 
near tie meridian, both north and south of the zenith- A. 
constant error of the instrument may thus be whollij eliminated. 

As for the effect of the error its coefiSLcient is zero only 
vvhen g 90 and sec A is not infinite. This occurs wdien a 
circumpolar star is observed at its elongation, where we have. 
Art. 18, 

sec A 

]/[sin (^ + 9^) sin (^ — 9?)] 

tt^hich slows that sec A diminishes as d increases. In order 
tlicretorc, to reduce tire efieet of an error in the dealinatiou 
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at the same time with that of errors of altitude and time, we 
should select a star as near the pole as possible, and observe it 
at or near its greatest elongation, on either side of the meridian. 
The proximity of the star to the pole enables ns to facilitate the 
redaction of a series of observations, and we shall therefore 
treat specially of this case as onr Fourth Method below. 


167. When several altitudes not very far from the meridian are 
observed in succession, if we wish to use their mean as a single 
altitude, the correction for second difierences (Art. 151) must be 
applied. It is, however, preferable to incur the labor of a sepa- 
rate reduction of each altitude, as we shall then be able to com- 
pare the several results, and to discuss the probable errors of the 
observations and of the final mean. When the observations are 
very near to the meridian, this separate reduction is readily 
eflected, with but little additional labor, by the follovcing method : 


THIRD METHOD. — BY HEDUCTIOH TO THE MERIDIAN WHEN THE 
TIME IS GIVEN. 

168. To redace an altitude^ observed at a given time^ to the meridiem , — 
This is done in vaidous vs^ays. 

(A.) If ill the formula, employed in Art. 164, 

sin (p sin d cos <p cos h cos t — sin A 

we substitute 


it becomes 


cos t = \ — % sin^i^ 


sin sin ^ -f cos 9 cos n — 2 cos 9 ? cos d sin^ i t = h 

But 

sin ^25 sin ^ + cos <p cos d = cos (^<p ( 5 ) or cos (<5 — 

Hence, if we put 


Cl = ^ — dy or Cl = ^ 

the above equation may be written 

cos Cl = sin Ii 4- cos f cos <5 (2 sin^ I Q (282) 

If the star does not change its declination, ^1 is the zenith 
distance of the star at its nieridiaii passage ; and, being found hy 
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this (({nation, we then liawe tlie latitude as fiom a meiidian 
ohseivatioii by the formula 

= ^ + or 

accoidmg as the zenith is noith or south of the star 

"VTlioii the stai changes its declination, tins method still holds- 
tf lie take d for the time of obse7iaii077^ as is evident from our 
foimulfe, in vdii(.h S is the declination at the instant wdicn the 
true altitude is h 

To compute the second memher, a previous knowledge of the 
latitude IS necessaiy As the term cos (p cos d (2 sin^ ^ i) de- 
Cl eases with (, if the observations aie not too fai fiom the 
meiidiaii, the erioi pioduced by using an appioximate value of 
<p will he lelatively small, so that the latitude found will be a 
closer a{>pro\inQLation than the assumed one, and if the computa- 
tion be repeated wuth the new value, a still closei appioximation 
may be made, and so on until the exact value is found 
This method is only convenient wheie the conipiitei is pro- 
vided with a table of iiatuial sines and cosines, as well as a table 
ot log veisecl sines, or the logaiithmic \alues of 2 sin^ t 

Example.— Same as Example 1, Art 164 h = 57^ 35^ ll"', 
+ 2° 51' 80", 1 = 1^ 20”‘30'' Approximate value of ^ = — 28^- 

log (2 sin^ i t) 8 785726 
log cos ^ 9 964026 

nat sin h 0 844201 log cos $ 9 999459 

nat no 0 056182 log 8 749211 

nat cos 0 90038B 

Cj == — 25° 47' 54'^ (zemth south of sun ) 

S =+ 2 51 30 

<P == — 22. 56 24 

differing hut 13" fiom the tine value, although the assiimecl 
latitude was m eiior nearly 4'. Eepeating the computation with 
— 22° 56' 24" as the approximate latitude, we find ^ — 22° 56' 11", 

exactly as m Art. 164 

169 (B)m may also compute directly the reduction of th© 
ohsen'ed altitude to the meridian altitude Putting 

— meiidisn altitude = 90 ° c, 
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the formula (282) gives 

sin — sin 7i = 2 cos <p cos d sin® J t 

But we have 

sin — sin ?i. = 2 cos i (h^ -{■ i — ^0 

and hence 

cos <p cos d sin® J ^ 


sin i (h^ — h) 


cos i (hj^ + h) 


( 283 ) 


which gives the difference — h, or the correction of h to reduce 
it to Aj ; but it requires in the second member an approximate 
value both of <p and of A-j, the latter being obtained from the 
assumed value of (p by the equation \ = 90° — • {(p —• d)\ or, if 
the zenith is south of the star, by the equation = 90° — {8 — ^). 

Example. — Same as the above. 


d = 

2« 

>51' 

30" 


log 

sin® i t 



8.484696 

'OX. <p - 

- 23 

00 

00 


log 

cos ^ 



9.964026 

^ 

25 

51 

30 


log 

cos d 



9.999459 

\ = 

64 

8 

30 


log 

sec i (A, 


h) 

0.312573 

i (^i + ^0 = 

60 

51 

50 


log 

sin ^ (Aj^ 

— 

h) 

8.760754 

h.-h = 

6 

36 

33 





h = 

57 

35 

11 

d = 

2 

° 51' 80" 





64 

11 

44 

^1 = 

— 25 

48 16 








9 = 

22 

56 46 





This method does not approximate so rapidly as the preceding, 
but the objection is of little weight when the observations are 
very near the meridian. On the other hand, it has the great 
advantage of not requiring the use of the table of natural sines. 


170. (C.) Cvreummeridian altitudes,— When a number of altitudes 
are observed very near the meridian,* they are called circum- 
meridian altitudes. Each altitude reduced to the meridian gives 
nearly as accurate a result as if the observation were taken on the 
meridian. 

An approximate method of reducing such observations with 
the greatest ease is found by regarding the small arc i {\ — h) 
as sensibly equal to its sine ; that is, by putting 

sin = i — A) sin 1" 


- JIow near to the meridian will be determined in AH. 175, 
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and taking \ for i (/?^ + ^0? wliicli it differs very little, so 
that (283) may he put under the form 


cos <p cos d 


cos 1\ 


The value in seconds of 


2 sin^ i t 
sin 1" 


(284) 


2 sin^ i t 
sin 1" 


is given in Table Y. with the argument i. If A', &c. are 

the observed altitudes (corrected for refraction, etc.); 

&c., the hour angles deduced from the observed clock times; 
m', m'\ m'", &c,, the values of m from the table ; and we p)ut the 
constant factor 


^ cos 0 cos d cos (p cos d \ 

cos Aj sin C, I 

wo have . Aj — A' + Am' [ ^285") 

= h" + Am" ( ^ ^ 

A, = h"' + Am'" \ 

&c. / 

and the mean of all these equations gives 

^ 7i' -f A" + A'" + etc. ^ ^ 77i' + m" 4- 

^ n n 

in which n is the number of observations ; or 

z=z Aq -j“ Am^ (286) 

in which Aq denotes the mean of the observed altitudes corrected 
for refraction, &c., and the mean of the values of Di. 

"When \ has been thus found, the latitude is deduced as from 
any meridian altitude, only observing that for the sun the de- 
clination to be used is that which coiTesponds to tlie mean of 
the times of observation, as has already been remarked in Art. 
168. 

Example.— At the TJ. S. IS'aval Academy, 1849 June 22, cir- 
cummeridian altitudes of ^ Ui'sae Minoris were observed with a 
Troughton sextant from an artificial horizon, as in the following 
table. The times were noted by a sidereal chronometer which 
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was fast 1“ 45*.7. The index correction of the sextant was 
— 14' 58", Barometer, 30.81 inches, Att. Therm. 65° F., Ext. 
Therm. 64° F. 

The right ascension of the star was 14'^ 51” 14*.0 
Chronometer fast 1 4.5 .7 

Chronometer time of star’s transit 14 52 59 .7 

The hour angles in the column t are found by taking the differ, 
ence between each observed ehi’onometer time and this chro- 
nometer time of transit. 


2 Alt. >|< 

Chronom. 

108° 39' 40" 

14A 45 m 47 .. 

39 50 

47 1 . 

40 40 

48 54.5 

41 0 

51 29.5 

41 0 

54 36.5 

40 30 

56 22. 

40 20 

57 43. 

40 0 

58 47.5 

40 0 

15 0 17.5 

39 20 

2 10 . 


Mean 108 40 14 
Ind, corr. — 14 58 



108 

25 16 

Assumed 


54 

12 38 


Befr. 

Anif^ 


— 42 .0 
+ 21 .5 

Approx. 



t 

m 

7 m 

12».7 

102.1 

5 

58.7 

70.2 

4 

5.2 • 

32.8 

1 

30.2 

4.4 

1 

36.8 

5.1 

3 

22.3 

22.3 

4 

43.3 

43.8 

5 

47.8 

66.0 

7 

17.8 

104.5 

9 

10.3 

165.1 

Wq = 61.63 


^ = 38° 59' 0" 

6 == 74 46 36 .9 

35 47 36 .9 log cos (j> 9.8906 

log cos 6 9.4193 


= '54 12 17 .5 

Cl =r — 35 47 42 .5 

= 74 46 36 .9 

<p =z 38 58 54 .4 


log cosec Cl 0.2329 

log A 9.5428 

log Mq 1.7898 

log Amq 1.3326 


Remark 1. — The reduction A, — h increases as the denominator ' 
of A decreases, that is, as the meridian zenith distance decreases. 
The preceding method, therefore, as it supposes the reduction to 
he small, should not he employed when the star passes very near 
the zenith, unless at the same time the observations are restricted 
to very small hour angles. It can be shown, however, from the 
more complete formulae to be given presently, that so long as 
the zenith distance is not less than 10°, the reduction computed 
hy this method may amount to 4' 30" without being in error 
more than 1" ; and this degree of accuracy suffices for even the 
best observations made wuth the sextant. 
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IIeai vlk 2 —If in (284) we put sin = ^ sin 1" i {i being m 
seconds of time), we have 


— h 


cos (p cos d 225 
cos Ji^ 2 


sin 1" f 


at^ 


(287) 


in which a denotes the pioduct of all the constant factois It 
follows fioni this foimula that near the meridian the altitude vanes 
as the square of the hour angle^ and not simply in proportion to the 
time Hence it is that near the meiidiaii we cannot lediice a 
iiumhci of altitudes hy taking their mean to coi respond to the 
mean of the times, as is done (m most cases without sensible 
eiioi) when the ohseivations aie remote fiom the meridian 
The method of i eduction above exemplified amounts to sepa- 
lately reducing each altitude and then taking the mean ot all 
the results 


171 (D ) Circummendian altitudes moi e accuiately reduced — The 
small coirection which the preceding method requires will be 
obtained by developing into senes the iigoious equation (282), 
This equation, when ve put = 90° — = tiiic zenith distance 
deduced fioni the observation, may be put under the foim 

cos ^ = cob Cl — 2 cos <p cos d sin^ } t 

which developed in senes* gives, neglecting sixth and higher 
powers of sin ^ ^ 


* If we put 2 / = 2 cos cos 6 sin^ 1, the equation to be developed is 

cos ( = cos ^ (a) 

• m winch is constant and ^ may be regarded as a function of y , so that by Mao- 
L TURIN’S Theorem 

f = /y = (/) + (i) 

m which (/),( — \ &c denote the values of fy and its differential coefficients when 
/ 

y = 0 The equation (a) gives, by differentiation. 


sin ( — =1 
dy 

d% __ cos ; dC 
^2 


_ 1 
dy sm ^ 


sin2( dy 


sin^ ^ 
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, COS y COS <1 2 sin^ It , / cos cos ^ v'-' 2 cot ' sin^ i ^ 

By tins formula, first given by Delambre, tlie reduction to 
the meridian consists of two terms, the first of wdiicli is the same 
as that employed in the preceding method, and the second is the 
small correction 'vvliicli that method req[uires. These two termsi 
Avill he designated as the “ 1st Eeduetion” and “ 2d Eeduetion.” 


Putting 

2 sin* i t 

m = n==: 

sin 1" 

2 sin^ i t 

sin 1" 


we have 

. cos G cos d 

jH _ 

sin 

cot Cl 



— C" — Am -f- Bn 


(289) 


If a number of observations are taken, Ave have a number of 
equations of this form, the mean of which will be 


n — fo ^^’*0 "h -®”i) 

in Avliich Co is the arithmetical mean of the observed zenith dis- 
tances, 7ti^j and tile arithmetical means ot the values of and 
n corresponding to the values of L The values of n are also 
given in Table V. 

. Having found ^„.we have the latitude, as before, hy the formula 

= <3 + C, 

ill which we must give C’l the negative sign ivlien the zenith is 
south of the star, and it must he rcmenihered that for the sun 
(or any object whose proper motion is sensible) 3 must be the 
mean of the declinations belonging to the several obseivations. 


But wJieii y = 0 ire have, by (a), go that (b) becomes 


C = Cl + 


sin 2 sin'*^ 


-f -J ( 1 -f- 3 C0t2 (j) 

sin* 


Cl 


C«) 


Restoring the Tiilue of 3/, this gives the deyelopmeiit used in the text, observing that 
as C and aie supposed to be in seconds of arc, the terms of the series are divided 
hy sin 1'' to reduce them to the same unit. 
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or, wliicli is the same, the declination corresponding to the mean 
of the times of observation.* 

Finally, if the star is near the meridian below the pole, the 
hour angles should be reckoned from the instant of the lower 
transit. Eecurring to the formula 

cos C = sin ^ sin d -f cos <p cos <5 cos t 

ill which i is the hour angle reckoned from the upper transit, 
we observe that if this angle is reckoned from the lower transit 
we must put 180° — i instead of i, or — cos i for + cos t, and then 
we have 

cos ^ = sin ^ sin (5 — cos (p cos <5 cos t 
and, substituting as before, 

cos / = 1 — 2 sin^ i t 

this gives 

cos f = — cos -f ^) + 2 cos <p cos d sin* J t 


or, since for lower culminations we have = 180° — 
and cos Ci = cos -|- 5), 

cos C = cos Cj *+ 2 cos <p cos siii^ 

which developed gives 


^ , cos (p cos d 2 sin^ i t 
■ ^ ^ :: : — rr: — h 


sin C 


sin 1" 


/ cos <p cos 
\ sin Cl / 


^ cos <p cos ^ 2 cot Cl sin* i t 

sin 1" 


or 


Cj = C + Am -f Bn (sub polo) 


(290) 


which is computed by the same table, but both first and second 
reductions here have the same sign. 

If a star is observed with a sidereal chronometer the daily 
rate of which is so small as to be insensible during the time of 


^ To sLo'w' tha.t the mean declination is to be used, we may observe that for each 
observation we have put ^ — d, and that if 6% 6'\ &c., a/ e the several declina- 
tions, the several equations of the form ( 289 ) will give 

<l)=z 6' t;' — Am* 4 - cot n' 

^ -p — Am'' ^2 cot n" 

&c., 

the mean of which, if d = mean of d', S'\ &c., will be 

4 = S -f Co — Arn^ 4 - cot Ci = d 4 Ci 
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the observations, the hour angles t are found hj merely taking 
the difference between each noted time and the chronometer 
time of the star’s transit, as in the example of Article 170. But 
if we wish to take account of the rate of the chronometer, it can 
be done without separately correcting each hour angle, as fol- 
lows: Let dTbe the rate of the chronometer in 24'* (^Tbeino 
positive for losing rate, Art. 187); then, if t is the hour angle 
given directly by the chronometer, and t' the true hour angle, 
■we have 

fit=:U^:U^—dT= 86400* : 86400* ^ dT 

whence 

1 

L 86400, 

Instead of sin f < we must use sin for which we shall ha-^e. 
with all requisite precision. 


sin ^^ = 810 §t-pOr sin*§t' = ain* . 


Hence, if we put 



we shall have 



Am = k ■ 


COS p cos S 2 sin’ } t 
sin C, ’ sinl" 


so that if we compute A by the formula 


^ ^ COS <p cos ^ 




we can take m — for the actual chronometer intervals, 

no further attention to the rate is reqnired. 

The factor k can be given in a small table with the argument 
‘‘rate,” in connection with the table for m, as in onr Table T. 

H a star is observed with a mean time chronometer, the inter- 
vals are not only to be corrected for rate, but also to be reduced 

VoL. I.— 16 
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from moan to sidereal intervals by mmltiplying them by fi = 
1.00273791 (Art. 49); so that for siir 1 1 we miiBt Bubstitute k sin^ 
or, with Riitiicieiit precision, siii--! /. 

If the sun is observed with a iiieau time clironoiiieter, the in- 
tervals are both to he eorreetecl for rate and reduced trom mean 
solar ‘to apparent solar intervals. The mean interval ditters 
from the apparent only hy the change in the equation ot time 
during the interval, and this change may be combined with the 
rate of the chronometer. Denoting by oJE the mercase ot the 
equation of time in 2# (rememhering that E is to he regarded 
as positive when it is additive to apparent time), and by 6 1 the 
rate of the chronometer on mean time., we may regard dl oh 
as the rate of the chronometer on apparent time. Instead ot 
the factor k we shall then have a factor /d, which is to be touiid 
by the formula 



which may be taken from the table for k by taking dT — 
the argument. 

Finally, if the sun is observed with a sidereal chroiionieter, 
we must multiplv sin^ i i not only by k/ hut by 

Denoting j? "by i and by i', these rules may he colleetod, for 
the eonveiiieuce of reference, as follows : 


Star by sidereal ehron., JL = A' • 


cos <p eos d 


sin i 


Star by mean time ehron.. A— k b -^piog?! —0.002375] 

sm C, ^ 

cos (p eos d 

- [log f =9.997625] 


(291; 


Snn by mean time ehron., A —kf- 
Sun by sidereal ehron., A = kf i 


sm 

.,eas (p cos d 


sin 


for which log k will he taken from Table Y. with the argument 
rate of the chronometer ~ ST\ and log k' from the same table 



CTRCUAnratIDTAX ALTITUDES 


243 


fulgunieiit dT — daily late of the cliiononieter 
d by the daily increase of the equation of time 


E — 1856 March 15, at a place assumed to be in lati- 
49' hr and longitude 122° 24' W , suppose the fol- 
iiith distances ot the sun s lower limb to have been 
with an Ertel universal instiument,* Baiom 29 85 
t Thcim 65° P, Ext Therm 63° E The ehrono- 
■^ulated to the local mean time, was, at noon, slow 
^^^th a daily losing late of 6* 6 


zen dist 

8' 40" 7 

2 16 5 

57 28 3 
54 17 2 
52 33 
52 34 5 
54 28 6 

58 9 8 

3 0 3 
9 36 

>9 18 5 


Chronometer 


t 

23* 37" 

‘35* 

— 19" 

■58*8 

42 

3 

—15 

30 8 

46 

29 5 

—11 

4 3 

50 

46 5 

— 6 

47 3 

55 

IG 

2 

17 8 

0 0 

37 5 

+ 3 

3 7 

5 

13 

7 

39 2 

9 

49 5 

12 

15 7 

14 

8 

16 

34 2 

18 

31 

20 

57 2 


^ 0 = 

+ 0 

29 1 


m 



n 

783'' 

3 

r 

' 49 

472 

4 

0 

54 

240 

6 

0 

14 

90 

5 

0 

02 

10 

4 

0 

00 

18 

4 

0 

00 

115 

0 

0 

03 

295 

1 

0 

21 

538 

9 

0 

70 

8G1 

4 

1 

SO 

= 342 

60 

=0 

49 


Ltion of time at the local noon being -j- 8"* 54* 6, we 


Mean time of app noon = 54* 6 

Chronometer slow = 11 20 8 

Chi time of app noon =r2¥57 33 8 

^rcnce between tins and the observed chronometer 
the houi angles t as above 

n of the hour angles being + 29* 1, the decimation is 
n foi the local appaient time O'* 0’“ 29* 1, oi for the 
■mean time Maich 15, 8'* 18® 59* 7, whence 

S =— 1 ° 48 ' 8 " 8 
(Appi 0X1 mate) ^ -f 37 49 0 

“ 39 37 8 8 

ease of the equation of time m 24* is dJE = — 17’ 4, 


. , AUilude and Azimuth Instrument, foi the method of observing the 
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and, tlie cliroiiometer rate being 57 — 4- 6'.6, we have dT— SJE 
= + 24'.0, with which as the argument “rate” in Table V. we 
find, log k' = 0.00024. 

The computation of the latitude is now carried out as follows: 


log cos <p 9.89761 
log cos S 9.99979 
log cosec 0.19540 
log k' 0.00024 
log J. 0.09304 
log Wo 2.53479 
log Amo 2.62783 


Moan observed zen. 

^ log 4“ 0.1861 

log cot C, 0.0821 

log.B 0.2682 

log «o 9.6902 

logMa 9.9584 


ist. S = 39" 59' 18".5 
r — p = + 41 .8 

S= — 16 6 .5 

Am^ = — 7 4 .4 

= 4" 0 .9 

C, = 39 36 50 .3 

5 = _1 48 8 .8 

9= 37 48 41 .5 


The assumed value of f being in error, the value of A is not 
quite correct; but a repetition of the computation with the value 

of f just found does not in this case change the result so much 
as O'M. ^ 


172. (E.) Gauss’s method of reducing dreummeridian altitudes of 
the The preceding method of reduction is both brief and 
accurate, and the latitude found is the mean of all the values 
t lat would be found bj reducing each observation separately. 

lis ^separate reduction, however, is often preferred, notwith- 
standing the increased labor, as it enables us to compare the 
observations with each other, and to discuss the probable error 
0 t le final lesult; and it is also a check against any gross error. 
But, if we separately reduce the observations by the preceding 
rnethod, we must not only inteipolate the refraction for each 
altitude, but also the declination for each hour angle. Gauss 
proposed a method by which the latter of these interpolations is 
avoicec. e showed that if we reckon the hour angles, not 
rom appai ent noon, but from the instant lohen the sun reaches its 
maximum altitude, we can compute the reduction by the method 
a ove g^en, and use the meridian decimation for all the observa- 
hons This method is, indeed, not quite so exact as the preced- 

nl-l’t- ^^*1 ^ rendered quite perfect in 

piactice by the introduction of a small correction. 

In the rigorous foimula 


cos C — sin 0 sin 5 4- cos <p cos d cos t 
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d IS the declination conesponduig to the hom angle i If then 

a 5 =: the hourly inciease of the declination, positioe when 
the sun is moving nortlmayd, 

= the declination at noon, 


and if t IS expressed in seconds of time, we have 


^ -f- = d -4- X 

' ^ 3600 * ^ 


where, since never exceeds 60'^, a- will not exceed 30" so long 
as < 30 Hence we niaj substitute, Avitli great accuiaey, 

sin d = sm 5, + cos 5, sin x 
cos 3 = cos 5, — sin sin x 

and the above formula becomes 


cos ^ sin ^ sin 3^ 4“ cos <p cos cos i sm — 3^'^ sin x 
+ 2 cos <p sm 4, sin= i t sm a * 

The last teim is extiemely small, raicly affecting the value ot r 
by as much as 0"1, and since x is propoitional to the hom 
angle, and theicfoie has opposite signs for obscivations on diftei- 
ent sides of the meiidian, the effect of this teini will ncaily or 
quite disappear fiom the moan of a sciics of observations pio- 
perly distributed before and after the ineiidian passage How 
we have ^ ’ 


Let 


sin X = 


t a3 sin 1" 
3600 


15tsinl" 

54000 


then, taking 
we have 


sin i9 = 


a3 

54^ 


si n(y — a,) 
cos <p cos 3^ 


15 t sin 1" z= sin if + J sin ’ t 


sm i z= (sm t + 1 sm’ t) sin .> 2 ?! 

sinfjff — 

and the foiinula foi cos ^ becomes, by omitting the last term, 

cos f = sin ^5 sm 3 ^ -f cos <p cos < 5 , (cos / -f- sm t sin i?) 

+ I cos 95 cos ( 5 , SI n’t bin i? 
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Tke last term involving bin^ i niiiltipliecl In the smnll quantity 
sin S' is even less than the teim above lejocted Like that, also, 
it has opposite signs foi observations on difteient sides of the 
meridian, and will not aftect the mean lesnlt ot a piopeily 
arranged series of ohseivations Rejecting it, theiefore, our for- 
mula becomes 


cos C = sin sin -|- cos (p cos \ cos {t — 
+ 2 cos <p cos (\ sin^ 2 


The last teim here must also he lejectecl if we wish to obtain the 
method as proposed by G-auss , hut, as it is always a positive 
teim and affects all the observations alike, I shall letain it, espe 
cially as it can he taken into account in an extiemely simple 
manner. 

The maximum value of cos which coiiesponds to the 
maximum altitude, is given immediately by the above formula 
hy putting t = Hence d- is the hour angle of the maximum altitude 
Putting 

f = t — y% 

we have 

cos C = cos — 2 cos ^ cos sm^ I f 

^ +2 cos o cos <5, sin^ i ^ 

Let 


cos (f cos I sm^ I d- 
sin Qf — sin 1" 


then our formula becomes 


cos C = cos ~ — 2 cos cos sm^ i t' 

ThB equation is of the same form as that from which (288) was 
obtained, and. theiefore when developed gives 


C <p cos 2 sin^ i f I cos <p cos V 2 cot C, sin^ i f 

sin sm 1" \ sin r, / myTt 

in which 8', Putting then, as before, 


. cos <p cos d, _ 

A ^ ^ 

sin C, ^ 


(292) 


and taking m and n from Table Y, or their logaiithms fiom 
Table \ I , with the aigument which is the hoiii angle reckoned 
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from the instant the sun reaches its rnaxiiuum altitude, we liavc 

— A/n +• Bn ('29:1') 

Since differs from tlie latitude by the constant quantity f)\ its 
value found from each observation should be the same. Takinji; 
its mean value, we have 


The angle being very small, may be foimd with the utmost 
precision by the formula 


810000 sin 1" 


[9.40594] 

A A 


(204) 


which gives & in seconds of the chronometer when A. lias Inam 
computed by the formula (202). 

The most simple method of finding the corrected hour angles 
(' will bo to add d to the <*hrononietcr time of apparent noon, 
and tlien take the cliff-breiice between this corrected time and 
each observed time. 

If we put d' = d^+ y, we have 


2 sin^ J 
"sin 


(295) 


which requires only one new logarithm to be taken, namely, the 
value of log m from Table VI. witli the argument &, We then 
have, finally, 

= n + y (296) 

Example. — The same as that of the preceding article. We 
have there employed the assumed latitude 37° 4tk ; hut, since even 
a rough computation of two or three observations will give a 
nearer value, let us suiipose Ave have found as a first approxima- 
tion (f = 37° 48' 45". With this and the meridian declination 
(?i = 1° 48' 9". 2, and log A' = 0.00024 as before, we now find, 

by (292), 

log A = 0.09310 log B = 0.2683 

We have also there found the chronometer time of apparent 
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noon — 23^ 57” 33’ 8 "We now take from the Ephemeiis =• 
+ 59".22, and hence, by (294), 

log Ad 1 7725 
ar CO log A 9 9069 
const log 9 4059 

<> = -f 12' 2 log 10858 

Hence the chronometer time of the maximum altitude is 
23'* ST™ 33' 8 + 12'.2 = 23^* 57™ 46’, which gives the hom angles 
t' as below ; 


log ^ log Am log n log Bn. 

2 90274 2 99584 0 1900 0 4583 

2 68558 2 77868 9 7557 0 0240 

2 39718 2 49028 9 1776 9 4459 

198216 2 07526 8 3487 8 6170 

1 08891 1 18201 

1 20525 1 29885 

2 03730 2 13040 8 4553 8 7236 

2 45551 2 54861 9 2955 9 5638 

2 72077 2 81387 9 8260 0 0943 

2 92677 3 01987 0 2381 0 5064 

The refraction may he computed from the tables first for a mean 
zenith distance, and then with its vaiiation in one minute (which 
Will be found with sufficient accuracy from the table of mean 
refraction) its value for each zenith distance is leadily found 
The parallax, which is heie sensibly the same (= 5" 54) for all 
the observahons, is subtracted from the refraction, and the results 
we given in the column r — p of the following computation 
Kie numbers in the 3d and 4th columns aie found from then- 
logarithms above, and the last column contains the seveial 
values of the minimum zenith distance of the sun’s lower limb, 
formed by adding together the numbers of the preceding columns. 
To the mean of these we then apply the sun’s semidiameter, the 
meridian deelination, and the coriection y, which are all constant 
for the whole series of observations. 


- 20 ”> 11 ' 

15 43 

11 16 5 

6 59 5 
- 2 30 
+ 2 51 5 

7 27 

12 3 5 

16 22 
20 45 
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Obs’d ^ 


r — 

P 

Am 


Bn 




40° 

00 

7 

4-42" 

1 

1 

09 

O 

’ 5 

4-2" 

9 

39' 

' 52' 

'55" 

' 2 

40 

2 16 

5 

41 

9 

10 0 

7 

1 

1 



58 

8 

39 

67 28 

3 

41 

8 

6 9 

2 

0 

3 



61 

2 

39 

64 17 

2 

41 

7 

1 58 

9 

0 

0 



60 

0 

39 

62 33 


41 

6 

0 15 

2 

0 

0 



59 

4 

39 

62 34 

5 

41 

6 

0 19 

9 

0 

0 



56 

2 

39 

64 28 

6 

41 

7 

2 15 

0 

0 

1 



55 

.4 

39 

68 9 

8 

41 

8 

6 53 

7 

0 

4 



58 

3 

40 

3 0 

3 

41 

9 

10 51 

4 

1 

2 



52 

.0 

40 

9 36 


42 

1 

17 26 

8 

3 

2 



54 

5 


2 sm“ i 

9- 


(lower limb) Mean 

== 

W 

52 

57 

10 

log 

8 9090 


Semidiameter 

= . 

— 

16 

6 

49 

Sin 1'^ 







= - 

- 1 

48 

9 

20 

log 

A 


0 0931 




y 

nr . 

+ 


0 

10 

log 

y 


9 0021 




V 


37 

48 

41 

51 


Tills lesult agiees pieciaely with that found before If we suppose 
all the obsei vatioiis to be of" the same weight, we can now cletei- 
mine the piobable enor of obseiwation Denoting the difference 
between each value of and the mean of all by v, and the sum 
of the squares of v by [ir], accoiding to the notation used in the 
method of least squares, we have 


V 

- 1" 

9 

vv 

3 61 

+ 1 

7 

2 89 

+ 4 

1 

16 81 

+ 2 

9 

8 41 

+ 2 

3 

5 29 

— 0 

9 

81 

— 1 

7 

2 89 

+ 1 

2 

144 

— 5 

1 

26 01 

- 2 

6 

6 76 


n = 10, [wii] = 74 92 


Mean error of a single observa- 
tion = * / _ 2" 89 
— 1 

Mean error of the final value of 


2 89 

^~Vio 


= 0" 91 


Probable enor of a single obs = 2" 89 X 0 6745 = 1" 95 
“ “ of p = 0 91 x 0 6745 = 0 61 

It must not be forgotten that the probable eiior 1" 95 here 
repiesents the probable eiroi of obs,enahon only a constant enor 
of the instrument, affecting all the observations, will foim no 
pait of tins enor, and the same is true of an erroi in the 
refraction 
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173 For the most reiiiied determinations of tlie latitude, 
standard stais aie to be pieferied to the sun Then decimations 
aie somewhat moie pieeisely known , the instiumeiit is in night 
obsei nations less liable to the eiiois pioduced bj changes of 
temperatiiie during the obseivations , constant instrumental 
eirors and eriors of lefiaction may be eliminated to a great 
extent by combining noith and south stais, oi eiiois of declina- 
tion may be avoided by employing only ciicumpolai stais at oi 
near their upper and lowei culminations In gencial, eiiois of 
ciicunimeiidiaii altitudes aie eliminated under the same condi- 
tions as those of meridian observations, since the foimei aie 
1 educed to the meiidian with the gieatest piecision See the 
next following article 

Toi a gieat iiumbei of nice deteiminations of the latitude by 
circunimeiidian altitudes of stais iioitli and south of the zeintli 
and of ciiciimpolar stais, see Puissant, JSfoitvelle Description Geo- 
meirique de la IVance 

174 JEffeti of errors of zenith distance^ declination^ and iime^ upon 

the latitude found by circummendian altitudes — Differentiating (289), 
legardmg A as constant, and neglecting the vaiiations of the 
last teiin, which is too small to be sensibly affected by small 
eirors of we have, since d(f ~ + dd^ 

d<p = dt:^d3 — (15 it) 

Sin 1" 

The eriois d!^ and do affect the resulting latitude by their whole 
amount. The coefficient of dt has opposite signs for east and 
west houi angles, and therefore, if the obseivations aie so taken 
as to consist of a number of pairs of eq[ual zenith distances east 
and west of the meridian, a small constant error m the hour 
angles, aiising from an impeitect clock coirection, will be elimi- 
nated 111 the mean Tins condition is in piactiec neaih satisfied 
when the same niimbei of ohseivations are taken on each side 
of the meiidian, the iutervah of time between the successive 
observations being made as nearly equal as piacticahle 
An error in the assumed latitude which affects A is eliminated 
ly lepeating the computation with the latitude found by the first 
computation An erioi in the declination vliicli would affect A 
ife not to he supposed 
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175. To (kiennine the limits within which the preceding methods 0 / 
.rdueing cireummeridkm altitudes are applicable. — First. lu the 
method of Ait. 170 we employ only the “ first reduction” (= Am), 
which is the first term of the more complete reduction expressed 
by (288). The error of neglecting the “ second reduction” (= Bn) 
increases with the hour angle, and if this method is to be used it 
becomes necessary to determine the value of the hour angle at 
which this reduction would he sensible. We have 


Bn = cot 


^ sin 1" 


whence if we put b for Bn and 

_ , = l/Tsin 1" tan C, 

we derive 

jpt 

ht — —Yb ( 298 ) 

Since r^=(p—d^F and A are but functions of <p and S ; and 
therefore by this formula we can compute the values of t for 
any assigned value of b, and for a series of values of f and L 
Table \ II.A gives the values of i in minutes computed by (298) 
when h I'h That is, calling t^ the tabular hour angle and < 
the hour angle for any assigned limit of error 6, we have 

F 

sin^ 1 — gjjis ^ t = sin* J fj i/i 

As the limits are not req^uired with great precision, we may sub- 
stitute for the last equation the following : 

If we take b = 0".l, we have |V6 = 0.56, or nearly J : hence the 
limiting hour angle at which the second redaction atnoants to O'^.l i.s 
about § the angle given in Table VTT . A 

Example. — How far from the meridian may the observations 
in the example p. 237 be extended before the error of the 
method of reduction there employed amounts to 1"? With 
~ ~h 39°, d = -(- 75°, Table VII.A gives h 30"‘. Hence 
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the method is in that example eoirect within 1" if the observa- 
tions are taken within 30™ of the meiidian, and coircct within 
0" 1 if they are taken within 15™ of the meiidian 


Second — In the moie exact methods of i eduction given in 
Arts 171 and 172, we have neglected the last teim of the 
development given in the note on page 239, which may he called 
a “ third reduction ” Denoting it by c, we have 


c = 

whence, if we put 


we deduce 


£/1_-|-_3_co^j 
® \ sin 1" 


sin® i t 


K-. 




f sm 1" 


+ 3cot2Ci 


8in^ i t : 


K 


Vc 


(299) 


Table Vii B gives the values of i, computed by this formula, for 
c = 1". Denoting the tabular value of i by we have 


sin"" it^ = — sm’ i t = sm’ J t/c 

or, with sufficient accuracy in most cases, 

t = h 

For e = 0" 1 we have = 0 68, oi nearly f , and hence the 
limiting hour angle at wffiieh the third reduction (omitted in our 
most exact methods) would amount to 0" 1 is about % the angle 
given m Table VII B. 


_ Example— H ow far from the meiidian may the observations 

m the example p 243 be extended befoie the eiror of the 

method of reduction there employed amounts to 0" 1 ? With 

^ _ c)am ~ T ^ ’ Table VH B gives and f of this 

“ so t at the method is in that example correct wuthin 

1 when the observations are taken within 39™ of the meridian; 

Zi ^ observations are taken 

within 26™ of the mendian 

Tlio limiting hour angle foi a given limit of error dimuiibhes 
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rapidly with the zenith distance, and hence iii general very small 
zenith distances are to be avoided But the obseivations may be 
extended somewhat beyond the limits of our tables, since the 
eirois which aftect only the extreme obseivations are reduced in 
taking the mean of a senes 

FOURTH METHOD — BY THE POLE STAR 

176 The latitude may be deduced with accuracy from an alti- 
tude of the pole star obseived at any time whatevei, w'hen this 
time IS known The computation maybe peiformed by (281), 
but when a number of successive obseivations aie to be leduced, 
the following methods are to be pieferred If we put 

p = the star’s polar distance, 

we have, by (14), 

sm h = sin <f cos p -f cos <p sin p cos t 

111 which the hour angle t and the altitude A are deiived from 
observation and tf is the requiied latitude Now, 'p being small 
(at piesent less than 1° 30'), we may develop ^ in a senes of 
ascending powers of p, and then employ as many teims as we 
need to attain any given degiee of precision The altitude 
cannot difler from the latitude by moie than p if, then, we put 

<p=h — X 

X will be a small coirection of the same order of magnitude as p 
We have* 

sm ?>= sm (A — a;) = sm A— a;cos A— ^a;’sm A -p ^ a^cos A + &c 
cos p = cos (A — a;) = cos A + a: sm A — A cos A — ^ a* sin A -f &c 

sin p =p — &o 

coap = 1 — \p^ -j- &c 

which substituted m the above formula for sm A give 

sm A = sm A — a:; cos A + p cos t cos A — A (a*— 2 rp cos t -(-p 2 ) sm A + &e 

and fiom this we obtain the following general expression of the 
correction 


* PI Trig (403) and (400) 
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X — jp COR f — I — 2 xp cos t -f- p^) tan h 
+ ^ (a:* — 3 x^p cos ^ -f, 3 xp^— p^coQ t) 

+ 24 ^ COS ^ + 6 x'^p^^4xp^ COB t+p^) tan h 

<&C, 

For a first approximation, we take 

X = p COB t {b) 

and, sabstitiiting tliis in the second term of (a), we find for a 
second approximation, neglecting the third powers of p and 

X — p cos i — Ip^ sin^ t tan h (c) 

Siihstitnting this value in the second and third terms of (a), we 
find, as a third approximation, 

X = p cos t i ^ _j_ 1 ^^3 (jQg ^ gjjj 2 f 

This value, substituted in the second, third, and fourth terms of 
(^^)5 gi'^cs, as a fourth approximation, 

X = 2? cos t — ^p‘ siii*-^ t tan k ip^ cos t sin'-* t — sin^ t tarf h 
"F 24 Q Billet) sin'^ ^ tan (e) 

In these formulae, to obtain x in seconds when p is given in 
seconds, we must multiply the terms in jp^, p^, and jp"* by sin 1", 
siii=^ 1^', siiF 1'^, respectively. 

In order to determine the relative accuracy of these formulfe, 
let us examine the several terms of the last, which embraces all 
the others. The value of i, which makes the last term of (<?) a 
maximum, will he tound by putting the differential coeflicient 
of (4 9 sin^ sirf i equal to zero; whence 

4 sin t cos ^ (2 ~ 9 sin' ^) = 0 

which is satisfied by t = 0 ,i = 90^ or sin^ t = |, the last of which 
alone makes the second difierential coeilicient negative. The 
maximum value of the term is, then, ^ p^ sin^ 1'' tan A, which 
for p = .30' 5400" is 0".0018 tan L This can amount to 

0 .01 only when h is nearly 80°, — ^that is, when the latitude is 
nearly 80°. This term, therefore, is wholly inappreciable in 
every practical case. 
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riie term Ip* sin* 1" sin'* / tan* h i.s a maximum for sin / = 1 
in which case, for p = 5400", it is 0".0121 tan* k. This amounts 
to 0".l w-hon h = 64°, and to 1". wdien J> — 77°. 

For the maximum of the term J- p* sin* 1" cos t sin* / we have, 
by putting the differentia] coefficient of cos / sin* t equal to zero, 

sin / (2 — 3 sin^ /) = 0 

Avhieh gives sin* / = s, and consequently cos t — p ; and hence 
the maximum value of this term is | p*sin* 1" | 4- = 0".475. 
Hinco the maximum values of this and the following term’s do 
not occur for tlie same value of /, their aggregate will evidently 
never amount to 1" in any practical case. " 

Hence, to find the latitude by the. pole star within 1", we have the 
formula 

y> = A _ p cos / -)- If * sin 1" sin* / tan A (300) 

I he hour angle t is to be deduced from the sidereal time © 
of the observation and the star’s right ascension a, by the 
formula 

/= G — a 

lo facilitate the eomjmtation of the formula (300), tables are 
given in every volume of the British Nautical Almanac and the 
Berlin Jahrbueh; but the formula is so simple that a direct 
computation consumes very little more time than the use of 
these tables, and it is cei’tainly moi’o accurate. 

E.XAMPLE.— (From the Nautical Almanac for 1861).— On March 
6, 1861, in Longitude 37° W., at 7" 43'" 35" mean time, suppose 
the altitude ot JPolans^ wlien corrected for the error of tlie iu- 
wtiunieiit, refraction, and dip of the horizon, to be 46° 17' 28": 
required the latitude. 

Mean time 

Bid. time mean noon, March 6, 

Eednetion for 7* 43”" 35* 

Eeduction for Long. 2^* 28“ 

Sidereal time 
March 6, = 1° 25' 32".7 


7^ 43“ 35-. 
22 56 17.9 
1 1G.2 
24 .3 

© = 6 42 3 .4 

a = 1 7 39.0 


t 


5 34 24.4 
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Hence, by foimula (300), 

logp 3 71035 logp^ 74207 

log eos t 9 04704 log sin^ t 9 9946 

log 1st term 2 75739 ^ 0196 

log Jsin 1" 4 3845 

h = 46° 17' 28" log 2d term 1 8194 

1st term = — 9 32 0 

2d = -f 1 6 0 

f == 46 9 2 0 

By tlie Tables in the Almanac, ^ — 46° 9' 1" 

177 If we take all the terms of {e) except the last, which we 
have shown to be iiisiginficant, we have the formula 

^ = A — p cos ^ 4“ sm 1" sin^ t tan h 

— sin^l" cos t sin^ t -f- Jp^sin* 1" sin^ t tan® h (301) 

which IS exact within 0".01 for all latitudes less than 75°, and 
serves for the leduction of the most refined observations with 
fiist-class instruments 

If we have taken a number of altitudes in succession, the 
separate reduction of each by this formula will be very laborious 
To facilitate the opeiation, Peteesbx has computed very con- 
venient tables, which are given in Schumacheb's Sulfstafeln, 
edited by 'Warxstoree These tables give the values of the 
following quantities 

a = cos ^ -f Apj,® sm^ 1" cos t sin^ t 
^ = ^Pq sm 1 " sin^ t 
I = (p 2 — j)^2) Diii^ 1 " cos t sin® t 

^ ^ p* sin* 1" sm* t tan* h 

in whicli = 1° 30' = 5400" Then, putting 

A=l- 

To 

log^ =log^ — 3 7323938 
the formula (301) hecomes 

9 = ^ — {Aa -p i) tan Ti fi 
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Putting tten 

CC ^Ob — 1“ ^ 

y = tan h A- fi 

we Lave (302) 

<p=h — X y 

or, -wLen the zenith distance Z is observed, 

a; = Ala -f A 
y = A’‘i3 cot f 4- ;t 
90° — f = ^-^x — y 

The first table gives a with the argument t j the second, ^ with 
the argument the third, .Iwith the arguments p amlt; and 
the fourth, /i with the arguments y and <p, tp being used for h in 
SO small a term. 

To reduce a series of altitudes or zenith distances by these 
tables, we take for h or Z the mean of the true altitudes or 
zenith distances ; for a and the means of the tabular numbers 
corresponding to the several hour angles, v'ith which we find 
Aa and A^j9 cot Z- The mean values of the very small quanti- 
ties A and /i are sensibly the same as the values corresponding- to 
the mean of the hour angles ; so that A is taken out but once for 
the arguments polar distance and mean hour angle, and // is 
taken with the arguments <p and the approximate value of y = 

cot Z- Illustrative examples are given in connection with 
the tables. 

EOTH METHOD.— BY TWO ALTITUDES OP THE SAME STAE, OE DIE. 
FEEENT STARSj AND THE ELAPSED TIME BET'W'EEN THE OBSEEVA- 
TIONS. 

178. Let (Sand S', Fig. 25, be any two points of Kg- 25 . 
the celestial sphere, Z the zenith of the observer, 

P the pole. Suppose that the altitudes of stars seen 
at 8 and S', either at the same time or different 
times, are observed, and that the observer has the 
means of determining the angle ASPS''; also that 
the right ascensions and declinations of the stars 
are known. From these data we can find both the latitude and the 
local time. A graphic solution (upon an artificial globe) is indeed 
quite simple, and it w-ill throw light upon the analytic solution. 
With the known polar distances of the stars and the angle 8PS', 

VoL. I, — IT 





258 


LATITUDE. 


let tli<3 triangle SPS^ be coiivstriietecl. From S and S' as poles 
describe small circles whose radii (on the surface of the sphere) 
are the given zenith distances of S and : these small circles intei'- 
sect intlie zenith .2^ of the observer, and, consequently, deterraine 
the distance F2, or the co-latitude, and at the same time the hour 
angles ZPSmid. ZFS'^ from either of which witli the star’s right 
ascension we deduce the local time. This graphic solution shows 
cleaiij' that the prohleni has, in general, two solutions ; for the 
small circles described from aS' and S' as poles intersect in two 
points, and thus determine the zenith of another observer who 
at the same instants of time might have o])servcd the same alti- 
tudes of the same stars. The analytic solution will, therefore, 
also give two values of the latitude; hut in practice the ob- 
server always has an approximate knowledge of the latitude, 
which generally suffices to distinguisli the true value. 

Let us consider first the most general ease. 

(A.) Tico different stars observed at dfferevt times. — ^I^et 

h, Id = the true altitudes, corrected for I'cfraction, &c., 

T" = the clock times of observation, 
i^T,aT' = the corresponding corrections of the clock, 

a, a' — the right ascensions, and 

0 , <y = the declinations of the stars at the times of the 
obs ervati on s revS p ceti v el y , 

1. 1' = the hour angles of the stars at the tiroes of the 
observations respectively, 

X = f — t = the difference of the hour angles, 

<p ~ the latitude of the observer : 

then we have, if the .clock is sidereal, 

/ = r + aT — a 
f = T'H- aT'— a' 

A = (r— T) -f (aT'- A^) — (a'— a) (304) 

a formula wHeli does not require a knowdedge of the absolute 
values of aT and aT', but only of their dfferenee ; that is, of 
the rate of the clock in the interval between the two obser- 
vations. 

If the clock is regulated to mean time, the interval — T -\r 
aT' — aT to be converted into a sidereal interval by adding 
the acceleration, Art. 49. 

have next to obtain formulie for determining (p and t or V 
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from the data h, h', d, d', aud 1 I shall give two general solu- 
tions, the first of which is the one commonlj known. 


First Solution.— L^t the observed points 8 and S' be joined 
by an arc of a great circle SS'. In the triangle PSS' there are 
given the sides P8= 90° - PS' = 90° - d', and the angle 8PS' 

® /SiS' = jB, and the angle 

rh S^P, by the formulie [a of Art. 10] 


cos B = sin d' sin S -f cos <5' cos d cos X 
sin £ cos P = cos S’ sin S — sin S' cos S cos A 
sin B sin P =z cos S sin X 

or, adapted for logarithmic computation, 


sin Jf = sin S 
m cos J!f =: cos ^ cos X 
cos B =zm cos (M — S') 
sin B cos P=m sin {M — S') 
sin B sin P = cos S sin X 


(305) 


known the three sides 

h ~ = kence the angle 

ti by the formula employed in Art. 22 : 


sin = 
Now, putting 


+ h + B) sin i(h ' —h-\-B) 
COS h' sin £ 


) (306) 


:P-Q 


triangle PZS' the sides PS' = 90° 


ZS' 

PZ 


■90° h', and the angle PS'Z = q, from which the side 

■90 -<p, and the angle S'PZ = t', are found by the formuhe 


sin <p 
cos (p cos f 
cos <p sin f 


■- sin S' sin h' -|- cos S' cos A' cos q 
■■ cos S' sin A' — sin S' cos A' cos q 
■ cos A' sin q 


or, adapted for logarithmic computation. 


n sin A = sin A' 
n CCS N= cos A' cos q 
sin <p =n cos (A — S') 
cos y cos it =n sin (A — s') 
cos y sin <' = cos h’ sin q 


(307) 
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The formulae (305) and (307) leave no donht as to tlie quadrant 
in wliieli the unknown quantities aie to be taken But we may 
take the radical m (306) with either the positive or the negative 
sign, and J Q, therefoie, either in the fiist oi fourth quadrant 
If we take | Q always in the fiist quadrant, the values of q will be 

2=:P=F Q 

and either value may be used in (307), whence two values of (p 
and That value of however, which agiees best with the 
known approximate latitude is to be taken as the tine value. 
There is also another method of distinguishing which value of q 
will give the tiue solution, for, if A' and A are the azimuths of 
S' and S, we have in the tiiangle ZSS' the angle SZS' = A' —A, 
and 

cos 7i 

sm Q = sm (A — A) — 

^ sin M 

in which cos h and sin B are alw^ays positive Hence Q is posi- 
tive or negative according as -4.' — A is less oi gi eater than 180° 
The ohseiver will geneially he able to decide this the only cases 
of doubt will be those wheie A^ and 4. aie veiy nearly equal or 
where A' — -4 is veiy nearly 180° ; but, as we shall see hereafter, 
these cases aie very unfavorable for the deteimination of the 
latitude, and are, therefore, always to be avoided in practice 
If the great circle SB' passes north of the zenith, we shall have 
J.' — A negative, or greater than 180° hence we have also this 
criterion ice must take q = P — Q or g = P+ Q according as ike 
great circle 8S' passes south or noith of the zenith 

Second Solution — ^Bisect the arc SS% Fig 25, m T, join PJ 
and ZT, and put 

C = ST=S'T, 

J) = the declination of T = 90^^ — FT, 

S = the altitude oi T = 90° — ZT, 

T = the hour angle oi T — ZPTj 
F = the angle FTS, 

Q = the angle ZTS, 
q = the angle FTZ 

We have in the tnangle P8S' [Sph Trig (25)] 

Bin* a = sm* i (5 — a') CDS^ i I -I- cos* i (<5 + sm* i X 
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or, adapted for logaritlimic computation, by introducing an 
auxiliary angle E, 

sin C sin = sin } (5 — d') cos ^ 1 1 

sin Geos E = cos J (5 + S') sin i 1 J 

^ In tbe triangle 8JPT we have the angle PTS = P, and there- 
fore in the triangle S'PTwe have the angle PTS' = 180° — P, 
the cosine of which will be = — cosP: hence, from these 
triangles we have the equations 

sin P cos (7 -f- cos P sin C cos P= sin S 
sin P cos C — cos P sin Ceos P = sin 5' 

whence 

2 sin P cos P =z= sin 5 -]- sin d' 

2 cos P sin P cos P = sin S — sin S' 

sin P = sin j- (<? -[- S') cos j (S ~ S') 

COS O 

cos P = cosK'i + ^') Sin^(g — ^') 
cos P sin P 

which determine P and P after Chas been found from (308). 

In precisely the same manner we derive from the triauffles 
^T8 and ZTS' the equations 



sin B = sin i (A -f h') cos j (k — h') \ 

cos P I 

> (310) 

cos Q == + ^0 sin i(k — h') ( 

cos JB sin P ; 


Then in the triangle PTZ we have the angle PPZ, by the 
formula 

q = P~Q 


and hence the equations 


sin p = sin P sin P -f- cos P cos H cos q 

cos y cos r = cos P sin P — sin P cos E cos q 

cos sin r == cos H sin g 
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To adapt these for logaritlimic computation, let;3 and be deter 
mined by tbe conditions* 

cos /^sm r == cos JT cos "j 

cos /? cos y = sm JT V (311) 

sin ^ = cos jST sin q J 


tben <p and r are found by the equations 

sin (p — cos ^ sin (ID -f- /) 
cos 9? cos r = cos ^ COS (D + Y) 
cos €p sin r = Bin 


(312J 


To find the hour angles t and let 

x = r^\(t! + t) 

then, since |-A= |-(i' — we haye 

\ k’\-x = T — 1 = the angle TPS^ 
i k — x — t — T = the angle TPS^^ 

and fiom the triangles PTS and PTS' we have 

sm (1 A -|- a) sm P sin {j k — a) sm P 

sm 0 cos d sin C cos 

whence 

sin Cn 4- a) — sm (n — a) cos d' — cos S 

sin(} A -j-a) -|- sm(i k — a) cos <5' -j- cos^ 

and, consequently, 


tan a = tan i (5 tan i (^ — tan i k (313) 

Hence, finally, 

As in the first solution, the value of q will become = P Q 
when the arc joining thejDbseived places of the stars passes iioitli 
of the zenith 


Example — 1856 Maich 5 , in the assumed Latitude 39 *^ 17 ' If 
and Longitude o'- 6" 36- W , suppose the following altitudes 

riie equatioas i^^ll ) cm al Trays Le sQ.tis'fted, since tl^e sum of tlieir souaies gi'ves 
ike ideiitiCAl eiiuatiou 1 = 1 
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(already corrected for refraction) to have l»een obtained; tlie 
time being noted by a mean solar clirononietor whose daily rate 
was 10*.32 losing. The star Antunis was not far from the prime 
vertical east of the meridian ; Sjgico, was near the meridian. 

Arcturus, h = 18° 6' 30" Chronometer Z" = O'* 40"* 24‘'.8 

^ica, h' — 40 4 43 “ T' = 14 38 16 .7 

T'~ T = 4 57 51T9 
^ = + 19° 55' 44".6 Corr. for rate z=z _|_ 2 ^ 

= — 10 24 39 .5 Ked. to sid. time = _|_ 43 .9 

Sid. interval = 4 58 42 .9 
n = 14* 9* 6'.79 a — a' = 0 51 29 .1 

a' = 13 17 37 .72 — 5 59 12 .0 

= 87° 33' 0". 

According to ovii-Jirst solution, we obtain, 

by (306), B = 91° 15' 52".5 P = 69° 67' 54" 7 

and, by (306), <2 = 64 61 24 ^8 


whence ^ = 

5 G 

29 

.9 

Then, by (807), we find 




p = 39° 17' 20" «' = 5o3'0" 


20*" 

^12*. 

0 ! 

=n 

17 

37 .72 

Sidereal time of the observation ol S/^ica 

= 18 

37 

49 .72 

Sidereal time at mean Greenwich noon 

= 22 

53 

39 .83 


14 

44 

9.89 

Acceleration for 14* 44“ 9*.89 

— 

2 

24.85 

“ longitude 

= — 


50 .23 

Mean time of the observation of Sima 

=iT 

40 

54 .81 

Chronometer correction at that time, 4 T 

= _f- 


38‘.11 


According to the seeoful solidmi, we prepare the quantities 

J A=43°46'.S0" J(o-|- ,5')=; 4°45'32".6 1(A-|-A')= 29° 6'36"5 

!(<!-«''):=: 15 10 12.1 l(;j-//) = -10 59 6 6 

with which we find, by (308), (309), and (810), 

log tan E = 9.437854 B = 6° 34' 32".0 

log sin 0 =9.854225 P=r 68 27 22 2 

log cos a = 9.844639 q 108 35 12 

log .sill 9.834176 ^=—40 7 ao 

log cos //= 9.863785 
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(The auxiliaries (7 and ^ are not themselves lequired we take 
then cosines from the table, employing the sines as arguments ) 
We now find, by (311), (312), (313), and (314), 


log sin /S = )i9 673029 
log cos — 9 945532 

r = 39° 18' 4".0 
D + ?- = 45 52 36 0 
P = 39 17 20 


T = 322° 30' 51" 3 
a =: 1 14 21 3 

T — x = 321 16 30 
= 21» 25“ 6* 
iX =z 2 55 6 

t = 18 30 0 

f = 0 20 12 


agreeing piecisely with the results of the first solution 

179 In the observation of lunar distances, as we shall see 
hereafter, the altitudes of the moon and a stai aie obseived at 
the same instant with the distance of the objects The ob- 
served distance is reduced to the tiue geocentric distance, which 
is the arc J3 of the above Jirst iolution, or 2 (7 of the second The 
observation of a lunar distance with the altitudes of the objects 
furnishes, therefore, the data for finding the latitude, the local 
time, and the longitude. 

180 (B.) A fixed star observed at two different limes — In this case 
the declination is the same at both obseivations, and the geneial 
formulae of the preceding articles take much moie simple forms 
The hour angle A is ni this case meiely the elapsed sidereal time 
between the observations, the formula (304), since a, = a', 
becoming here 

k = (T'—T-)-fi (aT'- aT) (315) 

Putting 8' for 8 in (308) and (309), we find 0, cos P = 0, 
P=90°; and G and Z) aie found by the equations 


sin G = cosS sm J X, 


sin D = 


sin d 
cos C 


(316) 


Since we have ? = P- Q = 90° - the last two equations of 

(^11) gire 


hill ^ cos J3[co^ Qj cos ]r = vsin //"sec i? 
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which, hj (310), become* 


sin /3 = coa ^ (A + A') sin j- (^ — ^') 
Sin C 

cos r= + cos j (A-AQ 

cos /3 cos (7 


(B17) 


Then (p and r are found, hy (312), oi rather by the following 


sin ^ = COB J 3 sill (X) -|- p.) \ 

^ _ sin / (BIS) 

xan T = 01 sm r = ^ I ^ 

cos (^-Z) — j“ r") cos (p I 

The hour angles at the two observations are 


t = 7 — I 1 

t' = r + U I (319) 

Heie r, being deteimined hy its cosine, may be eithei a posi- 
tive or a negative angle, and we obtain two values of the latitude 
by taking eithei D + r oi JD-ym (318) The hist value wnll 
be taken when the great ciicle joining the two positions of the 
star passes noith of the zenith , the second, when it passes south 
of the zenith 

The solution may he slightly vaiied hy finding D hy the 
formula 


tan D = 


tan d 
cos i I 


( 320 ) 


obtained directly from the tiiangle FT8 (Fig 25), which is right- 
angled at T when the declinations are equal We can then dis- 
pense with Chy wilting the formula (317) as follows: 


sm yS = i sm j (h — h’) 

cos 5 sin i A 

cos y = !• (A -f- h') cos i (h — 7f ) sin Z> 

cos /? sm d 


(321) 


* The foimulse (315), (316), and (317) aie essentially the same as those first 
given foi this case by JI Ct (ti b i in In-, Munml du mviyaiiur, Nantes, 1818 
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181 (C.) The sun obsei led at im dtjf'a ait imieb — In tins case 
the houi angle / is the elai)becl appaieiit solai time. If then the 
times T Mid aie ohseiACcl hj a mean solai cliionometei^ and 
the equation ot time at the tA\o ohsenatioiis is e and c' (positive 
Avheii additive to apparent time), v e have 

/l = (T'— T) 4 - (aT'— aT) — (e'—e) (B22) 

Taking then the decliiiatioiib o and o' tor the two timebot obser- 
vation, we can poroceed by the geiieial methods of Ait 178. 

But, as the declinations diftei veiy little, we can ahsiiinc then 
mean — i.e. the declination at the middle instant between the 
observations — as a constant declination, and compute at least an 
approximate value of the latitude by the simple foimulai foi a 
fixed stai in the preceding aiticle We can, howevei, leadily 
correct the lesultmg latitude foi the eiioi of this assumption 
To obtain the collection, we lecui to the iigoious foimnlie of out 
second solution m Art 178 The change of the sun’s dethnation 
being nevei gieater than 1' pei hoiii, we may put cos I (d - rV) 
= 1. Making this substitution in (308) and (309), and putting d 
foi 2 "f that 8 will signif) the mean of the decimations, 

and Ad foi — d) so that Ad will signify one-lialt the imrea^e 

of the sun’s declination fiom the hist to the second obsoivatioii 
(positive when the sun is moving noithward), we shall have 

] (O^ - rV) 
sin Ao 

cos ^ tun i X 

But Ad diminishes wuth /, so that E ahvays lemams a small 
quantity of the same ordei as ao, and hence wm may also put 
cos ^=1 Thus the second equation of (308) gives 

sin (7 = cos 0 sin \ X 


cos C 

which are the same as (316), as given foi the case wdiere the 
declination ib absoliiteh iii’vanable lienee no seiibible erroi is 
pioducecl m the ^ allies ut and D by the use of the Tueaii de- 


and the first of (309) 


= — 

tan E — — 
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clinatioii. But by the second equation of (309) P wdll no longer 
be exactly 90° ; if then we put 


P = 90° + dP 


we have, by that equation, 


or simply 


cos d sin Ad sin 

sin aP = = 

cos D sin G cos P sin J A 


cos D sin i X 

Then, since q = P—~ have 

q=m^ —Q + aF 

The rigorous formula for the latitude is 

sin = sin P sin II -f- cos P cos H cos q 

in which when we use the mean declination we take g = 90° - 
Q: therefore, to find the correction of (p corresponding to a cor- 
rection of q = aP, we have by diiierentiating this equation, L 
and H being invariable, 


cos <p,A<p = — cos P cos P sin g . aP 

Ad cos R cos Q 

sin i X 


We have found in the preceding article sin 
and hence 


A^ = 


Ad sin (3 
cos 9 ? sin J A 


cos H cos Q; 


(323) 


In the case of the sun, therefore, we compute the approximate 
latitude f by the formulfe (316), (317), and (318), employing for 3 
the mean declination. We then find Af by (323) (which in- 
volves very little additional labor, since the logarithms of sin /9 
and sin have already occurred in the previous computation), 
and then we have the true latitude 


^ ^ — |— ^(p 

If we wish also to correct the hour angle r found by this 
method, we ha\-e, from the second equation of (47) applied to 
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tke tiiaugle PTZ (taking b and c to denote tke sides PT and 
Z T, which, are heie constant), 

cos .H cos 4 . T, 

= AjT 

COS <p 

ill wliicli A IS tlie azimiitli of the point T But we liaYe in the 
tiiangle FTZ 

cos H cos A = Bin ^ cos D cos t — cos <p sin D 
Substituting this and the value of aP, we have 

At = - (tan <p cos T — tan JD) 


and, substituting the value of tan D (320), 


a5 

At = 1 tan <p cos T — 

QmiX\ 


tan d 
cos J A 


When this coirection is added to r, we have the value that would 
be found by the ligorous formulse, and we have then to apply 
also the coriection x according to (314) In the piesent case we 
have, by (313), 

X = — Ld tan S tan i A 

and the complete formulae foi the hour angles t and f become 


Putting 


t = r-l-AT — X — JA 
t T — At X "j" ^ A 


y = At — X 


we find, hy substituting the above values of Ar and 


and then we have 


y = AS 


tan ^ cos T 
sin i A 


tan d \ 
tan i A / 


t — y — iA 
f=r-|-y-|-JA 


(324) 
I (325) 


The corrections Ap andy aie computed with sufficient accu- 
racy with four-place logarithms, and, theiefore, add but little to 
the laboi of the computation IJ^evertheless, when both latitude 
and time aie lequiied with the gieatest piecision, it will be pre- 
feiahle to compute hy the rigoi oim toimnlc^ 
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Exvmple— 1856 Maich 10, m Lat 24° N, Long 30° W, 
suppose we obtain two altitudes of the suii as lolloiis, all eoirec- 
tioiis being applied find the latitude 


At app time 0* 30"* h = 61° 11' 38" 3 (a ) — — 3° 51' 52" 8 

" 4^0 /(' =18 46 35 8 (5')= — 3 47 57 4 

2» 0”* K^ + ^') = ^9 59 7 1 :r"4F55~l 

= 30° 0' ^(h — h’) = 21 12 31 3 a5 = + 1' 57" 7 


The following is the foim of computation by the foimnlie 
(316), (317), and (318), employed by Bowditch in his Piaciieal 
Navigator, the reciprocals of the equations (316) and of the 
second of (317) being used to avoid taking aiithmetical comple- 
ments This foim 18 convenient when the tables give the secants 
and cosecants, as is usual in nautical works 


cosec J A 0 301030 
sec 6 0 000972 

cosec C 0 302002 
cos J (A -f A') 9 884347 
sm I (A — ?/) 9 558428 
sm 9 744777 


cos 9 937854 

cosec 0 192065 == — 4° 25' 21" 3 

sec 0 030459 

cos 9 919829 

sec 0 080207 7 = 33 45 38 0 

D + y=z 29 20 16 7 

(f> = 24° 2' 23" 2 


cosec nl 175024 

cos 9 937854 

cosec 112878 

cos 9 919829 

sm 9 6901C1 

sin 9 60^90 


If the approximate latitude had not been given, we might also 
have taken I) — y = — 38° 10' 59" 3, and then w"e should have 
had 


cos g 9 919829 
sm (D — n9 791113 
y = — 30° 55' 44" 3 sin ,f ii* 71.942 

To correct the first value of the latitude for the change of 
decimation, we have, by (323), 


log 2 0708 

sin g 9 7448 

eosec i 4 0 3010 
sec {5 0 0394 

A?- = — 143" 2 log Af ni"i^ 

and hence the true latitude is 

/ = 24° 2' 23" 2 — 2' 23" 2 = 24° 0' 0" 
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■\vliicli agrees eiacllj with the value eoniputed by the iigoious 
tormulw. 

The ajipioM mate time is louncl hj- the last equation of (318) 
with hut one new logarithm ive have 

sin /5 9 744777 
cos <p 9 960596 
T = 37“ 28' 23" sm r 9 784181 

By (824) and. (325), we find 


log 

2 0708 

log 2 0708 

cosee 4 

4 0 3010 

cot ] A 0 2386 

tan ^ 

9 6494 

tan 5 nS 8259 

cos r 

9 8996 

— 13" 7 W11853 

+ 83" 8 

1 9208 



2/ = + 83" 3 — (— 13" 7} = + 97" 

r 4- y = 37“ 30' 0" = 2* 30“ 0* 

t = 0* 30“ 0* f = 4» 30“ 0* 

which are perfectly exact 

182 (I) ) Two equal altitudes of the same stai , oi of ike sun — This 
ease is a veiy useful one m piaetiee v\ith the sextant when equal 
altitudes have been taken for detei mining the time by the method 
of Art. 140 By putting h' = h in the formulte (317), we find 
sin ^ = 0, cos (3 = 1, and hence (318) gives sm ^ = sin (Z) + p), or 
f = D H- y We have, therefoi e, foi this case, by (320) and (321), 



which 18 the method of Art 164 applied as pioposed m Ait. 165. 
We give y the double sign, and obtain two values of the latitude, 
for the reasons already stated 

The time will he most conveniently found by Art 140 The 
method theie given is, however, embiaeed m the solution of the 
present problem. For, since wc here have sin /9 = 0, W'e also 
have r = 0, and the houi angles given by (325) become 


^ =2/ — U 

t' = 2/ -|- i 4 
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tlie mean of whicli gives 

i (t f) — y z=:0 

that IS, ^ IS the coriectioii of the mean of the times of obsei- 
vation to obtain the time of appaient noon — 0^' This collection 
was denoted in Ait 140 by and since cos r = 0, the toimula 
(324) gues, when divided by 15 to lediice it to seconds of time, 

rp Ao tan <p , A(^ tan d 

A 1^=: 1 — I 

15smi; lotanjl 

wdiich IS identical wnth (262) Thus it appeals that (262) is but a 
particu^ii case of the foimula (324), wdnch I suppose to be new 
llie latitude found bv (32b) wull leqiiiie no collection, since 
sill ^3 = 0, and therefoie A<p = 0 

Notp Ihe preceding solution^? of tbe problem of hnding the latitude and 
time by two altitudes leave nothing to be desired on the score of completeness and 
accuracy, but some brief appioxiinati\ e methods, used only by navigators, will be 
treated of among the methods of finding the latitude at sea, and in Chapter VIII 

183 I pioeeed to diseust, the eftect of enois in the data upon 
the latitude and time detei mined by tu'o altitudes, and hence 
also the conditions most favoiable to acemaey 

-£jj 0 ?s of altitude Since the hour angles t and t' are connected 
by the relation t' = t-\- X, the errors of altitude produce the same 
tniois in both, foi, 1 being con ect, we have dt' = dt, and for 
eithei of these we may also put dr, since ive have, in the second 
s-eiieial solution of Ait 178, T~x = ^{i+('), and x is not 
aftected by eiiois ot altitude Now, we have the geneial relations 

8in h = sin w sm d -j- cos 0 cos d cos t 1 nr 

sin h' = sm cjj sm d' -f- cos cos d'eos t' j 

which, by differentiation 1 datively to A, and L give fsee 
equations (51)] 


dh = — cos Ad0 — cos 0 sin A dr 
dh' = — cos A'd0 — cos 0 sm A' dr 


m wdiich A and A ' denote the azimuths of the two stars, or of 
the same star at the two obseivations 
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Eliminating it and d(p successively, we find 


d<p 

cos (pdx 




sin (J.' — A') sin {A’ — A) 

cos A' cos A 

sin (A' — A') sm (J. — A) 


dh' 

dN 



These equations show that, in order to reduce the effect of errors 
of altitude as much as possible, we must make sin {A^ — A) as 
great as possible, and hence A' — J., the difference of the azi- 
muths, should be as nearly 90^ as possible. 

If we suppose J.' — A — 90°, we have 


d(p T=i — sin A dh -f- sin A did 
cos <pdr =z dh — (iO^Adh^ 


and, under the same supposition, if one of the altitudes is near 
the meridian the other will he near the prime vertical. If, then, 
the altitude li is near the meridian, sin A will be small while 
sill A^ is nearly unity, and the error d<f will depend chiefly on 
the term sin A'dh. At the sahie time, cos A will be nearly unity 
and cos A' small, so that the error dr will depend chiefly on the 
term cos A dh'. Hence the accuracy of the resulting latitude will 
depend chiefly upon that of the altitude near the meridian; and 
the accuracy of the time chiefly upon that of the altitude near 
the prime vertical 

If the observations are taken upon the same star observed at 
equal distances from the meridian, we have J.' = — Ay and the 
general expressions (328) become 


dh + dN 
2 cos A 


2 sin A 

The most favorable condition for determining both latitude 
and time from equal altitudes is sin A = cos Ay or A = 45°. 

^ En-ors in the observed clock times.— An error in the observed 
time may be resolved into an error of altitude ; for if we say that 
dT IS the error of T at the observation of the altitude h. it 
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amounts to saying eitliei that the time cf 2’ eoi responds to 
tlie altitude h, oi tliat T coriesponds to the altitude h + dh, dh 
being the meiease of altitude in the interval dT We may, 
theiefore, consider the time Tas correctly observed while h is in 
eiior bythe quantity — (ZA Conveisely, we may assume that 
tlie altitudes aie correct vhile the times are eiioneous The 
discussion of the eiiois uiidei the latter foim, while it can lead 
to no iiewiesults, is, iieveitheless, sufficiently mteiestmg We 
have, fiom the foimula (304), 


dA = dT' — dT 

Thegeneial equations (327), upon the supposition that h and A 
aie eoireet, give 


0 — — cos Ad(p — cos <p sin A dt 
0 = — cos A'd<p — cos <p sin A' (jlt -f dX) 


where we put dt + dk foi dt', since t' = t + k Ehnimatmg di, we 
find 


, cos <p sin A' sin A , 

sin (A' — A) 

(329) 

Eliminating dcp, 

and similarly 

dt~- ^ ax 

Bin (A' — A) 

4f ~ ^ dX 

sm (A' — A) 


Eut we have fiom the formula r — x = l(t 1') 


and hence 

dr (dt + dt') 



sin dX 

sin (J.' — A) 2 

(330) 

If we denote the clock collection at the time T 
have 

by d-, we shall 

and 

i 4- a — r 



d& =zdt — dT 
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or, if we deduce ^ from the second obseiwation, the rate being 
supposed correct, 

cU = dV -dT 


The mean is 


c?i> — dr — I (dT d T') 


Substituting the value of dr and also ( 7 ^ — dT' dT, \ve find, 
after reduction, 

sin ^ cos .4' . 7 ^ _ (331) 

sin (A' — A) sin (A' — .4) 

The conclusions above obtained as to the conditions favorable to 
the accurate determination of either the latitude or the time are, 
evidently, confirmed by the equations (329) and (331). In addi- 
tion, we may observe that if dT^ = dl\\Ye have dcp = 0 and 
= dT: a constant error in noting the clock time produces no 
error in the latitude, but atiects the clock correction hy its v hole 
amount. 

Errors of decimation . — These errors may also he resolved into 
errors of altitude. By difterentiating the equations (327) rela- 
tively to h and 5, we find 

dh — co^qddy dh! = cos (f 


in which q and are the parallactic angles at the two observa- 
tions respectively. If these values are suhstituted in (328), the 
resulting values of dip and rfr will he the mreeiions required in 
the latitude and hour angle for the errors dd and dd' and, de- 
noting these corrections hy Ap and at, we have 


A^ = 


as 4- d8' 

sin (.A' — A) sin (A' A) 


cos ^ Ar = 


COS A' cos q cos A cosq' 

sin (A' — A) sin (A' — A) 


(332) 


If the observation h is on the meridian, and h' on the prime 
vertical, we have A<p = — dd; and in the same case we have, by 


* Tbe error of a quantity and the correction for this error are too frequently con- 
foimded. They are numerically equal, but have opposite signs. If a should be 
a — r, it is too great hy x; its error is x; but the correction to reduce it to its 
true value is — x. 
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correction of the latitude 
- i , precisely the same as if the meridian observation 
were the only one. Hence there is no advantage in comhinino- 
an ohservattou on the meridian with another remote from it, in 
the determination of latitude: a simple meridian observation, 

nrefr! v i"" I- circummeridian observations, is always 
prefeiable if the time is approximately known. 

nlovirl^" observed and the mean decimation is em- 

p,:* “ * 


^55 sin A' cos g -f sin i. cos <?' 


which, by substituting 


sin (A' — A) 


• Ar) 


becomes 


sin A' = g' cos 8 j _ ®ia 3 cos 3 

cos 5. 

A0 = ~ (3' + 3) cos d 

sin(yl'_4) cos^.'^ 


(S88) 

ThU is but another expression of tho oorveetion (328). 

.loll’ '^1'" “““ “ o’’®*''™'', instead of emplovinl the mean 

dec .nation „e employ the declination beloiiilin^ ,„“the 

T=1 Ilf el T *“ We 

2 a 8, and, denoting the correction of the latitndp in 
this case by we have, hy (332), 


sin (A' -> A) 


, j:^d =2 2 sin q cos cos 


. Ad 


Wlf r ""f ^ ‘tan ay? 

m.ridiln'Lttdl«:raf <l;2vr “““ 


or 


whence 


2 sin q cos q' < sin (3' 4. q) 

2 sm 3 cos q' < sin q' cos 3 + cos q' sin 3 
tan q tan q^ 


"’'wff'l he S'aato altitude 

secondly. If the observations are on different sides of the 
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meiicliaii, q and willluiYO opposite signs, and avc bhall luue, 
iiiimciically, &m (?' — j) instead ol sm (r/' + q) The eoudihon 
tlieiij leqmies that 

2 sm q cos (/ < sin q' cos q — cos (f sin q 

01 

tan 3 < i tan c/ 

Therefore a will he gi eater than only when the observa- 
tions aie on opposite sides of the nieiiduin and tan </ > ] tan (/' 
in eases wheie an aiiproxiniate lesiilt snhiees, as at sea, and the 
coirectioii Ap is omitted to save conipiitatiou, it will bo expedient 
to employ the deolniatioii at the gieatei altitude, except in the 
single ease just mentioned But to distingiiisli this case nith 
aeomaej we slionlcl have to compute the angles^ and q' , and 
tlierefoie an appioximate ciiteiioii niust siifhoe Since the 
paiallactie angles iiiciease with the hour angles, we may substi- 
tute for the condition tan g> -I tan q' the more simple one 
^ > I f, which gi\es 



or {i and being only the numerical values of the hour angles) 


t>r 

Hence we derive this very simple practical lule en}j)loy the smi's 
decimation at the p eater altitude^ ea'ce2)i 7ohin the time oj this alldicde 
iS feather fiom noon than the middle iime^ in which ea.^e employ the 
mean declination. 

The gieatest erior committed under this rule is (nearly) the 
value of L(p m (323), when r — t But since in this case 3^ -=- 
and t-fV = /j 'we have r = 2, and theiefoic sin ^ — cos f sin r 
= cos (p sin I L This reduces (323) to ~ Ad sec ^ L 
Since A will seldom exceed Ad will not exceed 3', and the 
maximum eiior will not exceed 6. In most cases the error 
will be under 1', a degiee of approximation usually quite sulli- 
eieiit at sea Nevertheless, the computation of the oorreclion 
Af by oui toimula (323) is so simple that the careful navigator 


* Dowd ITCH and navigator'? generally employ m all cases tlie mean (leolinatioii , 
but tlie aLo^e discussion pioves that, if the cases are not to he distingui^lied, it wll 
lie bettei always to employ the declination at the greater altitude 
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will piefei to employ the mean declination and to obtain the 
exact result by applying this coirection iii all cases 


SIXTH METHOD —BY TWO ALTITUDES OP THE SAME OR DIFFERENT 
STAR&j WITH THE DIFFERENCE OF THEIR AZIMUTHS 

184 Instead of noting the times coiiesponding to the observed 
altitudes, we may observe the azimuths, both altitude and azi- 
muth being obtamed at once by the Altitude and Azimuth 
Instiument oi the Univeisal Instrument The instiument gives 
1 10 diffei ence of azimuths = I The computation of the latitude 
and the absolute azimuth A of one of the stais may then be 
poi formed by the foimulm of the preceding method, only intei- 
changmg altitudes and deehiiations and putting 180° — A for ^ 
When A has been found, ive may also tind i by the usual methods 


SEVENTH METHOD BY TWO DIFFERENT STARS OBSERVED AT THE 
SAME ALTITUDE IVHEN THE TIME IS filVEN 

185 By this method the latitude is found from the declinations 
of the two stars and then lioiu angles deduced fiom the times 
of obsei ration, employing the altitude itself, so that the lesiilt 

giaduation, &c ) of the instiument 
with ivhich the altitude is ob&eived Let 


O, O tho sidereal times of the obsei vations, 
a a' = the light ascensions of the stais, 

S, S' = tho declinations “ « 

~ tho hour angles “ « 

h = tho altitude of either stai, 
y = tho latitude , 


then, the houi angles being found by the equations 


w'e have 


sin h = 8111 y sin S cos y cos S cos t 
sin 7i = sin y sm 3' -J- cos y cos S’ cos f 


From the difference of these w’e deduce 


tan y (sm S' — sin 5) = cos S cos t — cos S' cos t' 

= 4 (cos S — cos S') (cos t + cos f) 
-)- 4 (cos 3 cos S') (cos t — cos f) 
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and, by resolying tlie quantities in pareutLeses into tlieii factors, 

tan 93 = tan i (S^ + S') cos i (f + t) cos i (f — t) 

+ cot i — S) sin i (f + 0 sm i {f — t) 

If now we put 

m sm if = sin J (f — t) cot J — 5) 
m cos if = cos i-(f — 0 tan i ((5' + 

we have 

tan (p = m cos [i (f + /) — if] 

The equations (334) cleteiminem and if, and then the latitude is 
found by (335) in a veiy simple mannei 
It IS important to determine the eoiiditioiis which Tiiiist goreiii 
the selection of the stars and the time at which they are to be 
ohseived Foi this purpose wm dijfterentiate the above expres- 
sions for sm h relatively to f and t The eiror in the hoiii angles 
IS composed of the erioi of observation and the enoi of the clock 
eoirectioii If we put 

T, T' = the obseived (sideioal) clock time, 
lT = the clock correction, 

= the rate of the clock in a unit of clock time, 

we shall have 


}(334) 

(33S) 


t=T -Y- f = r 4 - aT + ^T(T' — T) ■— a' 

Differentiating these, assuming that the rate of the clock is suffi- 
ciently well knovn, we have 


dt=dT^ dAT, df = dT 4 d^T 

ill which dTy dT^ are the eiiors in the obseiwed times, and 7 
the error in the clock coirection. The diffeiential equations aie 
then 

dh zz=z — cos i. — cos ^ sin AdT — cos <p sin A d aT 
dh — — cos A'd<p — cos <p sin AdT — cos f sm Ad 

in which and A are the azimuths of the stars The difference 
of these equations gives 


d(S 


sm A 




sin A 


cos A — cos A 


■AT ^ 


sm A — sm A 


dAT 


1 as c'- 




cos A — cos J. 
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The (leuominatoi cos A — cos A' is a maximum wTieii one of 
the azimuths is zeio aud the othei 180°, that is, ^\hell one of the 
stais IS south and the other noith of the obseivei To satisf\ 
this condition as neaily as possible, two stais aie to be selected 
the mean of whose decliuatious is neailj equal to the latitude, 
and the common altitude at which they aie to be ob&eivcd will 
be equal to oi but little less than the meridian altitude of the 
stai which culminates faithest fioni the zenith It is desuable, 
also, that the diffeience of light ascensions should not be gieat 

The coefficient of i/aTis equal to — cot + A), i\luch is 
zeio when ^(A' + A) is 90° oi 270° hence, "when the obseiva- 
tions are equally distant fiom the piime veitical, one noith and 
the othei south, small eriois in the clock coriectioii have no 
sensible effect 

TV lieu the latitude has been found by this method, we niav 
deteimme the whole eiioi of the instiument with wdnch the 
altitude IS obseived, foi eithei of the fundamental equations 
will give the tiue altitude, which iiiei eased by the lefraction wull 
be that which a peifect instiument would give 


186 With the zenith telescope (see Vol II ) the tw'O stais 
may be obseived at ncc/zl// the same zenith distance, the small 
diffeience of zenith distance being deteimiued by the level aud 
the miciometei The piecedmg method may still be used by 
collecting the time of one of the obscivations If at the ob- 
seived times T, T' the zenith distances aie and the times 
when the same altitudes would be obseived aie either 


or, 


T and T' -\ 

COS (p sm 

r 

T ^ 1 — and T 

cos cp sin A 


wheie C' ““ C given directly by the instiument With the 
horn angles deduced fiom these times we may then proceed by 
(354) and (335) 

But it will be still bettei to compute an appioximate latitude 
by the formiiljc (334) and (335), employing the actually observed 
limes, and then to coirect this latitude foi the difference of 
zenith distance 
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By differentiating the formula 

tan (p (sin — sin <5) = cos 5 cos t — cos cos f 
relatively to f and we have 


scc^ <p (sin c) ' — sin <5) d<p = cos sin f = sin C sin J.' diJ' 


Hence, substituting 

f' f'f 

df = dT = — ^ ^ 

cos (p sin ^ 

we find 


dip = 


\(S — C') sin C cos cp 


sin i(d' — d) cos i (<5' -f d) 
and the true latitude will be p + d(p. 


(3B6) 


EIGHTH JVIETHOD. — BY THBEE OR MORE DIFFERENT STARS OBSERVED 
AT THE SAME ALTITUDE WHEN THE TIME IS NOT GIVEN. 


18 1 . To find both the latitude and the clock correction from the clock 
times when three different stars arrive at the same altitude. 

As in the preceding method, we do not employ the common 
altitude itself; and, as we have one more observation, we can de- 
termine the time as well as the latitude. 

Let S, S', S^', Jig. 26, be the three points of the celestial 
Ei 26 sphere, equidistant from the zenith Z, at which 
' p the stars are observed. Let 



T, T', T"" = the clock times of the observations, 
aT = the clock correction to sidereal time at 
the time T, 

— Ihe rate of the clock in a unit of 
clock time, 

a, a , a" = the right ascensions of the stars, 

5, d', 5’' = the declinations « 

f, = the hour angles “ 

h = the altitude, 

<P = the latitude. 


Also, let 


X = f -^t = SPS', 

X' SPS"; 

then, since the sidereal times of the observations are 
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0 = T + aT 

Q' == T' + aT + dT(iT' —T) 

0" = T" + A T + StIt"~T) 

and tke hour angles are 

< = 0 _ a, f = 0 — a', f ' = 0" _ a", 

we have 

k=.T'—T+ST(T'~T) — (a' - a) 

A' = T"— T + ST ( T''~ T) — (a" — a) 

The angles A and aie thus found fioni the obseived clock 
times, the clock late, and the light ascensions of the stars The 
houi angles of the stars being i!, i! + ;, and t + X', we have 


sin h = sin 5s sin 5 -f cos <p cos d cos t 
sin A = sin ^ sin S' -f- cos <p cos S' cos (t -f- A_) 

Bin A = sin 5s sin -j- cos f cos S" cos (t -f- A') 

Subtracting the first of these fioni the second, we have an eq^ua- 
tion of the same foim as that treated in Ait 185, only heie we 
have t X instead of t' , and hence, by (334), we have 


TO sin ilf sin J A cot i (S' ~ S') 
TO cos ilf = cos J A tan } (S' -f S) 

and putting 

N=\X — M 

we have, by ( 335 ), 


I (337) 
(338) 


tan 50 = m cos (t -f XN) ( 339 ) 

111 the same manner, from the fiist and third observations we 
have 


to' sin M' = sin J A' cot I (S"— S) 
to' cos M' = cos i X' tan K^" + S) 

N' = I X' — M' 
tan (p = to' cos (t N') 


I (340) 

(341) 

(342) 


The pioblem is then reduced to the solution of the two equa- 
tions (339) and (342), involving the two unknown quantities 
f and t If we put 

A cos (t 4- iV) = — 
m 
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there follows also 


k cos (t + JT') = — 


and these two equations are of the form treated of in PI. Tiig. 
Ai-t. 179, according to which, if the auxiliary is determined hy 
the condition 


we shall have 


tan 


7n 

m! 


(343) 


tan p -I- J (iV-|- iV')] = tan (45° — t?) cot J (iV' — N) (344) 

which determines t, from which the clock correction is fouud hy 
the formula 

a + t— T 

The latitude is then found from either (339) or (342).* 

To determine the conditions which shall govern the selection 
of the stars, we have, as in Art. 185, 

dh = ~ cos .4 dtp — cos <p sin A AT ■— cos tp sin A Aa T 
dh — — cos A' d<p — eos <p sin A' AT' — cos <pe,m A’ AaT 
dh = — cos A" dp — cos p sin A" AT" — eos p sin A" AaT 

By the elimination of dtT, we deduce the follow ing ; 

(sin A — sin A’)dh= sin {A' — A ) dp — eos p sin A' sin A {dT" — dT ) 
(SM A'^ — sin A") dh = sin (A" — A' ) dp — cos p sin A" sin A’ (dT" — dT ) 
(sin A' — sin ^ )dh= sin (.1 — A") dp — oos p sin A sin A" (dT — dT") 

Adding these three equations together, and putting 

2 r= sin (A’ — ^) -I- sin {A" — A’) -f- sin (4 — 4") 

we find 

_ 8in4(sin4"-sin 4') sin 4' (sin 4 -■ sin 4") 

oo,p- ^ -dr 

sin A" (sin A' - sin 4) 

2K 

eliminating df from the same three equations, vve shall find 

solution is due to Gauss, Mormtlkhe Correspmdeus, Vol. 

A VIII. p. 287. 
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^ (Qos — cos A'O sin A' (co& A" — cos A) 

2 ^ 2K 
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, bin A” (cos A — cos A') 

-f- i — ^ (IT 

2K 

The denominator 2 j^Tis a maximum when the three diiFeience« 
ot azimuth aie each 120°,* which is theretoie the niosttavoiahle 
condition foi deteimimng both the latitude and the time In 
general, small ditieienees of azimuth aie to be avoided 
Gauss adds the following imiioitaut piactical lemarks It is 
deal that stais whose altitude vanes slowly are quite as available 
as those whidi use oi fall lapidly , for the essential condition is 
not so iniic'h that the piocisc instant u hen the stai i caches a 
supposed place should be noted, as that at the time which is 
noted the star should not be sensibly distant fiom that place 
We may, theiefoie, without sciuple select one of the stars neai 
its culmination, oi the Pole stai at anj time, and we can then 
easily satisfy the above condition Moieovei, at least one of the 
stais will always change its altitude lajudlj when the condition 
of widely difteieiit azimuths is satisfied 
The stars piopei to be obseived may be leadily selected with 
the aid of an aitiiieial globe, and in geneial so that the mteivals 
of time between the obseivatioiis shall bo so small thatniegu- 
laiities of the clock oi an eiioi in the assumed late shall not 
have ail) sensible mfluenoo 

Having selected the stais, the clock times when they severally 
ai live at the assumed ciltitnde aie to be computed in advance 
within a minute oi two, so that the obseivei may he leady foi 
each ohservation at the proper time This is quickly done with 
foiir.place logaiithms by the foimiila (267), in which and r 
will liave the same values foi the three stais 


^ For by putting a = A' - A, a' = A" - A', we bare 
2 = sm a + sin a' — sin (a ~(~ a') 

and, differentiating with reference to a and a', the conditions of maximum or mini- 
mum are 

cos a — cos (a -p «') = 0 
cos a' — cos (a a') ~ 0 


which give either « = o' = 0 or a = o' = 120®, and the latter evidently belongs to 

the case ot maximuiu 



284 


LATITUDE. 


If it is desired to compute the differential formuhe, the follow- 
ing form will be convenient. We have 

£■ = — 2 sin i ~ A) sin J (ff" — A') sin .] (A — A") 


sin A cos J {A" -j- A'') sin J (A" — A') _ 

15 cos <p K ' " 

sin A’ cos J (ff + 3 (A. — A”) 


sin A" cos J (A' -f A) sin i (A' — A') 


d^T = 


+ 

+ 


sin A sin J {A" + A') sin | {A" — A') „ 

^ ..,11 

sin A' sin i ( Jl + A") sin J (A — A") , 

K 

sin A" sin ^ {A' -|- A) sin | (A ' — jI) 


where d<p is divided by 15, since it will ho expressed in Bccouds 
of arc, while dT, dT', and dT" arc in seconds of time. If wo 
first compute the eoefffeients of the value of (Ia'I] those of 
dip will be found by multiplying the former rcRi)C(;tivoIy by 
cot {A' -j- A''), cot J (J. A"), and cot (A' -|- A), and also by 

15 cos ip. It is well to remark, also, for the pxir]^)()HO of verifica- 
tion, that the sum of the three coefficients in the formula for df 
must be = 0, and the sum of those in the formula for must 
be = — 1. 

The substitution of dX for dT' — dT, and dT for dT"—dT, 
will reduce the above expressions to a more simple form, which 
I leave to the reader. 


Example.— To illustrate the above method. Gauss took the 
fo^wing observations, with a sextant and mercurial horizon, at 
Gottingen, August 27, 1808. The douhlo altitude on the sextant 
was 105° IS' 55". The time was noted by a sidereal clock 
Whose rate was so small as not to require notice. 
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<x jhirbomeclce T == 21^ 26' 

a Ursce jMnwtis T' = 21 47 30 

a Lyice 7"= 22 5 21 

The appareat places of the stars were as follows 

a Audi oniedoi a = 23'* 58™ 33' 33 o = 28° 2' 14" 8 

a Uisce Mtiioiii, a' = 0 55 4 70 5' z= 88 17 6 7 

o.Lyice a" = 18 30 28 96 = 38 37 6 6 

Hence we liiid 

i A = — 5° 18' 25" 28 J A' = 44° 59' 55".28 

i (^' — 5) = 30 7 25 45 J (5" — ^) = 5 17 25 .90 

i {S' 4- 5) = 68 9 40 25 J (^" -|- 2) = 33 19 40 .70 

log cot 2 ) 02363973 log cot ^(5" — <J) 1 0333869 

log sin H /i8 9661070 logsm}/ 9 8494751 

log m sm M ji9 2025043 log m' siii J/' 0 8S28620 

log tan S) 0 2069331 log tan } (^' -f 5) 9 8179461 

log cos 1 A 9 9981343 log eos ] A' 9 8494949 

log m eos 31 0 2050674 log m' cos M' 9 6674410 

log tan AT nB 9974369 log tan 31' 1 2154210 

log cos AT 9 9978645 log sin M' 9 9991963 

log m 0 2072029 log m' 0 8836657 

-4/= — 5° 40' 37" 96 ilf' = 86° 30' 55" 07 

iA-M = _|. 0 22 12 68 iX —M'=N'=~il 30 59 79 

1 ? = 11° 53' 41" 28 log ~ = log tan i? 9 3236372 

45 ° — </— 33 6 18 72 log tan (45° — 6*) 9 8142617 

K-ZV' — AO — 20 56 36 24 log cot 1(77'— iV) «0 4171063 

f r + AO = — 59 35 14 71 log tan p + § (i7'+ 77)] nO 2313680 
t(x7'4-77) = — 20 34 23 56 

t= — 39 0 51 15 2‘36™ 3*41 

* = 23 58 33 33 

t + a = © = 21 22 29 92 

T= 21 S3 26 

Clock correction A T'= — 10 56 08 

Then, to find tlie latitude, we have 
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t -I- i\^= — 38° 38'38".47 
log cos (t + iV) 9.8926738 

log m 0.2072029 

log tan If 0.0998767 


t -I- N' — — 80° 3V 50".94 

log cos (< + JV') 9.2162110 

log w' 0.8836657 

log tan 0.0998767 


<P = 51° 3r 51".46 

If with these results we compute the true altitude of the 
stars, we find from each h ~ 52° 37' 21".2. The rcthietiou was 
42".7, and hence the apparent altitude = 52° 38' 3".9. The 
double altitude observed was, therefore, 105° 16' 7".8. The 
index correction of the sextant was — 8' 30", and hence the 
double altitude given by the instrument was 105° 15' 25", 
which was, consequently, too small by 43". 

To compute the dilFereutial equations, Ave find 

A = 293° 45'.2 A' = 182° 9'.1 A" — 90° 17'.9 
and hence 

d<? = + 8.808 dT— 0.288 dT’ — 3.519 dT" 
dAT= — 0.391 dT— 0.007 dT' — 0.602 dT" 

by Avhich we see that an error of one second in each of the 
times Avould produce at the most but 7".6 error in the latitude, 
and one second in the clock correction. 


188. Solution of the “preceding prohUm by Oaonoli’s fonmdm 

After Gauss had published the solution above giimn, he Avas 
himself the first to observe* that Oagnoli’s formuhe for the 
solution of a very different problemf might be applied <lirectly 
to this. 

Wlien the altitude is also computed, Cagnoli’s formuhe have 
Fi 26 (iw ®%ldly the advantage over those of Gauss. To 
deduce them, let q, q', q” be the parallactic angles 
at the three stars, or (Fig. 26) let 



q = PSZ, 
and also put 


q' = P8'Z, q" = PS"Z, 


q =^{P8"S' 
Q' = i (PS"S 
Q" = i(PS'S 


■ PS'S") 

■ PSS") 

■ PSS') 


* Monatlicke Correspondenz, Vol. XIX. p. 87 . 

JilrS’',!!’.*’ "'.■‘•‘"““-e. <«“ miomu™ pl.„, 0, . n. 
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olioii, siiic'G 2SS , Z8 S , find ZSS'' ai6 isoacsles triangles, we 
have ’ 

q + FS8' = PS'S — q' 
q' + PS'S" = PS''8' — q" 
q + PSS" = PS"S — q" 

whence 

<?+!?'= 2$" 
q' -t- q" = 2Q 
g''-\-q =2Q' 

2 + 2' H- ?" = <2 + $' + Q" 

q =- 

?' = Q—(?'+Q" 

q" = Q-l-Q'^Q^' 

Now, Q, Q', are found horn the tiiangles PS"S', PS"S, 
and P-S'.S, by Napier’s Analogies (Sph Tug Ait 73), thus 



tan Q 


sm i (S" — s') 
cos i(S" S') 


cot 1 (A — ;) 


tan Q' = 


sm J (5" — S) 

icot U' 

cos I ((5" -f d) 


tan Q" = 


sin ^ (5' — < 5 ) 
cos ] (fJ' -j- S) 


cot i 


(346} 


where P are the angles at the pole found as in the preceding 
article With these values of Q, Q', those of q, q', and 5 '^ 
become known by (845) 

We have also 


whence 


and from this 


or 


cos €p sm -j” ^ sm q 

cos sin ^ = COB h sm q 

sin (f -f- 

sin t sin q 

8in (^ -|- A) -f- sin t sm q' -j- sin q 

sm (t -f A) — sin t sin ^ — sm q 

tan {f, -|- i A) tan i (cf -f- q) 

tan } (^' — q) 


tan J A 
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Substituting tlie values of q and q' in terms of, tliis gives 
tan (t -j- = tan JA tan Q'^ cot (Q — Q') 

or, substituting the value of tan 

tan (if 4" JA) = — 4”-— — I ^ cot (Q Q') (847) 

cos i-(^' + 

wliicli determines ^ 1 A, whence t and the clock coiTection. We 

can now find the latitude and altitude from any one of tlio 
triangles PSZ^ PS'Z^ PS'^Z, by Napier’s Analogies (Sph. Trig. 
Art. 80) : thus, from PSZ we have 

i ^<p — j” 


tan } (^5 — h) 

and then ^ = |- (^ -f A) -(- i (^ — A), h = ^((p h) — j _ A). 

As all the angles are determined by their tangentB, an am- 
biguity exists as to the semicircle in which they are to be taken; 
but, as Gauss remarks, we may choose arbitrarily (taking, for 
example, Q, always less than 90°, positive or negative 

according to the signs of their tangents), and then, according to 
the results, will have in some cases to make the fbllowing 
changes : 

1. If the values of <p and A found by (348) are such that 
cosf and sin A have opposite signs, we must substitute 
180° 4- q for q and repeat the computation of these two equa- 
tions. In this repetition the same logarithms will occur as 
before, but differently placed. 

2. If the values of (p and A exceed 90°, we must take their 
supplements to the next multiple of 1S0°. 

3. ^ The latitude is to be taken as north or south according 
as sin (p and sin A have the same or different signs. 

No ambiguity, however, exists in practice as to <+ -p, found 
J (347), since can differ from its true value only by 

180°, and this difference does not change the sign of eot{Q— Q') : 
lienee tan {t + JA) will come out with its true sign; and between 


COS i (t q) 
cos 4 (t — q) 

sin i (t — q) 
sin i(t-^q) 


tan (45° + 
cot (45° id) 


(348) 
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tke two values of i! + |>l, diflfering by 180°, or 12% the observer 
will be at no loss to choose, as he cannot be uncertain of his 
time by 12'^ 

Example —Taking the example of the preceding article we 
shall hud ’ 

Q — 5/' 9" 3 Q' = -j- 17' 51" 66 §"= 84° 25' 23" 81 

g= — Q + Q'+ Q" = — 40° 10' 22" 85 
t = — 89 0 51 2T 

+ S) = — 39° 35' 37" 06 J (^ _ qo 34' 45 " 79 

i (y -f- A) == 52 4 36 35 i (? — A) = — 0 32 44 84 

55 = 51 81 51 5 A = 52 87 21 2 

189. 1/ loe have observed more than thee stars at the same altitude 
we have more than sufficient data for the determination of the 
latitude, but by combining all the obseivations we may obtain 
a more accurate result than fiom only three. This combination 
IS effected by the method of least squares, according to which 
we assume approximate values of the unknown quantities and 
then determine the most probable correetions of these values or 
those which best satisfy all the observations 
Let T, T', T'', T'", &c be the observed times by the clock 
when the several stars reach the same altitude Let AZ'be the 
assumed clock correction at some assumed epoch = , dT the 

kmvm late Let f and A be the assumed approximate values of 
the latitude and altitude. 'With <p and A, which will be the same 
for all the stars, and with the decimations <?, 8 ', 8", &c , compute 
the hour angles t, t', i", kc and the azimuths A, A', A", &c. If 
the assumed values weie all coirect and the observations pei feet 
we should have a T+^T+ST{T- T,), fm each of these 
quantities then represents the sidereal time of observation , but 
if f, h, and aT lequue the corrections d<p, dh, and dAT, and if 
di IS the coiiespoiiding corieetion of t, we shal l have 

a ■+ 't + 8t= T A aT -\-dAT-\- ST(iT— T^) 

The relation between dip, dh, and dt is 

dh = — cos Ad<p — 15 cos 9? sin Adt 

and a similar equation of condition exists for each star In all 

VoL 1—19 
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these e([iiatioiis, dh and d<p aie the same, but di is difteient for 
each If we put 

/ == r 4- — !r„) — (a + t) 

f = r 4 + aT (r - 7;) — (a' 4 f ) 

/" == r' 4 4 ST(T'^ - T,) ^ (a" 4 n 

&c 

which are all known quantities, we have 

dt=f+ dt'=f 4 ^ZaT, &c 

and the equations of condition become 

t?A 4 casJ. 4 15 cos ^ sin J a ^4 15 cos 1 f =0 

dh^coBA' d<p -{-locos^BinA' cZ a 7^4 15 cos ^ sin A' /' =0 

dh 4 cos A" d<p 4 15eos^8in A" d a 7^4 15 cos ^ sin A" /" = 0 
&e 

from which, by the method of least sqiiaies, the most probable 
values of dh^ d(p, and cZaT" aie deteimined The true values ot 
the altitude, latitude, and clock collection will then be h 4 dh^ 
(p 4 d(p^ A T 4 d^T 

The hoiii angles will be computed most accurately by (269), 
which IS the same as the following : 

j ^ _ sm I — y 4 ^ (C 4 9^ — 

cos ^ (C 4 “h i (> — ^ 

in which Q = 90^ — h , and the azimuths by 



tan^ i A = 


sin i ^ 4 00 s } (^ — (f — 

cos § (C 4 4" i (» + 


Since ip and are constant, it will be convenient to put 


then 


— i (C 4 9 ) 

__ SID (C + id ) 

cos (5 4 J 


n ^ sin (A H) 
cos (c — i S') 


tan^ it = Thn 


tan^ J A == ~ 
n 


(351) 


The barometer and thermometer should be observed witli each 
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altitude, and if they indicate a seiisihle change in tlie lefiaction 
a coirection foi this change must be iiitioduced into the equations 
of condition. Thus, if i*, is the lefi action foi the altitude h lor 
the mean height of the baiometer and thermometei duiing the 
whole senes, while for one of tlie stars it is /, then the assumed 
altitude lequues foi that stai not onlj the eonection dh, hut aIno 
the correction j - Hence, if we find the lefractions j , r', 

&c foi all the observations, and take then mean r,,, we have only 
to add to the equations of condition lesiiectively the quantities 
r — ra, — r^, r" — &c 

If any one of the stars is obseived at an altitude \ slightly 
ditierent from the common altitude /;, we coirect the coi respond 
ing equation of condition by adding the quantity h — 7q 

190 We may also apply the pieeedmg method to the case 
wheie there are but three observations The final equations are 
then nothing moie than the three equations of condition them- 
selves, fioin which the unknown quantities will be found by 
simple elunmatiou It will easily be seen that this elimination 
leads to the expiessions tor d(p and c/Ar already given on p 284, 
if we there exchange dT, dT', and dT" foi and f" respect- 
ively We can simplify the computation by assuming aT’so as 
to make one of the quantities /, /', f" zero Thus, we shall 
have/=: 0 if we determine aT’by the formula 

AT=a To)] (352) 

then, finding/' and/" with this value, and putting 

sm ^ A' cos j A' 

sin — A) sin i (A" — A') 

sm ii A" cos 1 A" 

sin ^)sin}(d." — 4') ^ 

we shall have the following formulae 

— Ar'sm J(d. -I- A") -)- A" sm J (A' -f- Al) 

— k' cos i (A -J- A") + A" cos } (A' -(- A) 

-f V cos i (A" — A) — k' cos J (A' — A) 



dAT = 
d(p 

16 cos (p 

dh ___ 
15 cos <p 


(35a) 
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Exvmple — T aking the three ()l)hcn’atioiis above on /ployed, 
and assuming the appioximate values 

A r = - 11” 0*, ?> = 51° 32' 0", A = 52° 37' 0", 

we shall find, hy (351), 

t =r — 2'^ 36“ 5* 50 f = — 3» 19” 55* 65 t" = 3“ 23” 58* 25 

J. = — 66° 15' 2 A' = — 177° 50' 2 A" — 90° 18' 1 

By (349), putting in this case dT= 0, we then have 

/ = — 1* 83 /' = + 80* 95 y" = 6* 21 

and the equations of condition (350) become 

dh + 04027 — 85410 iAT'+ 15 63 = 0 

dh — 0 9993 d^ — 0 3522 (UT — 28 51 = 0 
dh — 0 0053 dfj + 9 3308 <7 aT — 57 94 = 0 

whence 

t?AT = + 3*92 <??) = — 8" 58 dA = + 21" 31 

and the true values of the lequired quantities aie, therefore, 

A T = — 10“ 56* 08 f = 51° 31' 51" 42 A = 52° 37' 21" 31 

agieeiiig almost perfectly with the values before found 

Since m this example theie aie but thiee obseivations, we 
may also employ the foimulfe (353), fust assuming 

aT= — 10” 58*17 

which IS the value given by (352) With this we find 

/' = + 82* 78 /" == — 4* 38 

log = 0 4199 log A" = nO 4932 

and by (353) we shall find 

dAT= + 2*09 cZy> = _8"58 dA = + 21" 31 

Hence the tiue clock correction is — 10” 58’ 17 + 2* 09 = 
10” 56*.08; and the values of the latitude and altitude also 
agiee with the former values 
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191. We may lieie olDserve that, theoretically, the latitude 
might he found also from three diffeieiit altitudes of the same 
star and the differences of azimuth , for we should then have 

sin d = sin (p sin h -j- cos <p cos h cos A 
sm () = sin (p sin -|- cos <p cos 7i' cos (J. -f A ) 
sin d =2 Qiii p sin A" -f cos p cos A" cos (J. + A') 

ii\ which A IS the azimuth of the stai at the fiist observation, 
and the differences of azimuth A and A' are supposed to he given 
The solution of Alt. 187 may he applied to these equations by 
writing h foi d and A for t 

Again, theie might be found fiom three different altitudes of 
the same star not only the latitude and time, hut also the decli- 
nation of the stai , for we then have 

sin h = sni <p sin d cos p cos d cos t 
sin h! = sin p sin (5 -f- cos ^ cos ^ cos (iJ + A) 

Bin =r sin ^ sin ^ cos p cos d cos {t •+■ A') 

fioni which we can readily deduce if, and d But the method 
IS of no practical value, as the eirois of observation have too 
much iniuence upon the result 

einth ivietiioi). — ey the uran'sits of stars over vertical 

CIRCLES 

192 We may observe the time of transit of a star over any 
veitical circle with a transit instrument (oi with an altitude and 
azimuth instiuinent, or common theodolite), tor when the rota- 
tion axis is hoiizontal, the collimation axis will, as the instiu- 
ment 1 evolves, desciibe the plane of a veitical ciicle Foi any 
want of horizoatality of the lotatioii axis, or othei defects of 
adjustment, conections must be applied to the obseived time of 
tiansit over the instiumeiit to reduce it to the time of transit 
ovei the assumed veitical ciicle These collections wall be 
treated of m their proper places in Vol II , and I shall heie 
assume that the obseivation has been coirected, and gives the 
clock time T of transit over some assumed veitical ciicle the 
azimuth of which is A The clock coneetion xTheing known, 
we have the stai’s hour angle by the foimula 

t =?= T — |- A T — a 
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and then, the declination of the star being given, we have the 
equation [from (14)] 

cos t sin <p — tan d cos ^ — sm t cot A (354) 

If, then, A is also known, the latitude <p can he found hy this 
equation Let ns inquire under what conditions an accurate 
result is to he expected hy this method By differentiating the 
equation, we find [see (51)] 

, cos q cos 5 tan C , . , sin 

^ dt dA -| — 7 d6 

cos C sin A sin A cos C sin A 

from which it appeals that sm A and cos ^ must be as gieat as 
possible The most favorable case is, tlieiefore, that in which 
the assumed veitical circle is thepr/ie veiiical^ and the stai’s 
declination diffeis but little fiom the latitude , for we then have 
A = 90° and small. Indeed, these conditions not only increase 
the denoniinatoi of the coejffiicieiit of dt, but also dimmish its 
numeiator, since, by (10), we have 

cos q cos 5 = sm C sm f A ^ ^ cos A 

which vanishes wholly when the star passes thiough the zenith 
Moreovei, if the same star is observed at both its cast and west 
tiansits ovei the prime vertical, we shah have at one transit sin 
A = — 1, at the other sin ^ = -f 1, and the mean of the two 
resulting values of the latitude will, theiefoic, he wholly fiee 
fiom the efiect of a constant error in the clock tunes, that is, of 
an eiior in the clock correction It is then necessaiy only that 
the rate should be known This method, thoicfoie, admits of a 
high degree of precision, and reqniies foi its successful apiplica- 
tiou only a tiansit instrument, of inodeiate dimensions, and a 
time-piece Its advantages weie first cieaily demonstrated by 
Bessel* in the year 1824 , but it appears that veiy eaily m the 
last century Eojmer had mounted a tiansit instiument in the 
prime vertical foi the pm pose of deteiniining the declinations of 
stars fiom their tiansits, the latitude being given The details 
of this impoitaiit method will be given in Vol 11 , under 
Transit Instrument.” 


"^AMronom JSfach , Vol III p 9 
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193. It may sometimes be possible to observe transits only over 
some vertical circle the azimuth of which is undetermined. We 
must then observe either two stars, or the same star on opposite 
sides of the meridian. We shall then have the two equations 

cos t .tan A sin cp — tan d . tan A cos ^ = sin ^ 
cos t' . tan A sin ip — tan . tan A cos <p = sin t' 

from which the two unknown quantities A and f can be deter- 
mined. If the same star is observed, we shall only have to put 
d' ^ d, Eegarding tan A sin (p and tan A cos (p as the unknown 
quantities, we have, hy eliminating them in succession, 

. . . sin f sin cos d — sin f cos sin ^ 

tan A&in (p ~ — 

cos t sin S' cos S — cos f cos d' sin 8 


tan cos ^ 


sin (f — t) cos S' cos S 


cos t sin S' cos <5 — cos f cos d' sin 8 

If we introduce the auxiliaries m and iKf, such that 

m sin M = sin (S' -|- 8') sin J (f — t) 
m cos M= sin (S' — 8') cos J (t' — t) 


}( 356 ) 


we shall easily find 

m sin [i (f -|- ^) — ikf] = sin t sin 8' cos <5 — sin f cos S' sin S 

m cos [i- (t' -f- f ) — M~\ ~ cos ^ sin cos S — cos t' cos S' sin S 

m sin [J if' — t) — H] = — sin (t' — t) cos S' sin S 

and hence 

tan JL sin ^ = tan [ J (f -ft) — if] 


tan A cos cp = 


sin [J (f — t) — if] cot S 


( 356 ) 


cos [J (f + ^) — if] 

which determine A and ^ by a simple logarithmic computation. 
The solution will be still more convenient in the following form : 

sin (S' A- 


tan if = tan | (f — i) 


tan ^ : 

tan A 


tan S 


sin (S' — S) 

sin [i(t' -ft) — if] 
sin [i (f — 0 — if] 

tan [i (f f- t) — M] 
sin f 


( 357 ) 
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If the same star is observed at each of its transits ovei the 
same vertical circle, we have d'=d^ and hence tan M = oo, 
which gives 


tan ^ = tan d — 

cos i (f — t) 


tan A 




sm <p 




If the same star is observed twice on the prime veitical, we 
must have ^ 0, since tan J. = oo ; and then, 


tan ^ = 


tan d 

cos § (f — t) 


tan S 
cos t 


(S59) 


which follows also from (354) when cot -4 = 0, or, geometrically, 
from the right triangle formed by the zenith, the pole, and the 
star, as in Art 19 

If the latitude is given, we can find the time fiom the transits 
of two stars over any (undetermined) vertical ciicle hy the second 
equation of (S57), which gives 


8in a (f sm [J (f- 0 _ if] 

tan ^ 

foi the observation furnishes the elapsed time, and hence f — t, 
and this equation determines ^(i' + 0? hence both t and i\ 
If the latitude and time are given, we can find the declination 
of a star observed twice on the same vertical circle, hy (358) 
When the observation is naade in the piime vertical, this becomes 
one of the most perfect methods of determining declinations 
See Yol 11 , Transit Instrument in the Prime Vertisal 


194 The follovring hiief appioximative methods of deter- 
mining the latitude may be found useful in eeitain cases 


TENTH METHOD EY ALTITUDES HEAE THE MERIDIAI^ WHEN THE 
TIME IS HOT KNOWN. 

195. (A.) By ixoo altitudes near the mendictn and the chronomeici 
mes the observations y when the rate of the elironomeier is Lnown^ 

but not its correction 
Let 

hy h' = the true altitudes, 

Ty !r' = the cliionometei times, 

7= ](T'— T) 
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then, t and t' being the (unknown) hour angles of the observations, 
we have, hy (287), appioximately, 

It — I” 

hj^ = h' at'‘ 

in which is the meridian altitude, and 

225 sin 1" cos e> cos d 

a = 

2 cos 

The mean of these equations is 

and their difference giyes 

h — — a (f — f) (f -|- t) 

Bnt we have 

r = ^ (r — T) = 

m which we suppose the interval T' — Tto he corrected for the 
rate of the chronometer Hence 

f + t 

2 ar 

which, substituted in the above expiession for gives 

A, = i (A -[- A') + (IT* + [1- ^3g0) 

ar^ 

According to this foimula, the mean of the two altitudes is 
reduced to the meiidian by adding two collections 1st, the 
quantity ar^, which is nothing moie than, the common ^‘rednc- 
tioii to the meridian” computed with the half elapsed time as the 
hour angle , 2d, the square of one-fouith the difference of the 
altitudes divided by the first correction 

If we employ the form (285) foi the reduction, we have 

\ = i(h + A') + Am + (361) 

in which 

, cos 0 cos 5 2 sm* i t 

A = ^ — m = — 

cos sm 1" 

and m is taken fiom Table Y or log m fiom Table YI 
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Example 1 — ^Piom the observations m the example of Art. 
171, I select the folloviiig, Avhich are veiy near the meridian 


Obsd alts _Q 

True alts Q 


Clironometer 

50° 

5' 42" 8 k' = 

50° 21' 7" 6 


23* 50” 46' 5 

50 

7 25 5 h = 

50 22 50 4 


0 0 37 5 


i(k~ K) = 

25 7 

T = 

4 55 5 


iih + h') = 

50 21 59 0 




Am = 

-f- 59 0 

log 771 

1 6778 


2d con = 

H- n 2 

log A 

0 0930 


h, = 

50 23 9 2 

log At)} 

1 7708 


= 

39 36 50 8 

log [} (7t 

— A')]’ 2 8198 


5 , =- 

- 1 48 9 2 

log 2d con 1 0490 


<f = 

37 48 41 6 



Example 2 — In the same example, the first and last observa- 

tions, 

vhich are quite remote trom the meiidian, aie as follows 


Obsd alts 0 

True alts Q 


Clu one meter 


49° 51' 19^8 

\ = 50° 6' 43" 

7 

23* 37» 35* 


49 50 24 

h' = 50 6 48 

4 

0 18 31 


J(A- 

h’) = 13 

8 T = 

= 20 28 


which give Am = W 58", and tlie 2d corr =0''2, whence 
P = 37° 48' 37" 

Tins simple appioxiinative method may fieqnently he useful 
to the travellei, and especially at sea, Avheie the mciidian obser- 
vation has been lost in consequence of flying clouds At sea, 
however, the computation need not be earned out so minutely 
as the above, and the method becomes even more simple See 
Art 204 

M V Caillet^ gives a method for the same purpose, which is 
1 eadily deduced from the above Put 


A =z¥ 

then (360) becomes 


r—T= 2t 


l, = h + ~ ^ — 


4a z 


4a r'* 


Truitedt A'avijratiofi (2(i eaition. Pans, 1857), p 319, 
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or, putting 


2 sin^ i t' 

m == 

sin 1" 


Am = ar'* 


K — /i + 


(k -)- Amy 

4: Am 


(362) 


ixi wliich h is the altitude farthest from the meridian. Although 
this reduces the two corrections of (361) to a single one, the 
computation is not quite so simple. 

196. (B.) By three altitudes near the meridian and the chronometer 
iiiytes of the observations^ when neither the correction nor the rate of the 
eJvrojiometer is known . — In this case we assume only that the chro- 
nometer goes uniformly during the time occupied by the observa- 
tions. Let 


7i, A', A" = the true altitudes, 

T, T'j T" = the chronometer times, 

= the chronometer time of the greatest altitude. 

If we introduce the factor for rate = A, according to Art. 171, 
the formula for the reduction to the meridian by Gauss’s method 
is, approximately, 

7q == A -j- akP 


ill which t is the time reckoned from the greatest altitude. De- 
noting ak by a, we have then, from the three observations, 

K = h + a(T - ) 

= N + a{T' — T;)^ V (363) 

A, =:A"+a(T"— j;)^ j 

which three equations suffice to determine the three unknown 
quantities a, and hy By subtracting the second from the 
first, and the third from the second, we obtain 

^ + T)—2aT, 

rj^r rjy \ \ j i 

A' h'' 

= „(T" + Z") — 2ar. 

rjitr ij^i \ \ y 1 

and. the difference of these is 


h' — h” 


r 


T 


= a.{T"— T) 
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If, then, we put 


h'—h” 


fj^tf rjif 


we have 


== tlie mean change of altitude in one second 
of the chronometei fiom the first to the 
second obseivation, 

= ditto fiom the second to the third obsor 
vation, 


rpn rj^ 




JT_j_ y. 


— 01 T, 


fjllf 


(364) 


Having thus found we can find from any one of the equa- 
tions (363), all of which will give the same result if the compu- 
tation is coirect * 


Example — ^From the obseivations in the example of Art 171 
I select the following thiee obseivations: 

Obsd alts _Q True alts Q 

50° 5' 42" 8 h = 50° 21' 7" 

50 7 27 h' = 50 22 51 

A" = 50 22 50 
T' — T = 269' 

T"— 7"= 321 
T'’~ T = 691 
= 23»53» 1*3 


50 7 25 5 
k —h' = — 104" 3 
h'~h'' = + 1 5 


9 

4 
'5 

5 


4(2’+ T') 
b 

~ — + 


Chronometer 

T = 23* 50"* 46* 5 
T = 23 55 16 
T"== 0 0 37 5 
5 = — 03869 
c z= -f- 0 0047 
c — 5 = + 03916 


4 52 0 


r, = 23 57 53 3 
r- 31 = - 7"€*b 

«,(T- 


\ogQT- 
log o ( T- 


log a = 6 8213 

- = 5 2604 

- T^y = 2 0817 


h = 

50° 

21' 

7" 

6 

'.y= 

+ 

2 

0 

7 

K = 

50 

28 

8 

3 

^1 = 

39 

36 

51 

7 

5, = . 

-1 

48 

9 

2 

<p = 

37 

48 

42 

5 


m ^37^48' 4^9'/^^^^ altitudes m Art 

vl a Tm tliat proposed by Litteow (Aslrowmtt, 

tlie clmnffe of ered it applicable to the sun without considering 

IldZ" fom fox the reducuon to the 
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197 (0) By two altitudes oi zcmih ch6tnnces near the menJmn 
a7ul the difference of the azimuths — It the oliseiver 1ms no ebrouo- 
raetei, he may still obtain his latitude by eircummendian alti- 
tudes, if lie obseives the altitudes with a universal instrument 
and reads the hoiizoiital circle at each obseivatioii, taking care 
of course, that the stai is always ohseived at the middle veitieal 
thiead As this instrument generally gives directly the zenith 
distances, we shall substitute If, for 90° — A We have the eq^ua- 
tion 

sm 5 = sin ^0 cos f — cos sin C cos A 
= sm (^ — c) -f 2 cos <p sin ? sm=M 

whence 


cos i (y -b ^ — f) sm J [^; — (<p — a)] = cos <p sin f sin’ i A 


Eut 


and hence 


9 — 5 = Cj = the meridian zenith distance, 


sin i - C,) = £Q«ys'nCsin’M 
cos [,S - J(C _ 


(366) 


which expresses the i eduction to the meridian = C ~ Ci when 
tlie absolute azimuth A is given. If the observation is veiy 
near the meridian, we may neglect J (C — Ci) the denominator 
of the second member, and take 


j ^ cos p sin C, 2 sm’ J A 

‘ cos S sin 1" 

or, putting 

cos a sin C, sin 1" 

a = 

cos d 2 


(366) 


f = uA’ (367) 

from which it follows that near the meridian the reduction of the 
zenith distance vanes as the square of the azimuth 
How, ivheii we have taken two observations, we have 


C, = r _ aA^ 
f, = (T — aA’^ 


whence, putting 


r = i(A' — A) 
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we deduce the following equation, analogous to (860), 

i (C + C') — ~ /r 11 - (368) 

Ct 

Here r is equal to one-half the difterence of the readings of the 
horizontal circle, and is therefore known ; and the computation 
is entirely similar to that of the formula (360). 

198. (D.) By three altitudes or zenith distances near the meridian 
and the differences of azimuths. 

Supposing the observations taken with a universal instru- 
ment, let 


C, C', C" = the true zenith distances, 

Aj A\ = the readings of the horizontal circle, 


we shall have, by the preceding article, 


C,= C -a(^ -^0^ 

-a(AL' 

Cl = c" — a (^" — A,y 

in which is the (unknown) circle reading in the meridian, 
and a is the (unknown) change of zenith distance for 1" of azi- 
muth. These equations are solved in the same manner as (363); 
and hence we have the formulae 



b 



c — 


C" ~ C' 
A'^ — A' 


a 



A 


A. 


_A + A' 


2a 


or A^ = 


A' -f 
2 



(870) 


which determine a and^., after which found by any one of 
the equations (369).* j J 


ol. X article by Littrow in Zaoh’s Monatliche Correspondmz, 
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ELEVENTH METHOD. — BY THE BATE OF CHANGE OP ALTITUDES NEAE 
THE PBIME VERTICAL.* 

199. We have, Art. 149, 

dZ . , 

= cos <p sm A 

V^dt 


If then we observe two altitades near the prime vertical ia quick 
suecessiou, noting the times by a stop-watch with as great pre- 
cision as possible, and denote the difterence of the altitudes, or 
of the zenith distances, by and the difference of the times hy 
dt^ w’-e shall have 

cos <p = cosec AL (371) 

15 dt ^ ^ 


The observation being made near the prme vertical, an error in 
the supposed azimuth A will have but small influence upon the 
result. If the observation is exactly in the prime vertical, or 
within a few minutes of it, we may put 


cos <p = 

Ibdt 


(372) 


This exceedingly simple method, though not susceptible of 
great precision, may be very useful to the navigator, as it is 
available when the sun is exactly east or west, and, consequently, 
when no other method is practicable, and, moreover, requires 
no previous knowledge of the time or the approximate latitude, 
or of the star’s declination. f 

Example. — 1853 July 3, Prestel observed, near the prime 
vertical, the time required by the sun to change its altitude by a 
quantity equal to its apparent diameter, by observing with a 
sextant first the contact of the lower limb with its image in an 
artificial horizon, and then the contact of the upper limb with 


Prestel, in Astron. Nack., Vol. XXXVII. p. 281. 
f Since the star’s declination is not required, this method has the additional 
advantage (which may at times be of great importance to the trayeller) of being 
practicable ivithout the me of the Mphemerit. This feature entitles this method to a 
prominent place in works on navigation. 
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its image, the sextant reading being the same at both observa- 
tions, namely, 30® 15' 0" lie found 


Chronometer 


Contact of lovi^er limb, 4* 48"* 34* P M. 
^ nppei ‘‘ 4 47 5 5 

8 31 5 


The sun's diameter Tras 31' 32" Hence we have 


d^ = n' 32" = 1892" 
dt = 3’^3P6= 21P5 


^ = 58° 23' 5 


log 3 2769 

ai CO log 7 6747 
log 8 8239 

log cos ^ 9 7755 


The azimuth, howevei, was not exactly 90^^, hut about 88^ 2b'. 
Hence we shall have, more exactly. 


9 7755 

A = 88° 20' log eosec A 0 0002 

9 = 53 22 3 log cos ^ 9 7757 

It is evident that the method will be more precise in high lati- 
tudes than m low ones. 

EIXDINO TEE LATITEDE AT SEA 

J’lrsi Method — By Meridian Altitudes 

200 This IS the most common, as well as the simplest and 
most reliable, of the methods used by the navigator The alti- 
tude is ohseived with the sextant (or quadrant) from the sea 
honzon, and, in addition to the coriections used on shore, the 
dip of the horizon is to be applied The true altitude being 
deduced, the latitude is found by (277) or (278), Art. 161 
At sea the time is seldom so well known as to enable the 
navigator to take the star at the precise instant of its meridian 
passage But the meridian altitude of a star is distinguished as 
the gieaiesty to secure which the obseiver commences to measure 
the star s altitude some minutes before the approximately com- 
puted time of passage, and continues to observe it until lie pei- 
ceives it to be falling The greatest of all his measures is then 
assumed as the meridian altitude 
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The most common practice in the case of the sun is to bring 
the lower limb, reflected in the mirrors of the instrument, to 
touch the sea horizon seen directly (a few minutes before noon), 
and then by the tangent screw to follow the sun as long as it 
rises, never reversing the motion of the screw ; as soon as the 
sun begins to fall, the limb will appear ‘‘to dip’' in the sea by 
lapping over the line marking the horizon. Hence, when the 
sun “dips,” the observation is complete, and the instrument is 
read otf. But, as the waves of the sea cause the ship to rise and 
fall, the depression of the sea horizon is constantly fluctuating 
by the small amount due to the change in the height of the 
observer’s eye: it is, consequently, impossible to keep the sun’s 
reflected image in constant contact with the horizon. Expe- 
rienced observers advise, therefore, to observe and read off 
separate altitudes in rapid succession, continuing until the 
numbers read off decidedly decrease ; the greatest is then taken 
as the meridian altitude,* or, still more accurately, the mean of 
the greatest and the two immediately adjacent may be taken as 
the meridian altitude, free from the inequalities produced by the 
motion of the eye. 

201. The greatest altitude, however, is not the meridian alti- 
tude, except in the case of a fixed star. To find the correction 
for a change of declination, we have, for the time (^5^) from noon 
when the sun is at the greatest altitude, the formula (294), or 

^ sin {<p — d') 

810000 sin 1" cos (p cos ^ 

in which Ad is the hourly change of declination expressed in 
seconds. The reduction of the maximum altitude to the meri- 
dian altitude is the quantity y. Art. 172, or 

(16 sin 1" cos ^ cos 5 
^ 2 sin (<p — d') 

These formulae give ?? in seconds of time and y in seconds of arc. 
For nautical use, let 

a = the change of altitude (expressed in seconds of arc) in 
one minute of time from the meridian; 

* Rapeb, Practice of Navigation (4tli edition, 1852), p. 226. 

VoL. I— 20 



LATITUDE AT SEA 




then, hr (287), putting / = 60’, 


and therefore 


810000 sill 1" cos </> COB 9 
2 sill (<p — S') 



()<l I 4(1 


( 373 ) 


The value of a is given m Bowditch’s Navigatoi, Table XXXII , 
with, the arguments f and S 

If we expiess Ad lu minutes of are, we shall have & in minutes of 
time and y in seconds of arc, hy the foininlse* 



y = 


(Ml 

4a 


(374) 


These formnlee may he used also for the moon oi a planet The 
gieatest value of ao foi the sun is 1', namely, at the equinoxes 
when d = 0, and in tins case, if the latitude is 70°, we have 
a = 0 7 and 

1 " 

V = — = 0" 36 

4X07 


a quantity altogether insensible in nautical piaetiee. 

For the moon, liow’evei, we may have Ad = 18', and foi 
^ = 70° the least value of a = 0 6, whence 

„ = = 135" = 2' 15" 

^ 4x06 

Even tills (ivliieh, it must be obseived, is foi an extreme case') 
IS usually neglected by navigatois, who regard ohsei vatioiis of 
the moon for latitude as hut appioximations, on account of the 
frequent iiideteimiiiate character of the sea horizon as seen 
under the moou f 


202 Wlien the ship is in motion, the change of latitude pro- 
duces the same effect upon the ohseivod maximum altitude as 
an equal change of decimation Thus, as in the last example 
of the preceding aiticle, if a ship in latitude 70^ sail due iioitli 


^ Bowditch, Pfactical PTavigafor,, p 169 

i R\PEit, Practice of J^amgalion (4tli edition), pp 177, 220, 210 



REDUCTION TO THE MERIDIAN. 


307 


or due south at the rate of 18 miles per hour, the maximunr. 
altitude will exceed the meridian altitude by 2' 15'h 


Second Method. — By Reduction to the Meridian lohen the Time is 

given. 

203. When the meridian observation is lost in consequence 
of clouds, circnmmeridian altitudes may sometimes be obtained. 
The most convenient method of reducing them at sea is that of 
Bowditch. In his Table XXXII. he gives the value of a com- 
puted by (373) ; and in Table XXXIIL the value of t being 
reduced to minutes. Each observed altitude h is then reduced 
to the meridian altitude \ by the formula (287), or 

at^ (375) 

and a number of altitudes are reduced at once by the same 
formula, by taking for h the mean of all the altitudes, and for t^ 
the mean of all the values of t'^. If the observer has no tables, 
he can readily compute a by the formula 


a = 1".9635 _ [;0.2930] (376) 

sin(^ — ^ ^ 8in(^^~<5) ^ ^ 

Bowditch’s table for extends, however, only to t = 13*^. 
When the observations are more than 13"" from the meridian, 
he reduces the observation to the meridian by the foimiula (282), 


cos Cl = sin h cos ^ cos d (2 sin‘^ i f) 


employing a table of log. versed sines for the value of 2 sin^ J/; 
a table of natural sines for sin h and cos and the table of 
logarithms of numbers for the value of the last term. I prefer 
the formula (283), 


sin i — h) = 


cos ^ cos d sin* i t 
cos i (Aj + A) 


which effects the reduction by a single table. 

Thwd Method. — By Two Aliititdes near the Meridian when the Time 

is not known. 

204. As it frequently happens at sea that the local time iwS 
uncertain, the method I have proposed in Art. 195 vdll be found 
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of gieat use to the navigatoi^ Any hvo altitudes h and /i' being 
observed neai the meudian, t being me-half the chronometer 
inteival between them, conected for rate, expressed in minutes, 
and a, being found by (37 C), oi fiom Bowditch’s Table XX2II , 
we have the mendiau altitude by the formula 


\ + 


ar^ 


which may be computed without the use of logarithms 

Example — The approximate latitude being 38° X, the de- 
clination at noon 1° 48' 9" S , the height of the eye above the 
sea 19 feet, suppose the following observations taken 


Clironometer 


o 


T = S'* 0” 22* 5 h = 60° 11' 40" 

T' = S’' 10” 13* 5 h' = 50 10 _0 

2) 9 51 0 h — h'= 1 40 

r = 4 55 5 \{7i — h') = ^ 

r’ = 24 2 i {h -f- A') = 50 10 50 

a = 2" 4 ar^ = 1st coir = 58 

[i (h — A')]= = 625 e-.V 2d “ = H 

Mend alt O = 50 11 59 
Dip = — 4 16 

Semidiameter = -(“ ® 

Eefi and par = — 42 

h = ^ 23 7 

= 39 36 53 X 
5, = 1 48 9 S 

^ = 37 48 44 X, 


The accuracy of the result depends in a gieat degree upon 
the accuiacy with which the diffeience of altitude is obtained 
It in the above example this difference had been 2' 40", or 1' 
too gieat, -we should have found — h') — 40", and the 2d 
coneetion = i||i = 28" consequently the resulting latitude 
would have been only 17" too small Since the same causes of 
error, such as displacement of the sea hoiizon by extiaordiiiaiy 
refiaction, unknown instrumental errors, &c , afteet both altitudes 
alike, the diffeience will usually he obtained, even at sea, within 
a quantity much less than 1'. The most favoi able case is that 
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in wliich. the altitudes are equal and the 2d correction, conse- 
quentY) zero. It will be well, therefore, always to endeavor to 
obtain altitudes on opposite sides of the meridian. 

We may also obtain the time, approximately, from the same 
observation ; for the mean of the hour angles is, Art. 195, 


i + 0 


az 


which is the apparent time from noon at the middle instant 
between the observations, (in minutes, r being in minutes, h — W 
and a being in seconds) ; and this time will be before or after noon 
according as the second altitude is greater or less than the first. 
Thus, in our example, we liave 

i(A-A0 _ 25 

az 2.4 X 1-9 

or the apparent time at the middle instant was 2” 6* after noon. 
The first observation was, ttierefore, 2™ 49' before noon, and the 
second 7”* 1* after noon. 


Fourth Method.— By Three Altitudes near the Meridian token the 
Time is not known. 

205. The method of Art. 196 does not require even the rate 
of the chronometer to be known ; but it is hardly simple enough 
for a common nautical metliod. But a very simple method will 
ne obtained if we take thiwe altitudes at equal intervals of time. 
Suppose the second altitude is observed at the (unknown) time 
rfrom the meridian passage, the first at the time T x, the 
third at the time Tf- z; ttien we have, by (368), 

Aj= A a(r odf 
7q= A' +aT^ 

A" + &(r + a:)= 

Subtracting the half sum of the first and third equations from 
the second, we deduce 

= A' - i(/i +A") 
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The difference of the fiist and third gives 

X 

a I" 


whicl substituted in tlie second equation gives 
If then we put ci foi tlie computation is expiessecL by tJie 
following simple foimulae: 







Example — The following three altitudes were observed at 
equal intervals of time near the meiidian 

h = 4^^ 8' 20" h' = 43° 15' 80" A" = 43° 4' 0" 

i (h + A") =43 6 10 

a = 9 20 = 560" 

i(A — A")= 1 5 = 65 

Hence the reduction of the middle altitude to the meridian is 


[I (A _ _ 65^ 

^ ~ 560 


which added to gives 


A, = 43° 15' 38" 

Instead of equal intervals of time, we may employ equal inter- 
vals of azimuth (Art 197), and still reduce the altitudes by (377), 
but this would be practicable only on land 

Fifth Method — By a Single Altitude at a given Time 

206 This IS the method of Art 164, which, however, should 
be restricted, at sea, to altitudes taken not more than one hour 
fiom the meiidian, as the time is always impel fectly known and 
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the error in the latitude produced by an error in the time 
increases very rapidly as the star leaves the meridian and ap- 
preaches the prime vertical (Art. 166), and the method fails 
altogether when the star is in the prime vertical. It may, hoW' 
over, sometimes be very important to determine the latitude, at 
least approximately, when the sun is nearly east or west; and 
then the following method may be used. 

Sixth Method. — Bjj the change of Altitude near the Prune Vertical 

20T. This is the method of Art. 199. In the morning, when 
the sun has arrived within 1° of the prime vertical as observed 
with the ship’s compass, bring the image of the sun’s upper 
limb, reflected by the sextant mirrors, into contact with the sea 
horizon, and note the time ; let the sextant reading remain un- 
cbana'ed, and note the time when the contact of the lower limb 
occurs. In the afternoon, begin with the lower limb. Iheu, 
taking the sun’s semidiameter — S from the almanac, and put- 
ting the diffex'ence of the chronometer times = r, we have 

cos<p=—= [ 9 . 1249 ] - ( 378 ) 

l5r 

This is evidently but a rough method, only to be resorted to in 
cases of emergency. With tlie greatest care in observing the 
contacts, and in latitudes not less than 45°, the result cannot be 
depended upon within from five to ten minutes; but even this 
degree of accuracy may, in many cases at sea, be quite satis- 
factory. 

Seventh Method.— By the Pole Star. 

208. This method, though confined in its application to north 
latitudes, is very useful at sea, as it is available at all times when 
the star is visible and the horizon sufficiently distinct, and does 
not require a more accurate knowledge of the time than is 
usually possessed on shipboard. The complete discussion of it 
has been given in Art. 176; but for those who wish only the 
nautical method, and have passed over that article, I add the 
following simple investigation, which is sufficiently precise for 
the purpose. 

Let ZN, Fig. 27, be the meridian; the zenith of the ob- 
server; jP the pole ; AA the horizon ; S the star, which describes 
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a small ciicle ST about the polo at the dis- 
tance PS=p, ZSA the vertical ciicle of the 
star at the time of the observation, SA the 
tine altitude = A, deduced fiom the observed, 
SPZ the stai’s hour angle — i , PN the lati- 
tude = (p. 

Draw SB perpendicular to the meridian* 
then, since SP is small in the case of the pole 
star (about 80'), we may legard FSB as a 


plane triangle, and hence we have 

PB = PS cos SPB =p co^t 
and, since BN differs very little from SA^ 


that IS,* 

If we put 


we have 
and hence 


PN=:BN—FB = SA^ PB 

(p = ll — J) cos t 

© == the sidereal time, 
a == the star's light ascension, 

t=<d — a 

9 = A — p cos (© — a) 


(879) 


If then p and a be regarded as constant, the term p cos (0 — a) 
may be given in a table vuth the aigument 0, as in Bowditcii’s 
l^Tavigator, p 206 But the polar distance and right ascension 
of the pole star vary so rapidly that in a few years such a table 
affoids but a rude appioximation. The diiect computation of 
the formula with the values of p and a obtained fiom the 
Ephemeris for the day of the obseivation is preferable 


Example. — 1856 March 10, fiom an altitude of Polaris ob- 
served from the sea hoiizon, the tiue altitude h was deduced as 
below. The time was noted by a Gieenwich ehioiiometor 
winch was fast 5”^ 30* The longitude was 150° 0' W 


^ If "we compa-Te this ■with the more exact formula (300), we see that the error of 
the nautical method is J sm 1" sia^ ^ tau /i, which is a maximani for ^ = OO® 
Taking p = 1° 30', this maximum is 70" 7 tan (p, -which amounts to 3' when ^ ■= 
68° 30' 
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Chronometer 

19“ 

12"' 

42* 


h 

= 31“ 

10'. 

Correction 

— 

5 

30 





Gy. M. T. 

19 

7 

12 » = 1' 

’ 27' 18" 




Longitude 

10 

0 

0 = 87'.3 




Local M. T. 

9 

7 

12 logp 

1.9410 




Sid. T. Gr. noon 

28 

13 

23 log cos t 

W9.5234 




Corr. for 19^^ 7^ 

+ 

3 

8 log poos t 

nl.464^ - 

— p COS^ 

= + 

29 .1 

e = 

8 

23 

”43 


9 

= 31 

39 .1 

a = 

1 

5 

44 





t = 

7 

17 

59 





■ — - 

109' 

’29' 

45" 






Eighth Method.— By Tioo Altitudes loith the elapsed Time between 

them. 

209. This method may be snccessfiilly applied at sea, and is 
the most reliable of all methods, next to that of meridian or cir- 
cummeridian altitudes. The formiil^e fully discussed in Arts. 
178 to 183 may be directly applied when the position of the ship 
has not changed between the observations. 

But, since there should be a considerable difference of azimuth 
between the observations, the change of the ship’s position in 
the interval will generally be sufficiently great to require notice. 
All that is necessary is to apply a correction to the altitude ob- 
served at the first position of the ship, to reduce it to what it would 
have been if observed at the second position at the same instant. 
To obtain this correction, let Fig. 28, be 
the zenith of the observer at the first observa- 
tion, S the star at that time; .Zrhis zenith at 
the second observation, and S' the star at that 
time. The first observation gives the zenith 
distance Z'S, the second the zenith distance 
2/S'. Joining the points S and S' with the 
pole P, it is evident that the hour angle SPS' 
is obtained from the observed difference of 
the times of observation precisely as if the 
observer had been at rest. We have, there- 
fore, only to find ZS in order to have all the data necessary for 
computing the latitude of Zhy the general methods. 

The number of nautical miles run by the ship is the number 
of minutes in the arc ZZ' ; and, since this will always be a suffi- 


Eig. 28. 


p 
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ciently small nuiaber, if we draw ZA perpendicular to we 
may regard ZAZ' as a plane tiiaiigle, and take 

ZS = Z^S~AZ' 
or 

ZS = Z'S — ZZ' cos ZZ'S (380) 

The angle ZZ'S is the difference between the azimuth of the 
star at the fiist obserTOtion and the comse of the ship, and this 
azimuth is obtained with sufficient accuracy by the compass 

Employing the zenith distance thus reduced and the other 
data as observed, the latitude computed by the general method 
will be that of the second place of observation In the same 
manner we can reduce the second zenith distance to the i)lace of 
the first, and then the latitude of the first place will be found 

210 The problem of finding the latitude from two altitudes is 
most frequently applied at sea in the case wheie the sun is the 
observed body, the obseivation of the meiidiau altitude having 
been lost. The computation is then best canied out hy the 
formul^e (315), (316), (317), (318), employing for § the mean 
declination of the sun , — i e the declination at the middle time 
between the two observations, — and then applying to the result- 
ing latitude the coirection A<p found by the formula (323). To 
save the navigator all consideration of the algebiaic signs in 
computing this correction, it will be sufficient to observe Ihe 
following rule* 1st When the second altitude is the greater^ ^pply 
this conectioii to the computed latitude as a northing when the 
sun IS moving towards the norths and as a southing when the sun 
IS moving tovrards the south, 2d When the first altitude is the 
greater, apply the collection as a southing whm the sun is moving 
towards the north, and as a northing when the sun is moving 
towards the south 


If we wish, a more ngoTons process, we must consider the spherical triangle 
JZZ'S, m which we have the observed zenith distance Z'S — [c^ ), the required zenith 
distance ZS = C, the distance run the ship Z'Z = d, the difference of the stai s 
azimuth and the ship’s comse ZZ'S' ~ a, and hence 

cos Z = cos cos d 4- sin siu d cos a 
which developed gives 

^ — d cos a 4" i cot sin* a 

the last term of which expic^scs the uror of the foimula gi’scn m the text 



BY TWO ALTITUDES. 


31£ 


If the computer cliooses to neglect this correction, he should 
employ the mean declination only when the middle time is 
nearer to noon than the time of the greater altitude. In all ot ler 
cases he should employ the declination for the time ot the 
greater altitude (Art. 183). 

211. Douwbs’s ymthod of double This is a brief 

method of computing the latitude from two altitudes ot the suii, 
which, though not always accurate, is yet siiflBciently so 
the interval between the observations is not more than 1*, and 
one of them is less than 1^ from the meridian. 

Let h and h' he the true altitudes, d the declination at the 
middle time, T and T' the chronometer times of the observa- 
tions, t and i' the hour angles. The elapsed apparent time A is 
found from the times Tand T' by (322), but it is usually siife- 
cient to take X=T'-T. We then have f = < + A ; and by the 
first of (14) we have 

sin h = sill (p sin <5 cos cos ^ cos t 
sin h' = sin ^ sin 5 -f ^ ^ 


The difference of these equations gives 

sin h — sin W = 2 cos cos 5 sin (t + H) sin I A 


If we put J?o = the middle time, or 


we deduce 


i 4- i ^ 


2 sin 


sin h — sin 

cos ^ cos d sin J A 


(BSl) 


which gives t, hy employing the supposed latitude for <p in the 
second member. W e then have 




and the meridian zenith distance C, is found from the greater 
altitude A by the formula (Art. 168) 


cos Cl = sin h cos ^ cos 3 (2 sin^ 1 f) 


« The method of findiag the latitude by two altitudes is commonly 
gators “the method of double altitude8,”-an obvious misnomer, as doable means 

twice the same. 
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and finally the latitude by the formula f — Since we 

employ an assumed approximate latitude, we shall have to repeat 

the process when the computed latitude differs much from the 
assumed. 

This is the form of the method as proposed hy Douwes and 
adopted m Bowditch’s Navigator; but the following form is still 
more simple, as it requires only the table of logarithmic sines. 
Ine lomula for may be written thus : 


tbeii, as before, 


sin co8i(h + h') ^iniCh^h') 
- cos ^ cos d sin iA 


reduction of h to the meridian altitude L is found hy 
(283), ^ 

sin ~h)= eoa 9 cos^smHt 

Adding A — h to h, we have the meridian altitude, from which 
the ia,titude IS deduced in the usual manner. If the greater 
a titude is within the limits of circummeridian altitudes, it will 
oi course be reduced by (284). 

The chief objection to this method is that the computation 
must be repeated when the assumed latitude is much in error, 
it can also he shown that unless the observations are taken as 
near to the naeridian as we have above supposed, the computed 
alue of the latitude may in certain peculiar cases be more in 
erroi lan t e assumed value, so that successively computed 
values will more and more diverge from the truth. The methods 

be preferred'^^ preceding articles are, therefore, generally to 


212. The latitude 
tbe simple method 
Chapter WTT, 


may also he found from two altitudes by 
proposed by Captaiii for which see 
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CHAPTER VII 

fitoing the longitude by astronomical obsertations 

213. The longitude of a point on tlie earth’s surface is the 
angle at the pole included between the meridian of the point 
and some assumed fiist mlridian The difterence of longitude 
ot any two points is the angle included by their meridians 
These definitions have been tacitly assumed in Ait 45, where 
we have established the geiieial equation 

L=T,^T ( 882 ) 

in which (Art 47) and T aie the local times (both solai oi 
both sidereal) leckoned respectively at the hist meiidian, and at 
that of any point of the eaith’s sniface, and L is the xo^si 
longitude of the point. 

As an astronomical question, the deteimiiiation either of an 
absolute longitude fiom the liist meridian, or of a difference of 
longitude in general, resolves itself into the determination of 
the difference of the time leckoned at the two meridians at the 
same absolute instant.'^ The various methods of fiiiding the 
longitude winch aie tieated of in this chapter differ only in the 
mode by which the comparison of the times at the two meridians 
is effected 

FIRST METHOD — BY PORTABLE CHRONOMETERS 

214. The diffeience of longitude between two places A and 
B being required, let a chronometer be accurately legulated at 
A, that is, let its coriection on the time at that place and its 
daily late be deteimiiied by the methods of Chapter Y , then 
let the ehionometer he tiansported to and let its eoirection 


^ Tlie asti onomical difference of longitude may differ from tLe geodetic -difference 
foi the same reason that the astronomical latitude differs from the geodetic, Arts 8® 
and ItiO 
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on the time at that j)lace be determined at any instant. Tbe 
ime reckoned at A at this last instant is also known from the 
correction and rate first found, provided the rate has not changed 
m 1 ansiportation ; and hence the ditFerenee of times at the same 

abso iite instant, and consequently the difference of longitude, 
are found. * ’ 

Let 

^T, dT = the correction and rate determined at A at the 
time Ty by the chronometer, 

aT" = the correction determined at B at the time 

T' = T A- ty t being the interval by the chro- 
nometer ; 

then, at the instant T+ t the true time 


at A 18 
“ B 


:/ + < + aT-I- 
y + i + A T" 


and hence the diflereiice of longitude is 

L = ,^T^tAT-^T' (883) 

Thus, the longitude is expressed as the difl:erence of the two 
dironometer corrections at the two places; and the absolute 
indications of the chronometer do not enter, except so far as 
ley may be required in deteriniiiiiig the interval with wliieli 
the accumulated rate is computed. In this expression d^is the 
ate inawut of the ohronometer (an hour, or a day, solar or sidereal), 
^incl 1 r must be expressed in that unit. 

May 5, mean noon, a mean time 
luonometer marks 23" 49“' 42“.75, and its rate in 24 chronometer 
oms has been found to be gaming 2'. 671. At Cambridge, Mass., 

‘ ^ ’ mean noon, the same chronometer marks 4* 34"“ 47* 28' 

what IS the longitude of Cambridge 
We have ^ ' 

y=May 4, 28‘49’"42*.75 +0" 10’»17*.25 dT = _-2*.671 

t + f= “ 1(, 4 34 47.28 

Hence 

A IT -j- t . 6T = -j- 0" 9” 44*.67 
^ 2^' = — 4 34 47 .28 


12'^ 4*45’» 4*. 53 = 12". 198 


i = -j-4 44 31 95 
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Notb. — It is proper to clistinguisli whether the given rate is the rate in a chmno- 
meter unit or in a true unit of time; although the ditferencc will not be appreciable 
unless the rate is unusually great. If the rate is 20' in 24^* by the chronometer, it will 
be 2()» db 0* 005 in 24* of solar time. 

215. When the elironometer is carried from point to point 
without stopping to rate it at each, it is convenient to prepare a 
table of its correction for noon of each claj at the first station, 
from which the correction for the time of any observation at a 
transient station may be found by simple interpolation. 

After reaching the last station, it is proper to re-determine the 
rate, which will seldom agree precisely with that found at the 
first. In the absence of any other data affecting' the rate, we 
may assume that it has changed uniformly during the vvliole 
time. It is convenient to compute the longitudes first upon the 
supposition of a constant rate, and then to correct them for the 
variation of rate, as follows. Let 


AT,5T=the correction and rate at the time T', found at 
the first station, 

<rT = the rate found at the last station at the time 
and put 


d'T—bT 

X z= 

n 


(384) 


then X is the increase of rate in a unit of time. If an observa- 
tion at an intermediate station is taken at the time T + t, we 
must compute the accnmulated rate for the interval /, which is 
effected by multiplying the mean rate during this interval hy the 
interval. But, upon the supposition of a uniform increase, the 
mean rate from the time Tto the time T+ ii^ the rate at the 
middle instant T+ and this rate is ^tx. Hence the 

chronometer correction on the time at the first station at the 
instant T + t of the supposed observation is 

^T+-t(^dT-+ = + t,dT+ itKr (385) 

A longitude assigned to an intermediate station at the time 
r -f by employing the original rate S will therefore re(j[uire 
the correction + ^ observing always the algebraic signs of x 
and the longitude. 
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If a number m of chronometers have been employed, and each 
determination of a longitude is the mean of the m values which 
they have severally given, the longitude assigned upon the sup- 
position of constant rates is to be corrected by the quantity 

V ~b ^3 4~ 

2 ^ m 

ill which ^ 2 , &c. are the increments of the rates of the several 
chronometers in a unit of time. If then we put 

s = the sum of all the total increments during the whole 
interval n, or the sum of the values of <5'T — dT^ov 
the several chronometers, 

^ 2 mn 

we shall have 

Correction of a longitude at a time T +t = f.q (386) 

Example.* — In a voyage between La G-iiayra and Carthagena, 
calling on the way at Porto Cahello and Cura§oa, the following 
ohservations having been made, the relative longitudes are re- 
quired. 

By observations at La Guayra on May 22 and 28, the cor- 
rections and rates of chronometers if, and P at the mean 
epoch May 24^^.885 were as follows: 


AT 6T 

Chron. F. — 4^^ 33^ 7*.80 0®.77 

if. —4 0 17.40 —4.54 

P. —5 9 43.70 — 1,47 


On arrival at Porto Cahello, the corrections on the mean time 
at that place on June 5^^870 were ascertained to he — 

A'T 

P. — 4^ 37”‘15*.80 

if. —4 5 31.28 

P. —5 14 13.88 

At Oura^oa the corrections on June 12^,890 were 


* Shadveli, Notes on the Management of Chronometers, p. 111. 
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L'T 

M — 4» 40-“ 59*,20 

M. —4 9 55.53 

P. —5 18 3.24 

And finally, at Carthageiia, observations on tlie 25th and 29tli 
of June gave the corrections and rates at the mean epoch June 
27'^.0 as follows : 




a'T 

6'T 

p. 

^ 5^ 

7”* 23*.55 

-f 0‘.85 

M. 

— 4 

37 47.98 

— 5.90 

P 

— 5 

44 34.42 

-f 0.30 


Employing the rates found at La Guayra, the corrections of the 
chronometers on June 5‘'.870 at Porto Oahello (for which we 
have i = 11‘*.985), and the resulting difterenee of longitude, 
are, hy formula (383), are followG : 



AT -{-t.6T 

P. Cabello 

— La Guayra. 

P. 

— 4* 32"* 58*.57 


17‘.23 

il£ 

— 4 1 11.81 

19 .47 

P. 

— 5 10 1.32 

Mean + 4 

12 .06 

16 .25 


"With the same rates, we have on June 12.890 at Cura§oa (for 
t = 19‘*.005) the corrections and the corresponding difierenee of 
longitude, as follows: 


t.iT 

F, — 4» 32» 53'.17 

M. —41 43.68 

P. —4 10 11.64 


Curagoa — La Guayra. 

+ 8*^ 6^oa 

8 11.85 
7 51.60 
Mean -f 8 B .16 


’With, the same rates, we have on June 21^ at Carthagena (for 
t = 33^^.115) the corrections and the corresponding difference of 
longitude, as follows: 


-\- t. ST Carthagena. — La Guayra. 


F. 

— 4* 32”‘42'.30 

•+ 34*^ 

4K25 

• 

M. 

— 4 2 47 .74 

35 

0.24 


P. 

— 5 10 32.38 

34 

2.04 



Mean + ^4 


Tol. I.— 21 



lONGTTUDK. 


JTow, to ('orreet these results for tlie changes in tlie rates of 
the chronometers, we have, in the interval ?i = 3S.115, 




F. 

+ 0-.08 

M. 

— 1 .36 

F. 

+ 1 .77 


s = -j- 0 .49 


and, consequently, 

+ 0*.49 

“ 2 X 3 X 33.nf> 


+ 0*.002466 


Applying the correction to the several results, the true 
diflerences of longitude from La Guayra are found as follows: 


Approx, diif. long. 

P. Cabello + 4™ 16'.25 

Curagoa +8 3.16 

Cartliageiia -j- 34 34 .51 


t'^.q Corrected cliff, long. 

-1- 0’.35 -j- 4” KP.ftO 

0 .89 _j- 8 4 .05 

+ 2 .70 -f 34 37 .21 


But it is iisnally preferable to cany out tlie result ly oacli 
eliroiioineter separately, in order to judge of the weight to be 
attached to the final mean by tlie agreement of the several indi- 
vidual values. For this purpose we have here, hy the formula 
(384), for 11 = 33.115, 

kx 

F. -f 0.00121 

M. — 0.02054 

P. -f 0.02673 


and hence the correction Ji^.ris, for the several eases, as follow's: 



P. Cabello^ 

CuTa9oa. 

Cart bagena. 

F, 

-f 0*.17 

+ 0«.44 

+ 1'-B2 

M, 

— 2.95 

— 7.41 

22 .52 

P. 

+ 3.84 

+ 9 .65 

H- 29.81 

Applying these corrections 

severally to the 

above approximate 

results, we have, for the differences of longitude from La Guayra, 


P. Cabello. 

Cura^oa. 

Csirthagena. 

F. 

+ 4” 17*.40 

+ 8’" 6* .47 

+ 34'“42'.57 

df. 

16.52 

4 .44 

37.72 

P. 

15.90 

1.26 

31.35 

Means -|- 4 16 .61 

+ 8 4.05 

+ 34 37.21 


agreeing precisely with the corrected means found above. 
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If tlie chronometers have been exposed to considerable 
changes of temperature, the proper correction - may be intro- 
duced by the method of Art. 223. 


216. Chronometric expeditions between two points. — Where a dif- 
ference of lorigitude is to be determined with the greatest 
possible precision, a large number of chronometers are trans- 
ported back and forth betn^een the extreme points. There are 
two classes of errors of chronometers which are to be eliminated: 
1st, t\\G acevienial errors, or variations of rate which follow no 
law, and may be either positive or negative ; 2d, the constant 
errors, or variations of rate which, for any given chronometer, 
appear with the same sign and of the same amount when the 
c ironometer is transported from place to place ; in other words, 
a constant acceleration, or a constant retardation, as compared 
with the rates found ivhen the chronometer is at rest The 
accidental errors are eliminated in a great degree by employiuo- 
a large number of chronometers, the probability being that such 
errors will have different signs for different chronometers. The 
constant errors cannot be determined by comparing the rates at 
the two extreme points, since these rates are found only when 
the chronometer is at rest; but if the chronometers are trans- 
ported 111 both directions, from east to west and from west to 
east, a constant error in their travellmg rates will affect the difter- 
eiieo ()f longitude with opposite signs in the two journeys, and 
will disappear wdieii the mean is taken. These considerations 
have given rise to extensive expeditions, of which probably the 
most thoroughly executed was that carried out by Steuve, in 
1843, between Pulkova and Altona.* In this expedition sixty- 
oiglit chronometers were transported eight times from Pulkova 
to Altona and back, making sixteen vmyages in all, giving the 
difference of longitude between the centre of the Pulkova Obser- 
vatory and the Altona Observatory 1'^ 21“ 32*.527, with a probable 
error of only 0“.O39. 

Chronometric expeditions between Liverpool (England) and 


* Exygdifion (hronome.itiqm exSoitee par ordre de Sa Majeate L'Enptrtur Nkolaa T. 
pour U determinat/on de la longitude gSograpUgm relative de V obsenaloire central de 
f^imte. St. Petersburg, 1844. 

Foi an account of tlie carefully executed expedition under Professor Airy to deter- 
iriine tlie longitude of Valentia in Ireland, see the Appendix to the Greenwich 
ObserYUtious of 1846. 
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Cambridgo (U. R.) wore inslitutcd in lln* yi'urs Is Ui. ’,>n, ‘.',1, anil 
’55 by tbo U. S. Coant Snrvoy, under tlie Hiijierinti'niU-itec nl’ 
Professor A. D. Bache. Tlio results of the I'Xiieditii.ns oi’ IS-l'.l, 
’ 50 , and ’51, discussed by Mr. (i. P. IbiND.* jtroved tlie in'cessity 
of introducing a correction for the U-nijicrature to which tlic 
chronometers were exposed during the voyages, and purtieuiar 
attention was therefore paid to this point in tin* expedition of 
1855, the details of which were arranged by M r. W. ( ’. Uomi. 
The results of six voyages, — tliri'c in eaeli dlri'elion, — aei-iirding 
to the discussion of Mr. (}. P. BoNn,t wm-e as followH: 

Voyages from Liverpool to ('umliridge P 32” .‘U'.!I2 
“ “ Cambridge to Liver|>ool t 32 .‘it .75 

Mean 4 32 31 .S-t 

with a probable oiTor of OMO. In this expedition fifty ehrono. 
meters were used. The greater prohahh' error of the result, as 
compared with Struve’s, is sntKciently explained by the greater 
length of the voyages and their smaller nnniher. 

217. The following is essentially Htiitve's method of eonduet- 
ingthe expeditions and discussing tin* results. 

Before embarking the chronometers at the lirst station (,!), 
they ai’C carefully compared with a standard clock the eorreetion 
of which on the time at that station has been oldained with 
the greatest precision hy transits of widl-detmanined stars. (See 
Vol. IL, “ Transit Instrument.") Upon their arrival at the second 
station (B), they arc compared with the standard idm-k at that 
station.! From these two comparisons the ehronoundcr c-orrec- 
tions at the two stations become known, ami, if the rales are 
known, a value of the longitude is found hy each <dirononieter 
by (383). But hero it is to lie ohservml that llie rate* of a chro- 
nometer is I’arely the same when in motion as when at rest. It 
is necessary, thei’oforc, to find its (ranU'inij rntr (or mi rnli\ as it 
is called when the chronometer is transported hy sea). This 
might be effected hy finding— jtirst, the eorreidion oV the elirono. 

* Report, of the Superintendent of the U. 8. Coast Survey for IH.') I, Apjiiuiilix No 42. 

t Report of the Superintendent of tho U. S. Coast Survey for IHr.ti, p. tSl'. 

J For the method of comparing chronomoterB uiul cluoks wiiU lint grralest pre- 
cision, see Vol. II. 
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meter at the station A immediately before starting ; secondly, its 
correction at B immediately upon its arrival there ; and thirdly, 
having, vrithout any delay at B, returned directly to A, flnding 
again its correction there immediately upon arriving. The dif- 
ference between the two corrections at A is the whole travelling 
rate during the elapsed time, and this rate would he used in 
making the comparison with the correction obtained at B, and 
in deducing the longitude by (383). 

But, since the chronometer cannot generally he immedkdely 
returned from B, its correction for that station should be found 
hoth upon its arrival there and again just before leaving, and 
the travelling rate inferred only from the time the instrument is 
in motion. T or- this purpose, let us suppose that we have found 

at the times t, f, t", f ", 

the chron. corrections a, I, b’, a', 

the correction a, at the station A before leaving ; b upon arriving 
at B; b' before leaving B; and a' upon the return to A. The 
times t, t', t'', t'", being all reckoned at the same meridian, if we 
now put 


m = the mean travelling rate of the chronometer in a unit 
of time, 

i = the longitude of B west of A, 

we shall have, upon the supposition that the mean travelling 
rate is the same for both the east and west voyages. 


A — (t — [- 'iTl — t ) h 

; = a ' — m (f — f ') — b' 

From these two equations the two unknown quantities m and i 
become known. Putting 


we find, first, 


T=f—t 

T -j- t" 


(387) 


in which the numerator evidently expresses the whole trayelling 
rate, and the denominator the whole travelling time. Then, 
putting 
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we have 


(a) = a + 

X = (a) — b 



ill which (a) is the interpolated value of the chronometer correc- 
tion on the time at for the same absolute instant to which 
the correction b on the time at B corresponds. 


Example. — In the first two voyages of Struve’s expedition 
between Pulkova and Altona in 1843, the corrections of the 
chronometer Hauth 31” were found, by comparison with the 
standard clocks at the two stations, as below. The dates are all 
in Pulkova time, as shown by one of the chroiionieters em- 
ployed in the comparison : 


At Pulkova (A), t — May 19, 2P.54 

Altona (P), f ■= 24, 22 .66 

Altona (J5), f' = 26, 10 .72 

‘‘ Pulkova (A), 31, 0 .00 


a == + O'" 6"^ 38-.10 
b =-^ 1 14 89 .92 
14 36.77 
7 9.58 


Hence 

7=5" 1M2 = 5« 047, a'—a= + 31*.48 

r" = 4 13 .28 = 4 .553, y — b = + 3 .15 


31..48 — 3M5 28*.33 

m = = : 

5.047 + 4.653 9.6 


2*.951 


a = -I- 0» 6“ 38*. 10 
mr = -j- 14.89 

(a) = + 0 6 52.99 

6 = — 1 14 39.92 


X=z{a)—b = + l 21 32 .91 


218. In the above, tlie rate of the chronometer is assumed to 
be constant, and the problem is treated as one of simple intei- 
polation. But most chronometers exhibit more or less acted ora- 
tion or retardation in successive voyages, and a strict interpola- 
tion recj[uires that we should have regard to second differences. 
If we always start from the station A, as in the above example, 
using only simple interpolation, we commit a small error, which 
always affects the longitude in the same way so long as the 
variation of the chronometer’s rate preserves the same sign. 
But if we commence the next computation with the station B, 
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flo tliat the two chronometer corrections at A are intermediate 
lictween the two at -B, then the error in the longitude will have 
a ditFerent sign, and the mean of the two values of the longitude 
will be, partially at least, freed from the influence of the acce-- 
/oration or retardation. To show this more clearly under an 
algebraic form, let us suppose that we have, omitting the inter-^ 
vals of rest at the two stations, 

at the times t, 

the chron. corrections a, 
intervals 
and that 

fx = daily rate of the chronometer at the time 
2/9 == the daily acceleration of the rate ix after the time 

the true values of the four corrections, observing that b and V 
refer to the meridian of i?, will be, according to the law of uni- 
formly accelerating motion, 

a = a 

b = a ^ 

= a !x(r + r') + + rj 

b' = ii -|~ fx (r "i~ '4“ — A 

If now we find the value of {a) corresponding to b (that is, for 
the time t') by simple interpolation between the values of a 
and a', we have 

= a -j- /IT + . r (t -)- /) 

from which we obtain the erroneous longitude 
X' — (a) — 6 ;= ^ -(- firr' 

Hence the error in the longitude, by simple interpolation and 
commencing with the station A, is dX' = /9rr'. 

In the next place, if we commence at the station £, with the 
correction b, employing simple interpolation between b and b', 
to find the correction (b) for the time t" corresponding to a’, we 
have 
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= a -j- (t + t') 4- j9 (r^ -|- 2 tt' -|- t'“ + t't") — A 
and ve find the erroneous longitude 


>!'= a'—Q)')=X— fiz'r" 

Hence the error by simple intei’polation, eonimencing with the 
station B, is dX" ~ — ; and the error in the mean of the 

two longitudes is 

^(dX’ Jf-dX") = J^-r'(T — r") 

an error which disappears altogether when the intervals r and r" 
are e^nal. Since the voyages are of very nearly equal duration, 
it follows that hy computing the longitude, as proposed by 
Struve, commencing alternately at the two stations, the final 
result will be free from the effect of any regular acceleration or 
retardation of the chi’onometers. 


Example. — ^From the “ Expedition Chronometi'ique” we take 
the following values for the chronometer “Hauth 81,” being 
the combination next following after that given in the example 
of the preceding article, commencing noAV with the station B, or 
Altona : 


At Altona {S'), t = May 26, 10*72 
“ Pulkova (A), f = « 31, 0 .00 

Pulkova {A'), t" = June 3 , 5 .62 
“ Altona (15), f"= “ 7 , 20 .52 


6 = — 1 * 14“ 36'.77 
a = 4 - 0 7 9.68 

fl'= 4 - 0 7 19.86 

6 '= — 1 14 0.35 


Here 


T = 4-* 13*.28 = 4''.553 6 ' — 6 = 4 - 36'.42 

t"= 4 14.90 = 4.621 a’ — a= 4 - 9.78 


m 


86*.42 — 9».T8 26*. 64 

4.553 + 4.621 ~ 


6 = — 1 » 14m 30._77 
mr= 4 - 13,22 
(5) = _1 14 23.55 
g = 4-0 7 9.58 

A = a — (5) = 4 - 1 21 33 .13 

The mean of this result and that of Art. 217 is X = 1 * 21“ 33*. 02, 
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219. Relative locight of the longitudes determined in different voyages 
by. the same chronometer , — ^From tlie above it appears that the 
problem of finding the longitude by chronometers is one of 
interpolation. If the irregularities of the chronometer are 
regarded as accidental, the mean error of an interpolated value 
of the correction may be expressed by the formula* 


-f- e 



•where r and r' have the same signification as in the preceding 
article, and e is the mean (accidental) error in a unit of time. 
The weight of such an interpolated value of the correction, and, 
therefore, also the weight of a value of the longitude deduced 
from it, is inversely proportional to the square of this error, and 
may, therefore, be expressed under the form 


p = k- 


T + 

rr' 


where A is a constant arbitrarily taken for the whole expedition, 
so as to give p convenient values, since it is only the relative 
weights of the di-fferent voyages which ai’o in question. 

But if the chronometer variations are no longer accidental, 
but follow some law though unknown, a special investigation 
may serve to give empirically a more suitable expression of the 
weight than the above. Thus, according to Struve’s investiga- 
tions in the case of certain clocks, the weight of an interpolated 
value of the correction for these clocks could be well expressed 
by the formulaf 



But even this expression he found could not be generally applied ; 
and he finally adopted the following form for the chronometric 
expedition : 


K 

T]/^ 


(389) 


in which T is the duration of an entire voyage, including the 


* See Vol. II., “Chronometer.” 
f Flxp^i1itk)7i Chron..^ p. 102. 
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tune of rest at one of the stations, t, r" are the travelling times 
of the voj-age to and from a station, and K is an aibitraiy 
constant. 

Altliougli this IS but an empiucal foiniiila, it lepieboiits well 
the seveial conditions of the problem 'Eoi the weight ot 
a lesultiiig longitude inubt deciease as the length of the voyage 
inei eases, and, second^ it must become greater as the dilteienoe 
between the two tiayelling times r, r" deeieasos, bincc (as is 
shown m Vol II, Chioiiometer”) an interpolated v<iluc of a 
clock correction is piobably most in erroi foi the middle time 
between the two instants at which its collections aie given. 

220 Gomhimiion of nesults obtained by the same choaomdei^ 
aemding to their weights — ^Let A", . be the several values 

of the longitude found by the same chi onometei, accoiding to 
the method of Aits 217 and 218, and then 

weights by foimula (389) (oi any othei formula which ma\ he 
found to lepresent the actual condition of the voyages), then, 
according to the method of least sqiiaies, the most piobable 
value of the longitude by this chronometei is 

X = ____ (S90) 

V' + f + r -h 

and if the diffeience between this value and each particular 
value be found, putting 

I' -^L = v\ v", — Jj = r'", &c 

n = the number of values of A, 
s = the mean eiroi of L, 
r = the probable eiroi of Jv, 

then we shall have 

where [p] denotes the sum of &c , and \_pvv] the sum of 

p'W', &c 

221. Oombmatmi of the lesidis obtained bg di^erent chronometers^ 
accoidtng to ihev weights — The weights ot the lesults by difieieut 
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clirononietcrs &re inversely proportional to the squares of theii 

mean errors. The weight P of a longitude L will, therefore be 
expressed generally by ’ 

P = 1 


in which k is arbitrary. For simplicity, we may assume k = 1 
and then by the above value of s we shall have 




- LJ^J 




( 392 ) 


If, then, L', L", L'" are the Auilues found by the several 

chronometers by (390), P', P", pr" their Tveights by (-392), 

the most probable final value of the longitude is 


Then, putting 


P'L' + P" L" -h + , 

P' P" -p p"' p_. 


( 393 ' 


Z'-L,= r, L"-L,= Y", L"'~z^=y"> &c. 

lY = the number of values of i, 

E = the mean error of L^, 

JR = the probable error of Z^, 

we have 

ii = 0.6745 i (394) 

222. I propose to illustrate the preceding formnlse by applying 
them to two chronometers of Steuve’s expedition, namelv, 
^^Hent 1T74 and ^^Hauth 31.” In the following table the 
longitudes found by beginning at Pulkova are marked P, those 
found by beginning at Altona are marked A, and the numeral 
accent denotes the number of the voj^age. The weights p in the 
second column are as given hy Struve, who computed them hy 
the formula (389), taking K — 34560 (the intervals T, r, r" being 
in hours), which is a convenient value, as it makes the weight of 
a voyage of nearly mean duration equal to unity; namely, for 
T = 288*, r = r' = 120*. If we express P, t, t", in days, we take 


_ 34560 
” ( 24 )’ 


= 60 
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and 'vre stall tave Strcjve’s values of 2? ty the formula 


V = 


60 

tV^'' 


( 395 ) 


Thus, for the first voyage, we have, from the data in the example 
of Art. 217, 

T = t"~ t = ll-' 2» 46 = 1 P.103 
T — -r" = 4‘'.553 

whence, hy (395), 


11.103 i/(5.047 X 4.563) 

The values of A' and U' are found hy (390). In applying 
^ this formula, it is not necessary to multiply the entire longitudes 
hy their weights, but only those figures which difler in the 
several values. Thus, by “Dent 1774” we have 


L' = P 21“ 30* + X 1-10 
= P21“30* 2*.46 


+ 2‘.83 X 1.02 4- 2^09 X 1-14 + &c. 
1.10 + 1.02 + 1.14 -f &c. 


P» 

A4 

pu 

piii 

Aiu 

piv 

Aiv 

ky 

pvi 

A^Ti 

P'ii 

A.^ 

pvJii 

Aviii 


Weight. 

P 

Longitudes by 
Chronometer 
Dent 1774. 

V 

jtvv 

Longitudes by 
Chronometer 
Bauth 31. 

V 

pvv 

1.13 
1.06 
I.IO 
1.02 

1.14 
1.05 

1.19 
0.06 

1.09 
0.89 
1.00 

1.10 

1.20 
1.09 
0.76 
0.41 

1 * 21“ 32».51 
32 .83 
32 .09 
32 .25 
81.69 
32 .77 
32.79 
32.54 

32.94 
31 .93 
32 .34 

32 .95 
31 .86 
33.77 

-h0'.05 

4-0.37 

— 0.37 

— 0.21 

— 0.77 
4-0.31 
-f 0.33 
H-0.08 
H-0.48 

— 0.63 

— 0.12 
-f-0.49 
— 0.60 
+-1.31 

0.003 

0.140 

0.156 

0.046 

0.706 

0.092 

0.119 

0.005 

0.230 

0.309 

0.017 

0.262 

0.274 

0.704 

1^ 2P« 32».91 
83.13 
33 .36 
33.12 
32 .55 

31 .56 

32 .70 
34.16 

32 .23 
31 .65 

33 .38 

31 .97 
33 .16 

31 .78 
30.92 

+- O'. 30 
4-0.52 
4-0.75 
4-0.61 
— 0.06 

— 1.05 
-fO.09 
-t- 1.55 

— 0.38 

— 0.96 
-j-0.77 

— 0.64 
-1-0.65 

— 0.83 

— 1.69 

0.102 

0.287 

0.619 

0.266 

0.004 

1.158 

0.010 

2.306 

0.167 

0.787 

0.593 

0.451 

0.363 

0.761 

2.171 

®2’.46 [i>»iil = 3.063 

«=14 M = 13.91 

B, 13X13.91 

3 063 

± 0'.09 

Z'' = l* 21“ 32*. 61 [;7D!)] =9.974 ' 
n=\h [;)] = 16.69 

22.02 

9. 974 

r = zt zt 0M4 

v/i>" 
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Conibiuhig tlicwe two results, we have, hj (393), 


21” 32* H- 


0».46 X 59 + 0*.61 X 22 
59 + 22 


= P 21» 32*.501 


with the probable error, by (394), 

B = ± 0*.067 


This agrees very nearly with the final result from the sixty-eight 
chronometers. 


223. In the preceding method, the sea rate is inferred frora 
two comparisons of the chronometer made at the same place 
before and after the voyages to and from the second place ; and 
the correction of the chronometer on the time of the first place 
at the instant when it is compared with the time of the second 
place is interpolated iip>on the theory that the rate has changed 
uniformly. This theory is insufiieient when the temperature to 
which the chronometer is exposed is not constant daring the 
two voyages, or nearly so. I shall, therefore, add the method 
of introducing the correction for temperature in eases where 
circumstances may seem to require it. 

According to the experience of M. Lieusson, the rate m of a 
chronometer at a given temperature z? may he expressed by the 
formula (see Yol. II., “ Chronometer”) 

m = + A ('> — — k't (396) 

in which is the temperature for which the balance is compen- 
sated, m,, the rate determined at that temperature at the epoch 
t = 0,t being the time from this epoch for which the rate tu is 
required, k the constant coefficient of temperature, and k' that 
of acceleration of the chronometer resulting from thickening of 
the oil or other gradual changes which are supposed to he pro- 
portional to the time. 

It is evident that, since every change of temperature produces 
an increase ofm, the term k(& — will not disappear even when 
the mean value of ^ is the same as It is necessary, therefore, 
to determine the sum of the effects of all the changes. Let ns, 
therefore, determine the accumulated rate for a given period of 
time r. Let he the rate at the middle of this period, in which 
case we have in the formula t = 0. A strict theory requires that 
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we sliould know tlie temperature at everj instant ; but, in default 
of this, let us assume that the period r is divided into sufficiently 
small intervals, and that the temperature is observed in each. 
Let us suppose 7i equal intervals whose sum is r, and denote the 
observed values of & by The rate 

in the 1st interval is -f- k X 

“ 2d “ Qn, -f k (>9(«— X — 

&c. &c. 

in the ?ith interval is [m^ -f- k X ~ 

and the accumulated rate in the time r is the sum of these 
quantities, 

= m,r + k r (,9 _ .9„)» 1 

where (O' — denotes the sum of the n A^aliies of (t? — 

To make this expression exact, we should have an infinite number 

of infinitesimal intervals, or we must put - = dr, and substitute 

the integral signj" for the summation symbol 2-. thus, the exact 
expression for the whole rate in the time r is 

m,T + (.9 — , 9 „)^ dr ( 897 ) 

This integral cannot be found in general terms, since ?9 cannot 
be expressed as a function of r ; but we can obtain an approxi- 
mate expression for it, as follows. Let be the mean of all the 
observed values of 'd ; then w’e have 

2^ 0^ - [0\- 

= 0^1 ~ ~ 4- r ^ 

in which is constant, and, therefore, for n values we have 

Moreover, since ■d'^ is the mean of all 
the values of??, we have 2*^ (?? — = 0, and, consequently, also 

2,^2 d'^ [§ — ??^) = 2 {d '^ — = 0 ; and the above 

expression becomes 


-« = ri + 2^ 
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lleiice, also, 

(’> - ~ = - ('\ - ’V)= + (’ 5 * - ’9.)^ ^ 

or, for ail infinite value of n, 


jl (’> - '’o)^ = T (.», - + /; (>? - dr 


Thus, the required integral depends upon the integra^’^((?— 

wMcli may be approximately found from the observed values of 
§ by the theory of least squares. For, if we treat the values of 
O' — d\ as the errors of the observed values of and denote the 
mean error (according to the received acceptation of that term 
in the method of least squares) by we have 


71 — 1 


(398) 


in which is the actual number of observed values of If we 
assume that a more extended scries of values, or indeed an infi- 
nite series, would exhibit the same mean error (which will be 
the more nearly true the greater the number 7i), we assume the 
general relation 


in which N is any number. Ilonce, also, 




N 


: re^ 


1 

jsr 


and, making N infinite, 


dr = T e* (399) 

Substituting this value, the formula (397) becomes 
m^r 4- kr (??! ~ -f /tre® 

or 4- k 4- ke^lr (400) 

from which it appears that k{d-i— ke^ is the mean rate 
in a unit of time for the interval r, being the rate at the 
middle of the interval for a temperature d'= \ For any subse- 
quent interval r', we must, according to (396), replace by 
k't, t being the interval from the middle of r to the middle 

of rh 
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lei US suppose that the ohrononietei conoctioii is ohtained 
by astionoiiiieal ohscrvcitions at the station at the times 7] 
and Tg, befoie starting upon the voyage, and again aftei leacliing 
the station B, at the times and these times being all 
leckoned at the same meiidian let be the observed 

corrections, and put 

SO that T and r'' are the shore intervals and t' the sea interval 
let the adopted epoch of the late be the middle of the sea 
interval r', then, by (400), vnth the coriection the accumu 
lated lates in the three mteivals are 

«a- + ('’i — \ 

i + a^~ a, = \jn, + k (#,' — -f le'^ ] r' ( (401) 

a,- a,= im,-k' ( j + k (V' - ) 

m which '&^y are the mean temperatures in the intervals 

T, r', t'', and e, e', e" are found by the formula (398) These 
three equations determine the three unknown quantities A:', 
and A If we put 

f = _ ke^ 

f„ ^ a^ — a, _ ^ ^ j 

t" 

we have^ from the first and thud equations, 

y f-r 

which substituted in the second equation gives X. If, however, 
we piefer to compute the approximate longitude without con- 
sidering the temperatures, and afterwards to correct for tempe- 
rature, we shall have 
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These formulae apply to a voyage in either direction ; but in the 
case of a voyage from west to east they give X with the negative 
sign. 

The term \ — r) r' in the first equation of (402) will not 

he rigorously obtained if the temperatures are neglected ; hut it 
is usually an insensible term in practice, as r" and v are made 
as nearly equal as possible, and A' is always very small. 

In combining the results of difterent chronometers employed 
in the same voyage, the weight of each may be assigned accord- 
ing to the regularity of the chronometer as determined from its 
observed i^ates from day to day.* 

SECOND METHOD. — BY SIGNALS. 

224. Terrestrial Signals , — If the two stations are so near to each 
other that a signal made at either, or at an intermediate station, 
can be observed at both, the time may be noted simultaneously 
by the clocks of the two stations, and the difterence of longitude 
at once inferred. The signals may be the sudden disappearance 
or reappearance of a fixed light, or flashes of gunpowder, &c. 

If the places are remote, they may be connected by interme- 
diate signals. T’or example : suppose four stations, J., Cy JD, 
chosen from east to west, the first and last being the principal 
stations whose difference of longitude is required. At the in- 
termediate stations By C let observers be stationed with good 
chronometers whose rates are known. Let signals be made at 
three points intermediate between A and B, B and Q C and D, 
respectively. The signals must, by a preconcerted arrangement, 
be made successively, and so that the observers at the interme- 
diate stations may have their attention properly directed upon 
the appearance of the signal. If, then, at the first signal the 
observers at JL and ^ have noted the times a and b; at the 


* Besides the papers already referred to, see the Report of the Superintendent of 
the U. S. Coast Survey for 1857, p. 314. 

VoL. I.— 22 


j 1 + W (/■- r) r- 

= , ( _ (0.-V+ 
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second sigual the ohservera at B and Cthe times b' aud c; at 
the third signal the ohservers at C and D the times c' and d; it 
is evident that the time at .A ■when the third signal is made is 
^ 1 ) 1 — (e ' — e), at which instant the time at 2) is : hence 

the ditFereiice of longitude of A and J) is 

t = a + {b' — b) + (c' — c) — d (403) 

and so on for any number of intermediate stations. It is re- 
quired of the intermediate chronometers only that they should 
give correctly the differences b ' — b, c' c, for ■which purpose 
only their rates must be accurately known. The daily rates are 
obtained by a comparison of the instants of the signals on suc- 
cessive days. Small errors in the rates will be eliminated by 
making the signals both from west to east and from east to 
west, and taking the mean of the results. 

The intervals given by the intermediate chronometers should, 
of course, be reduced to sidereal intervals, if the clocks at the 
extreme stations are regulated to sidereal time. 


Example. — ^From the BcscripUon GSowiStvi/jui de la Frana 
(Puissaxt). On the 25th of August, 1824, signals were observed 
between Pam and Sirasburg as follows : 


Paris. 

Intermediate Stations. 

A 

B 1 

0 

19* C” 20‘.3 

8* 49”*' 48”.2 j 



8 64 10.8 

9* 16“ 0*.2 



9 so 37.8 


Strasbiirg. 

I) 


19* 46”^ 51-.4 


T1i 6 corrGetioTi of tho Paris cloclc on Paris si(l6rcal tiniG "was 
3&.2 ; that of the Strashurg clock ou Strashiirg sidereal time was 
-- 27^7. The chronometers at B and (7 were regulated to mean 
time, aad their daily rates were so small as not to he sensible in 
the short intervals which occurred. 

We have 


y —h= 4*^ 22».C 
c' — c = 14 37 .0 
M.esin interyal =19 0 .2 

Eed. to sid. iut. = ^ -i 

Sid. interval =19 8 .3 
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Paris clock 

IQA Qm 

20*.3 

Correction 

— 

36 .2 

Paris sid. time 

10 5 

44.1 

Sid. interval 

+ 19 

3 .3 

Paris sid. time of the i 



last signal j 

19 24 

47 .4 

Strasburg do. 

19 46 

23 .7 

/ = 

0^ 21*‘ 

36*.8 


Strasburg dock 19^ 46"* op. t 
Correction — 27 .7 

Strasburg sid. time 19 46 23 .7 


In the survey of the boundary between the United States and 
Mexico, Major W. II. Emory, in 1852, employed flashes of gun- 
l)Owder as signals in determining the dift‘. of long, of Frontera 
and San Elciario.* 

The signals may be given by the heliotrope of Gauss, by wliich 
an image of the sun is reflected constantly in a given direction 
towards the distant observer. Either the sudden eclipse of the 
light, or its reappearance, may be taken as the signal ; the 
eclipse is usually preferred. 

Among the methods by terrestrial signals may be included 
that in which the signal is given by means of an electro-tele- 
graphic wire connecting the two stations; but this important 
and exceedingly accurate method will be separately considered 
below. 

225. Celestial Signals , — Certain celestial phenomena which are 
visil)lo at the same absolute instant by observers in various parts 
of the globe, may be used instead of the terrestrial signals of the 
preceding article : among these we may note — 

a. The l)urBting of a meteor, and the appearance or disappear- 
ance of a shooting star. — The difficulty of identifying these 
olyectB at remote stations prevents the extended use of this 
method. 

b. The instant of beginning or ending of an eclipse of the 
mooti.— This instant, however, cannot be accurately observed, 
on account of the imperfect definition of the earth’s shadow. A 
rude approximation to the difl:eronce of longitude is all that can 
be expected by this method. 

c. The eclipses of Jupiter’s satellites by the shado'w of that 
planet. — The Greemvich times of the disappearance of each 


^ Proceedings of 8th Meeting of Am. Association, p. 64. 
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satellite, and of its reappearance, arc accnratelr given in tlie 
Ephemeris : so tliat an observer xvlio lias noted one of tliose 
phenomena lias only to take the difference hetween this observed 
local time of its occurrence and the Green-wich time given in the 
Ephemeris, to have his ahsohite longitude. AA^itli telescopes of 
different powers, however, the instant of a satellite’s disappear- 
ance must evidently vary, since the eclipse of the satellite takes 
place gradually, and the more powerful the telescope the longer 
will it continne to show the satellite. If the disappearance and 
reappearance are both observed with the same telescope, the 
mean of the results obtained will be nearly free from this error. 
The first satellite is to be preferred, as its eclipses occur more 
frequently and also more suddenly. Observers who wish to 
deduce their difference of longitude by these eclipses should use 
telescopes of the same power, and observe under the .same 
atmospheric coiiditious, as nearly as possible. But in no case 
can extreme precision be attained by this method. 

(L The occidtations of Jupiter’s satellites by the body of the 
planet. — The aj^ipToxiniaU Greenwich times of the disappearance 
behind the disc, and the reappearance of each satellite, are given 
in the Ephemeris. These predicted times serve only to enable 
the observers to direct their attention to the phenomenon at the 
proper moment. 

e. The frmsiis of the satellites over Jupiter’s disc. — The ap- 
proximate Greenwich times of ^Gngress” and ‘^egress,” or the 
first and last instants when the satellite app>ears projected on 
the planet’s disc, are given in the Ephemeris. 

/. The transits of the shadows of the satellites over Jupiter’s 
disc. — The Greenwicli times of ^Tngress” and egress” of the 
shadow are also approximately given in the Ephemeris. 

Among the celestial signals we may include also eclipses of 
the sun, or occultations of stars and planets by tbe moon, or, 
in general, the arrival of the moon at any given position in the 
heavens; but, in consequence of the moon’s parallax, these 
eclipses and occultations do not occur at the same absolute in- 
stant for all observers, and, in general, tbe moon’s apparent 
position in the heavens is affected by both parallax and refi'ae- 
tion. The methods of employing these phenomena as signals, 
therefore, involve special computations, and will be hereafter 
treated of. See the general theory of eclipses, and the method 
of lunar distances 
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THIRD METHOD. — BY THE ELECTRIC TELEGRAPH. 

226. It is evident that the eloclcs at two stations, A and B, 
may be compared by means of signals communicated through 
ail electro-telegraphic wire which coimeets the . stations. Sup- 
pose at a time T by the clock at A, a signal is made which is 
perceived at B at the time T' by the clock at that station. Let 
A 7’ and a J"' be the clock corrections on the times at these sta- 
tions respectively (both being solar or both sidereal). Let x be 
the time required by the electric current to pass over the wire ; 
then, A being the more easterly station, we have the difference 
of longitude A by the formula 

A = (r+ aT)— (T'- f Ar')-|-a; = I^-f X 

Since X is unknoivn, we must endeavor to eliminate it. For 
this purpose, let a signal be made at B at the clock time T", 
which is perceived at A at the clock time T'" ; then we have 

A = ( T'" -f- A T'") — ( T"+ A T") —x = X^ — x 

In these formulie Aj and A, denote the approximate values of the 
difference of longitude, found by signals east-west and west-east 
respectively, when the transmission time x is disregarded ; and 
the true value is 

x = i (Aj -|- Aj) 

Such is the simple and obvious application of the telegraph to 
the determination of longitudes; hut the degree of accuracy 
of the result depends greatly — more than at first appears — 
upon the manner in which the signals are communicated and 
received. 

Suppose the observer at A taps upon a signal key* at an exact 
second by his clock, thereby producing an audible click of the 
armature of the electro-magnet at B. The observer at B may 
not oidy determine the nearest second by his clock when he 
bears this click, but may also estimate the fraction of a second; 
and it would seem that we ought in this way to be able to deter- 
mine a longitude within one-tenth of a second. But, before even 
this degree of accuracy can be secured, we have yet to eliminate, 
or reduce to a minimum, the following sources of error: 


* See Vol. II., “ Clironograpk,” for the details of the apparatus here alluded to. 



342 


LOXUITUDE. 


Ist. Hhe personal error of the observer who gives the signal; 

2d. The personal error of the observer who receives the signal 
and estimates the fraction of a second hy the ear; 

3d. The small fraction of time required to complete the galvanic 
circuit after the finger touches the signal key; 

4th. The armature timey or the time required by the armature at 
the station where the signal is received, to move through 
the space in which it plays, and to give the audible click ; 

5th. The errors of the supposed clock corrections, which involve 
errors of observation, and errors in the right ascensions of 
the stars employed. 

For the means of contending successfully with these sources 
of error are indebted to onr Coast Survey, w^hich, under the 
superintendence of Prof. Baclie, not only called into existence 
the chronograpMc instruments, hut has given us the most effi- 
cient method of using them. The method of star signals,*’ as 
it is called, was originally suggested by the distingiiished astro- 
nomer Mr. S, 0. Walker, but its full devclopuient in the form 
now employed in the Coast Survey is clue to Dr. B. A. Gould. 

227. Method of Star Sipials . — The difference of longitude be- 
tween the two stations is merely the time required by a star to 
pass from one meridian to the other, and this interval may be 
measured by means of a single clock placed at either station,* 
but in the main galvanic circuit extending from one station to 
the other. Two chronographs, one at eacli station, are also in 
the circuit, and, when the wires are suitably connected, the clock 
seconds are recorded upon both. A good transit instrument is 
carefully mounted at each station. 

When the star enters the field of the transit instrument at A 
(the eastern station), the observer, by a preconcerted signal with 
his signal key, gives notice to the assistants at both A and J5, 
who at once set the chronographs in motion, and the clock then 
records its seconds upon both. The instants of the star’s tran- 
sits over the several threads of the reticule are also recorded 
upon both chronographs by the taps of the observer upon liis 
signal key. When the star has passed all the threads, the ob- 


* Uhe clock may, indeed, be at any place vLicli is in telegraphic connection with 
the two stations whose difference of longitude is to be found. 
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server indicates it by aiiotlier preconcerted signal, the cliroiio- 
graphs are stopped, and the record is suitably marked with date, 
name of the star, and place of observation, to be subsequently 
identitied and read off accurately by a scale. "When the star 
arrives at the meridian of B, the transit is recorded in tlie same 
luanner upon both chronographs. 

Suitable observations having been made by each observer to 
determine the errors of his transit instrument and the rate of 
the clockj let us put 


Tj == the mean of the clock times of the eastern transit of 
the star over all the threads, as read from the chi^oiio- 
graph at A, 

Tg = the same, as read from the chronograph at B, 

— the mean of the clock times of the western transit of 
the star over all the threads, as read from the chrono- 
graph at A, 

Tl = the same as read from the chronograph at B, 

e.j =:=, the personal equations of the observers at A and i) 
respectively, 

Tjt'.-™ the corrections of and T/ (or of T^^and T^) foi 
the state of the transit instruments at A and B, or 
the respective ‘‘ reductions to the meridian’' (Tol. II., 
Transit Inst.), 

the correction for clock rate in the interval T/— 

X = the transmission time of the electric current between 
A and B, 

I the difference of longitude; 


then it is easily seen that we have, from the chi'onographic 
records at A, 

r' H- e' — ac; (r, -h T + «) 

and from the chronograpMc records at JB, 

_ 2"/ ■+ ^^4- r' 4 e' + ir — + T 4- «) 

and the mean of these values is 

which we may briefly express thus : 

i e'— « 
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in which 

the approximate diiference of longitude found by tlie 
exchange of star signals, when the personal eq[iiations 
of the observers are neglected. 

This eq^uation would be final if 6'— e, or the relative personal 
equation of the observers, were known : however, if the observers 
now exchange stations and repeat the above process, we shall 
have, provided the relative personal equation is constant, 

A = — [— € — 

In which is the approximate difference of longitude found as 
before ; and hence the final value is 

— I (^1 + 

I have not here introduced any consideration of the armature 
time, because it affects clock signals and star signals in the same 
manner; and therefore the time read from the chronograpihic 
fillet or sheet is the same as if the armature acted instanta- 
neously.* It is necessary, however, that this time should be 
constant from the first observation at the first station to the 
last observation at the second, and therefore it is important that 
no changes should be made in the adjustments of the apparatus 
during the interval 

As the observer has only to tap the transits of the star over 
the threads, the latter may be placed very close together. The 
reticules prepared by Mr. Wuudemann for the Coast Survey 
have generally contained twenty-five threads, in groups or ‘‘tal- 
lies of five, the equatorial intervals between the threads, of a 
group being 2^.5, and those between the groups S'* ; with an ad- 
ditional thread on each side at the distance of 10'* for use in ob- 
servations by “eye and ear.*' Except when clouds intervene 
and render it necessary to take whatever threads may be avail- 
able, only the three middle tallies, or fifteen threads, are used. 
The use of more has been found to add less to the accuracy of a 

Br. B. A. Gotjlt) things tliat the armature time varies "with the strengtli of tlie 
battery aud the distance (and consequent weakness) of the signal; being thus liable 
to he confounded with the transmission time. The effect upon the difference of 
ongitude "will be inappreciable if the batteries are maintained at nearly the same 
strength- 
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determination than is lost in consequence of the greater fatigue 
from concentrating the attention for nearly twice as long. 

A large number of stars may thus be ohserved on the same 
night ; and it will be well to recoi-d half of them by the clock 
at one station, and the other half by the clock at the other 
station, upon the general principle of varying the circumstances 
under which several determinations are made, whenever practi- 
cable, without a sacrifice of the integrity^ of the method. For 
this reason, also, the transit instruments should be reversed 
during a night’s work at least once, an equal number of stars 
being observed in each position, whereby the results will be 
freed from any undetermip ed errors of colliniation and inequality 
of pivots. Before and after the exchange of the star signals, 
each observer should take at least two circumpolar stars to 
determine the instrumental constants upon wdrich r and z' 
depend. This paid of the work must he carried out with the 
greatest precision, employing only standard stars, as the errors 
of T and t' come directly into the difference of longitude. The 
right ascensions of the “signal stars” do not enter into the 
computation, and the result is, therefore, wholly free from any 
error in their tabular places : hence any of the stars of the 
larger catalogues may he used as signal stars, and it will always 
be possible to select a sufficient number which culminate at 
moclcrate zenith distances at both stations, (unless the difference 
of latitude is unusually great), so that instrumental errors will 
have the miainuim effect. 

A single night’s work, however, is not to be regarded as con- 
clusive, although a large number of stars may have been ob- 
served and tlie results appear very accordant; for experience 
shows that there are always errors which are constant, or nearly 
so, for tbc same night, and which do not appear to be represented 
in tbc corrections computed and applied. Tbeir existence is 
proved when the mean results of different nights are compared. 
Moreover, it is necessary to interchange the ohservera in order 
to eliminate their personal equations. The rule of the Coast 
Survey has been that when fifty stars have been exchanged on 
not less than three nights, the ohserv^ers exchange stations, ^d 
fifty stars are again exchanged on not less than three nights. 
The observers should also meet and determine their relative 
personal equation, if possible, before and after each senes, as it 
may prove that this equation is not absolutely constant. 
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Befoie enteniig upon a senes ol star sigiialb, eaeli obseiver 
will be piovided witli a list of the stais to be employed The 
piepaiatioii of tins list leqmies a knowledge ol the approximate 
ditieience of longitude in oidei that the stiii^ may he so selected 
that tiaiisits at the two stations may not occiii simultaneously. 

Example. — the purpose of tiiding the diffeience of longi- 
tude between the Seaton Station of tlie TJ S Coast Survey and 
Raleigh, a list of stais was piepaied, fiom which I cxtiact the 
lollowmg foi illustiatioii The latitudes aie 


Seaton Station (Waslniigtoii) <p = -{- 38® 53' 4 
Raleigh (JSTorth Carolina) ^ = -f 35 47 0 

and Raleigh is assumed to he westfioin Washington 6'"' 30'’ 


Star 

Mag 

a 


Seaton sideieal 
time ot Raleigh 
transit 

No 5036 BAG 

3 

15* 

9“ 

86* 

-1-33° 

52' 

15'* 

16* 

6* 

5084 

43 


18 

58 

37 

54 


25 

28 

5181 

4J 


27 

2 

31 

51 


33 

32 

5192 

5^ 


36 

85 

26 

46 


43 

5 

5259 

5 


45 

43 

86 

T 


52 

13 

5322 



55 

59 

23 

12 

16 

2 

29 

5388 

5 

16 

4 

9 

45 

19 


10 

39 

5463 

34 


15 

21 

46 

40 


21 

51 


The following table contains the observations made on one ot 
these stars at the ahove-named stations by the U S Coast Suivev 
telegiaphic paity in 1853, Apiil 28, imdei the direction of Dr 
B A. Gould 

In this table Lamp W '' expi esses the position of the rotation 
axes of the transit iiistmments. The 1st column contains the s;} lu- 
bols by which the fifteen threads of the three middle tallies w eie 
denoted , the 2cl eolumii, the times of transit of the stai over 
each thread at Seaton, as leacl fiom tlie cliioiiographs at Seaton , 
the 3d column, the times of these transits as lead from the chro^ 
nographs at Raleigh, the 4tli column, the mean of the 2d and 3d 
columns, the 5th column, the i eduction of each thread to the 
mean of all, computed from the known equatoiial inters als of 
the tliieads; the 6th column, the time of the stai’s tiansit over 
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the mean of the threads, being die algebraic sum of the numbers 
in the 4th and 5th columns ; and the remaining columns, the 
Raleigh observations similarly recorded and reduced. 


SEATON— RALEIGH, 1863 April 28. Star No. 6269 B. A. 0. 



Seaton Obs. Lamp 

Raleigli Obs. Lamp W. 

Thread. 

T, 

Ta 

Mean. 

Red. 

n+ r. 



Mean. 

Red. 


2 

2 


37«.97 

38*,0O 

37*.98 

-f 25*.49 

3*.47 


ll'.OO 

11».00 

4- 25».45 

38*.45 


41 .37 

41 .34 

41 .36 

22 .21 

3.57 

14».5S 

14 .50 

14 .54 

22 .25 

3t5 .79 

Ca 

44,03 

44 .21 

44 .12 

19 .06 

3.18 

17 .60 

17 .55 

17 .58 

19 .05 36 .63 

0* 

47 .81 

47 74 

47 .78 

15 .71 

3.49 

20 .88 

20 .79 

20.84 

15 .85 

36 .t» 

C, 

50.76 

50 .70 

50 .73 

12 .71 

3.44 

j 23.90 23.87 

•23 .89 

12 .70 

36 .59 

1), 

56 .96 

57 .10 

57 .03 

6 .21 

3,24 

1 30 -lo'ao .05 

30 .12 

6 .32 

3ti .44 

Da 

0 .06 

0 .04 

0 .05 

3 .25 

3 .30 

33 .34 

3 : 1 .25 

!33 .30 

3 .18 

36 .48 

»3 

15* 46»» 3 .40 

3 ,38 

3 .39 

4- 0 .05 

3.44 

•15* 52»« 36 .4<336 .30 

ise .35 

+ 0 .07 

36 .4-2 

D4 

6.70 

6 .70 

6 .70 

— 3 .03 

[3.67] 

; 39 .61 

39 .53 

139 .57 

— 3 .16 

86 .41 


9.58 

9 .58 

9 .58 

6.28 

3.30 

j 43 .00 

43.00 

|43 .00 

6 

36 .64 

\ 

16.03 

15 .93 

15 .08 

12 .54 

3.44 

i 49 .04 

48 .81 

148 .92 

12 .75 

'36 .17] 

E3 

19 .26 

19 .30 

19 .28 

15 .83 

3.45 

52 .30 

52-33 

:52 .32 

15 .tHi 

m .42 

E- 

22 .47 

22 .45 

•22 .46 

18 .99 

3.47 

55 .50 

155 .41 55 .46 

19 .10 

36 .:)6 

K4 

25 .60 

25 .60 

25 .60 

22 .23 

3.38 

1 58 .73 

58 .60 

58 ,67 

±2 .20, 36 .47 


28 .60 

28 .70 

28 .65 

25.33 

3.32 

1 2 .08 

1 2 .08 

1 2 .08 

•25 .38 

36 .70 


Mom = 3 .892 . i 


Mean = 36 .535 . 


The numbers in the last column for each station vould be equal 
if tlie observations and chronographic apparatus were pierfect ; 
and by carrying them out thus individually ive can estimate their 
accuracy. The numbers Q3.67] at Seaton and [36.17] at Raleigh 
are rejected by the application of Peirce’s Criterion (see Ap- 
pendix, Method of Least Squares), and the given means are 
found from the remaining numbers. 

The corrections of the transit instruments for this star 
(^ = -|- 36° 6'.9) were 

for the Seaton instrument, t = — 0*.028 
“ “ Raleigh “ — 0.193 

The rate of the clock was insensible in tbe^ brief interval 
rpr_fi Hence, neglecting the piersonal equations of the o1> 
servers, the difierence of longitude is found as follows : 


/ jr / _j__ ^ _ i^n 52»» 36*. 342 

T = 15 46 3 .364 

6 32.978 


In this manner seven other stars were observed on the same 
night, and the results were as follows: 
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Star 


Diff. from mean 

5036 B. A.. 0. 

6“ S3*.03 

+ 0».04 

5084 “ 

33 .09 

+ 0.10 

5131 “ 

32 .91 

— 0.08 

5192 “ 

83 .00 

•f 0.01 

5259 “ 

32 .98 

— 0.01 

5322 “ 

33 .00 

H- 0.01 

5388 

33 .02 

-t- 0.03 

5463 ‘‘ 

32 .91 

— 0.08 


Mean Aj= 6 32 .99 


From tlie residuals v, we deduce tb.e mean error of a single 
determiuation l)y one star, 

and lienee the mean error of the value 6”" 32\99 is 


0».06 


v/8 


: O -.02 


But this error will be somewhat increased by those errors of the 
instruments which are constant for the night, and not represented 
in T and r', and by the errors of the personal equations yet to be 
applied. Moreover, a greater number of determinations should 
be compared, in order to arrive at a just evaluation of the mean 
error. 


228. Velociij/ of the galvanic currenL—ReGmTmg to the equations 
of p. 343, we find, by taking the difference between the values 
of I given by the chronographic records at the two stations, 

If the clock is at the eastern station (^), the time will not 
differ from 2^, except in consequence of irregulaiuties in the 
chronographs and errors in reading them, and therefore we 
should find z solely from the times T/ and Tf, or 


(405) 
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111 like niaiinei’, if tlie clock is at tlie westorii station, ive liud Jt 
liy tlio formula 

Thus, in general, the transmission time Tvill be deduced by com- 
paring the records of the star signals made at one station when 
tlie clock is at the otber station. 

In the above example, the clock vras at 'W'ashington, and 
hence, from the record of the transit at Ealeigh, we have fourteen 
values of 7\'— T^ = 2x, as follows: 


-I- 0^08 

-f 0».08 

-f .05 

+ 00 

-f .09 

-p .23 

-h .03 

— .03 

-4- .14 

-P .09 

-p .09 

+ .13 

+ .10 

-P .00 


That these are not merely accidental residuals is shown by 
the permanence of sign, with the single exception in the case 
of the eleventh observation. The discrepancies between them 
indicate accidental variations in the chronographs, combined irith 
errors in reading off the record. Taking the mean, as elimi- 
nating to a certain extent these errors, we have 

2x — 0‘.07T X O*.0385 


From this value of x and the distance of the stations we can 
deduce the velocity per second of the galvanic current. In the 
present instance, the length of the wire was very nearly 300 
miles, and, if the above single observation could be depended 


upon, we should have, velocity per second 


300 

0.0385 


TT9i2 miles. 


which is doubtless too small. 

The velocity thus found, however, appears to dei;)eiKl upon 
the iutcusity of the current,* as has been shown by varying the 
battery ptower on different nights. It has also been tound that 
the velocities determined from signals made at the east and w'e.st 
stations differed, and that this difference was apparently depeud- 


* It depends also upon the sectional area, molecular structure, and, of course, 
material, of the wire. 
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ent upon the strength of the batteries; the velocities from signals 
easWest and signals west-east coming out more and more 
neaaiy equal as tlie strengtli of the batteries was increased. See 
Dr. Gould’s Report on telegraphic determinations of diifer- 
ences of longitude, in tlie Report of the Superintendent of the 
U. S. Coast Survey for 1857, Appendix i7o. 27. 


FOURTH METHOD. BY MOON CULMINATIONS. 

229. The moon’s motion in right ascension is so rapid that 
the change in this element while the moon is passing from 
one meridian to another may be used to determine the difterence 
of longitude. Its right ascension at the instant of its meridian 
transit is most accurately found loy means of the interval of 
sidereal time hetween this transit and that of a iieighhoring well- 
known star. For this purpose, therefore, the Ephemerides con- 
tain a list of moon-culminating siars^ which are selected for each 
day so that at least four of them are given, the mean of wdiose 
declinations is nearly the same as that of the moon on that day, 
and, generally, so that two precede and two follow the moon. 
The Ephemerides also contain the right ascension of the moon’s 
bright limb for each culmination, both upper and lower, and 
the variation of this right ascension in one hour of longitude, 

the variation during the interval between the moon’s 
transits over two meridians whose difference of longitude is one 
hour. This variation is not unifonn, and its value is given for 
the instant of the passage over the meridian of the Ephemeris. 
These quantities facilitate the reduction of corresponding obser- 
vations. as will be seen below. 

230. As to the observation, let 

t9, = the sidereal times of the culmination of the moon^s 

limb and the star, respectively, corrected for all the 
known errors of the transit instrument, and for clock 
rate, 

a, a' r™ the right ascensions of the moon’s limb and the star 
at the instants of transit; 

then we evidently have 


a 




(40C) 
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I lie. nl.ar and the moon being nearly in the same parallel, the 
iiiatiumeutal errors which alFect also affect hy nearl^ the 
same quantity. W e should not, however, for this reason omit 
to apply all the corrections for blown instrumental errors, since 
by this omission we should introduce an error in the longitude 
precisely equal to the uncorreeted error of the instrument."" For 
it the instrumental error produces the error ^ in the time of the 
star 8 transit, the effect is the same as if the instrument were 
’perjectly mounted in a meridian whose longitude west of the 
place of observation is equal to Z', but the sidereal time required 
by the moon to describe this interval 2 is equal to r -f the 
increase of the moon’s right ascension in this interval. lienee 
the longitude found, by the methods hereafter given, would be 
in error by the quantity z. 

231. If the lunar tables were perfectly accurate, the true 
longitude given by the observation wmuld be found at once by 
comparing the observed right ascension with that of the Ephe- 
meris. There are two methods of UA'oiding or eliminating the 
errors of the Ephemcris. In the first, which has heretofore been 
excluHively followed, the observation is compared with a eorre- 
Hponding one on the same day at the first meridian, or at some 
meridian the longitude of which is well establi.shed. In this 
metliod the increase of the right ascension in passing from one 
meridian to the other is directly obseiwed, and the error of the 
Fpliemeris on the day of observation is consequently avoided ; 
but observations at the unknown meridian are frequently reii- 
(Uu-ed useless by a failni’e to obtain the corresponding observa' 
tion at the first meridian. 

In the second method, proposed by Professor Peirce, the 
Epbemeris is first corrected by means of all the observations 
taken at the fixed observatories during the semi-lunation within 
which the observation for longitude falls. The corrected Ephe- 
meris then takes the place of the corresponding observation, and 
is even better than the single corresponding observation, since 
it has been corrected by means of all the observations at the 
fixed observatories during the semi-lunation. 

I shall consider first the method of reducing corresponding 
observations. 
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232. Corresimiding observations at places u'hose difference of longi- 
tude is less than two hours . — At each place the true sidereal times 
of transit of the moon-culminating stars and of the moon’s 
bright limb are to be obtained with all possible precision : from 
these, according to the formula (406), will follow the right as- 
cension of the moon’s limb at the instants of transit over the 
two meridians, taking in each ease the mean value found from 
all the stars observed. Put 

= the approximate or assumed longitudes, 

X — the true difference of longitude, 
dj, ttj = the observed right ascensions of the moon’s bright 
limb at A, and respectively, 
iZ„ = the variation of the E. A. of the moon’s limb for 
1'* of longitude while passing from X, to ; 

then we have 

X — °3~ (407;) 

-Ho 

in which, — Uj and JS^ being both expressed in seconds, -1 will 
be in hours and decimal parts. 

Wlren the difference of longitude is less than two hours, it 
is found to be sufficiently accurate to regard JEZo as constant, 
provided we employ its value for the middle longitude 
-1- ig), found by interpolation from the values in the 
Ephemeris, having regard to second differences. 

Example. — The following observations "were made, May 15, 
1851, at Santiago, Cliili, by the TJ. 8. Astronomical Expedition 
under Lieut. Q-iiiiss, and at Philadelphia, by Prof. Kendall ; 


Object. 

Santiago sid. time. 

Pliilad’a sid. time. 

'd‘ Librae 

IS'- 46“ 8^37 

15* 45“ 22'.33 

Ifoon II Limb 

16 21 36.84 

16 21 39.11 

B. A. 0. 5579 

16 33 40.12 

16 32 58.96 


We shall assume the longitudes from Q-reenwich to he, 

Philadelphia, X, = 6" 0“ Sg-’.SS 
Santiago, X^ = 4 42 19 . 

the longitude of Philadelphia being that which results from the 
last chi’onometric expeditions of the TJ. S. Coast Survey, and 
that of Santiago the value which Lieut. Gilliss at first assumed. 
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The apparent right ascensions of the stars on May 15, by the 
moon-culminating list in the Kautical Almanac, were 



a' 

Librae 

B. A. C. 5579 

15» 45m 

16 32 

22*.59 

59.20 


We have then at Philadelphia, by (406), 





o'+ _i3' 


b Librae 

+ 36“ 16'.78 

16* 21” 39*.37 


B. A. C. 5579 

— 11 19.85 

16 21 39.35 

and at Santiago : 

Mean a. 

= 16 21 39.36 


■b Librae 

B. A. C. 5579 

+ 35 33.47 
— 12 3 .28 

16 20 66.06 

16 20 55.92 

Hence 

Mean a„ 

= 16 20 55.99 


We shall find for the mean longitude = 

= 4'*. 86, by the interpolation formula (T2), or 

Hq = S -|- A.af -|- 

• • 4 * 86 

in which, if we put n= we have 

Xa 

A = n = 0.405 B = = _ 0.120 


and a' and are found from the values of S’ in the Ephemeris 
as follows : 


whence 


May 16, L. C. 
“ 15, U. 0. 


“ 16, L. 0. 
“ 16, U. C. 


142*.56 
143 .48 


Isi diff. 

+ 0*.92 


iddiff. 
— 0*.28 


+ 0.64 [- 0 . 36 ] 


144 .12 
144 .35 


+ 0.23 


— 0.41 


H = 143*.48 rt'= 0*.64 !>„ = }(— 0*.28 — 0*.41) = — 0*.35 

= 143*.48 + 0'.259 + 0*.042 = 143*.781 


43.37 


143.781 


= — 0».30164 = — IS™ 5'.90 


roL. I.— 23 
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which is the longitude of Santiago from Pluladelplua. Hence, 
if the longitude of Philadelphia is correct, we have 

Long, of Santiago = 42'»33».95 from Greenwich. 

233 Corresponding observations at plcwes whose difference of longi- 
tude is greater than two W.-IIaving found a and a, as m the 
preceding case, we employ in this case an me irec i me lot o 
solution. For each assumed longitude we interpolate the righ 
ascension of the moon’s limh from the Moon Culminations m 
the Ephemeris to fourth differences. Let 

A„ A, = the interpolated right ascensions of the moon s 
limh for the assumed longitudes i, and respect- 
ively, 

If the correction of the Ephemeris on the given day is e, 
the true values of the right ascension for L, and L, are A + e 
and A, -he, the error of the Ephemeris heing supposed to he 
sensibly constant for a few hours ; hut their difference is 
(A, -f e)-(Ai + e) == A,-A, 

80 that the computed difference of right ascension is ^aine 
as if the Ephemeris were correct. If now the _ observed diicn 
enee a» — is the same as this computed difference, the as- 
sumed difference of longitude, or L.^ — L„ is correct; - but, i 
this is not the case, put 

c^L = the correction of the uncertain longitude, which we 
will suppose to be 

■then T is the change of the right ascension while the moon is 
describing the small are of longitude aX ; and for this smal 
difference we may apply the solution of the preceding ai le e, 
so that we have at once 

(409) 




(in hours) 


or 


3600 . 

— rX — (11^ seconds) 
H 


(409^) 


^ It sliould be observed, however, that one of the assumed longitudes mnst bt 
nearly correct, for it is evident that the same difference of right ascension yi no 
exactly correspond to the same difference of longitude if we increase or decrease 
both longitudes by the same q^uantity. 
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In winch the value of H must be that which belongs to the 
uncertain meridian L^, or, more stnctly, H must he taken foi 
the mean longitude between and + nL, but, as aL is 
generally very small, great precision in H is here superfluous 
However, if in any case aL is large, we can hist find H foi the 
meridian and with this value an appioxiniate value of aL, 
then, interpolating H foi the meridian | a L, a more coi rect 
value of aL will be found.* 


Example — The following observations were made May 15, 
1851, at Santiago and Greenwich 


Object 
d' Jjibrae 
Moon II Limb 
BAG 5579 


Santiago 

15M6”‘ 3*37 
16 21 36 84 
16 33 40 12 


G-reenwicb 

15'^ 45”* 22« 37 
16 9 39 41 

16 32 59 17 


We assume liere, as in the piecedmg example, loi* iSantiago 
Xj = 4'“ 42™ 19% and foi Greenwich ivc have L^ - - 0 The places 
of the stais being as in the piecedmg aiticle, wc hnd foi 

Giocnwich, tt, — 1G‘ 9“ 39* 54 
Santiago, = IG 20 55 99 

a,— a, = 11 IG 45 

The computed light ascension foi Gieeiiwich is in this case 
simply that given lu the EphemoriH for May 15 , the mercase to 
the meiidiau 4'* 42“ 19* 0 has been found in our example of iii- 
teipolation, Art 71, to he 


and hence 


yl, = 11"* 16*84 


^ + 0* 61 


"We find, moreover, for the longitude 4'* 42”* 19*. 

1{= 143* 77 


whence 


AX: 


0*61 X 


3600 
143 77 


4- 15*28 


Hy these observations we have, therefore, 

Longitude of Santiago = 4* 42” 34* 28 


*This method of reducing moon culminations was developed by Walkee, Tram- 
actions of the American Philosophical Society , new series, Vol V 
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23-4 Redudton oj moon eulmuufiwns htj ihe Imahj Ejyhcmcus — 
The ractliocl of leductioii given in tlio piceccling ai tide is pen 
fcctly exact, hut tlie inteipoUtioii of the moon’s place to fourth 
diflci eiices is lahonous. The houily Ephemci is, liowevci , i eqmi cm 
the use of second diffeiences only The sideieal time of le 
tiausit of the moon’s centie at the meiidian A is = the observett 
right ascension of the ceiitie = (Xj If then we put 

— the mean Greenwich time eorresponding to a, as found 
by the hourly Tpheineiis, 

z= the Gieenwieh sideieal tune coricsponding to T^, 


we have at once, if the Ephemeiis is correct, 

= ©^ — 0 ,^ 


(410) 


This, indeed, was one of the earliest methods pioposed, hut was 
ahaudoned on account of the imperfection of the Ephemeiis 
The snhstitntioii of corresponding observations, however, t oes 
not requite a depaitnre from this simple process , for we shall 
have 111 the same mannei, fiom the obseivations made at 
another mendian (which may he the meridian of the Ephcmoris), 


and hence 


£-3 = ©3 — tta 

A - =(©1 - ©a) -('‘i — 


(411) 


and it IS evident that the difference (S, — ©o) of llio Greenwich 
times will 1)0 corioct, altlioiigli the absolute light ascension ot 
the Ephemei'is is in enor, provided the homly motion is eoirect 
The eoirectness of the hourly motion must he assumed in all 
methods of i educing moon culminations, and in the piesent 
state of the lunar theory there can he no erroi in it which can 
he sensible in the time required by the moon to pass fiom one 
meridian to aaothei. 

In this method a is the right ascension of the moon’s centre 
at the instant of the transit of the centre , which may he de- 
duced from the time of transit of the limh by adding or siib- 
tiactuigtlie “sidereal time of semidiameter passing thcnicudiaii,” 
given ill the table of moon eiiliniiiatious in the Ephemeiis 
To find Tj eoirespottding to a^, we may pioceed as m Art C4, 


* If ve wsh to Tje altogether independent of the moon-culmmatmg table, -we can 
compute the sidereal time of semidiameter passing the meridian by the formula (see 
Yol II , Tiansit Instrument), 
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or as follows: Let 2J, and 1'‘ be tbe two Greenwicli hours 
between which Uj falls, and put 


Aa = the inevease of right ascension in 1™ of mean time at 
the time r„, 

So, = the increase of An in 1*, 

tt, = the right ascension of the Ephemeris at the hour T^, 


then, by the method of interpolation by second differences, we 
have 


“l = “o + 


da T, 

Act — [“ — 


3600 


f-]( 


t.-ta 
60 / 


in which the interval is supposed to be expressed in 

seconds. This gives 



60 (g. 


Act 


— »o) 

T T 

3600 


and in the second memher an approximate value of may he 
used, deduced from the local time of the observation and an 
approximate longitude. A still more convenient form, which 
dispenses with finding an approximate value of is obtained 
as follows : Put 

T, = T,+ x 

then we have 


s 

15(1 — cos 6 

in which S =r the moon’s semidiameter, X = the increase of the moon’s right ascen- 
sion in one sidereal second, and d = the moon’s declination, which are to he taken 
for the Greenwich time of the observation, approximately known from the local time 
and the approximate longitude. 

Or we may apply to the sidereal time (— of the transit of the limb the quantity 

15 cos 6 

and the resulting ai= i9-j dt S sec 6 will he the right ascension of the moon’s 
centre at the local sidereal time We then find the Greenwich time corre- 
sponding to as in the text, and we have 
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_ 60 (g^ — g,) 

/ 1 I ^ \ 

Ad 1 H I 

\ ^ 7200 / 


60 (tt^ — «-o) ^ ^ V"^ 

\ ' 7200 / 


or, •with, sufficient accuracy, 

„ 60 (o, — g.,) 


Putting then 

I 

we have, very nearly, 


Aa 


60(a,— g,) 
Aa 


\ 7200 / 


X = 


7200 

a:'^ Jo 
7200 


x = x' + x" 


(412) 

(418) 


As a practical rule for tlie computer, we may observe tliat xJ^ 
will be a positive q^iiantity when Aa is decreasing, and negative 
when Aa is increasing. 

The method of this article will he found particularly conve- 
nient when the observation is compared directly with the 
Ephemeris, the latter being corrected by the following process. 
See page 362, 


235. Peirce's method of correetmg the. Ephemeris .^ — The accuracy 
of the longitude found by a moon culmination depends upon 
that of the observed difference of right ascension. When this 
diflerence is obtained from two corresponding observations, if 
the probable errors of the observed right ascensions at the two 
meridians are and Sg, the probable error of the ditference will 
be = i/(e/ + £ 2 ^). [Appendix]. But if instead of an actual ob- 
servation at we had a perfect Ephemeris, or £ 3 “^? 
probable error of the observed diflerence would be I’ediicedto e^; 
and if we have an Ephemeris the probable error of which is loss 
than that of an observation, the error of tlie observed difierenee 
is reduced. At the same time, we shall gain the additional 
advantage that every observation taken at the meridian whose 
longitude is required will become available, even when no corre- 
sponding observation has been taken on the same day; and 


Beport of the Superinteadent of the XJ. S Coast Survey for 1854, Appendix, 
p. 115* ,7 ^ r 
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experience has shown that, when we depend on corresponding 
ohservations alone, about one-third of the obseiwations are 

lost 

The defects of the lunar theory, according to Peibce, are 
involved in several terms which for each lunation may he 
principally comhined into two, of which one is constant and the 
other has a period of about half a lunation, and he finds that 
for all practical purposes ^ve may put the correction of the 
Ephemeris for each semi-lunation under the form 

A + jBt + ( 414 ) 

in which A, jB, and 0 are constants to be determined from the 
observations made at the principal observatories during the 
semi-lnnation, and t denotes the time reckoned from any assumed 
epoch, which it will he eonveuieiit to take near the mean of the 
observations. The value of t is expressed in days; and small 
fractions of a day may he neglected. Let 


aj, ajj, agi &c. = the right ascciision observed at any observa- 
tory at the dates &c., from the assumed 

epoch , 

a/, a^jaa'j&c. = the right ascension at the same instant found 
from the Ephemeris, 


and put 


a/, &c. 


thou 7 ^ 3 , &c. are the corrections which (according to the 

ol)scrvation8) the Ephemeris req[uires on the given dates, and 
hence we have the equations of condition 


AA-Bt,+ Ct,^-n, = Q 
<fcc. 


In order to eliminate constant errors peculiar to any ohserva^ 
tory when the observation is not made at Greenwich, the ob- 
Hcrvcd right asceuaiou is to be increased by the average excess 
for the year (determined by simultaneous oljservations of the 
right aBccnsions of the moon’s limb made at Green^mch above 
those made at the actual place of observation. 
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If now we put 


m = the number of observations = the number of equations 
of condition, 

T = the algebraic sum of the values of t, 

T^= the sum of the squares of t, 

the algebraic sum of the third powers of #, 
the sum of the fourth powers of t, 

JV = the algebraic sum of the values of n, 

the algebraic sum of the products of n multiplied by t, 
JSF^= the algebraic sum of the products of n multiplied by P, 

the normal equations, according to the method of least squai’cs, 
will be 

mA+ TJB 4- T,0 -N = 0 
TA + T^B + T,G—N,= 0 
T,A-^- T^B + r,0- 0 



Tbe solution of these equations by tbe method of successive 
substitution, according to the forms given in the Appendix, may 
be expressed as follows: 


T/ = 

T,- 

Hi 

Nl = 


TIT 

m 

11 

T,- 

TT, 

m 



T^N 

m 

t: = 

T- 

m 2 
a 

m 

a:/'= 

■ NJ— 

t’n; 

t: 

II 

t:- 

iT:r 




NJ' 

£ 

_ JV/— T^G 


- T,0 

— TB 


Tl' 


m 


(416) 


Then, to find the meq,n error of tbe corrected Ephemeris, we 
observe that this error is simply that of tbe function Jf, which is 
to he found by tbe method of the Appendix, according to which 
we first find the coefiScients Aq, by the following formulse: 

mKj = 1 

and then, putting 

iV ^ n + A',* T; + T/y 
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we have 

(eJT) = Me (417) 

in. which s denotes the mean error of a single ohseiwation and 
(eJT) the mean eri’or of the corrected Ephemeris ; or, if s denotes 
the probable error of an observation, (sX) denotes the probable 
error of the corrected Ephemeris. (Appendix.) 

If the values of k^, and are substituted in 31, -we shall have 


M = 



(t - 1)^ , (t - ly 


TJ 


rp ft 


, ^ + 



(418) 


It will generally happen, where a sufSeient number of observa- 

T’ 

tions are combined, that is a small fraction which may be 

neglected without sensibly affecting the estimation of a probable 
error, and we may then take 


Jf = 



(t-iy 

t: 


t:' J 


(418=*=) 


According to Peiece, the probable error of a standard obseiva- 
tion of the moon’s transit is O’.lOi (found from the discussion of 
a largo number of Greenivich, Cambridge, Edinburgh, and Wash- 
ington observations) ; so that the probable error of the corrected 
Ephemeris will be equal to M. ((h-lOd). 


Example. — At the Washington Observatory, the following 
right ascensions of the moon were obtained from the transits over 
twenty-five threads, observed with the electro-chronograph: 


Approx. Green. Mean Time. 

R. A. of 

J) II Limb. 

Sid. time semid. 
passing merid. 

R. A. of 3> centre 

1859, Aug. 16, 19* 

0* 8™ 53'.40 

62*.06 

QA 7-^5KS4 

« 17, 20 

0 54 33.57 

63 .54 

0 63 30 .03 

'' 18, 21 

1 42 48.58 

65 .77 

1 41 42 .76 


The sidereal time of the semidiameter passing the meridian is 
here taken from the British Almanac, as we propose to reduce the 
observations by means of the Greenwich observations -which are 
reduced by this almanac. We thus avoid any error in the semi- 

diameter. .,1 

Bnriiig the semi-lunation from Ang. 13 to Aug. -i, the 
Greenwich observations, also made with the electro-chronograph, 
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gave the following eoriectioiis (==7i) of the Nautical Almanac 
Tiffht ascensions of the moon 


Approx Gieenwich Mean Time 

n 

t 

1859 Aug 14, 13* 

— 0*39 

— 3 

“ 15, 14 

— 0 26 

— 19 

“ 16, 14 

— 0 49 

— 09 

“ 18, 16 

— 0 68 

+ 12 

« 19, 17 

— 1 04 

+ 22 

« 20, 17 

— 1 08 

+ 32 


Let ns employ these obseivations to determine by Peirce’s 
method the most piohable collection of the Ephemeris on the 
dates of the Washington observations Adopting as the epoch 
Aug 17th 12'" 01 17"^ 5, the values of t aie appioxmiately as above 
given The coirection of the Ephemeris being sensibly constant 
foi at least one houi, these values aie sufficiently exact We 
find then 


T = 0: 


T, = 

29 94 = 10 556 = 

225 045 



29 83 6 564 T/ = 

75 644 r;'= 

= 74 200 

N =- 

-3*89 = — 4*41 iV, = 

— 21' 85 



3 89 N^= 

— 2 44 Nl'= 

= — 1'58 


and hence, hy (416), 
0 = — 0* 02135 


0* 1257 


A = 525 


The conection of the Epli emeus for any given date reckoning 
fi 0111 Aug 17 5, IS, therefore, 

^ _ 0* 525 — 0- 1257 ^ — 0* 02135 f 

Consequently, for the dates of the Washington ohseivations, 
the correction and the probable eiror [Me) of the correction, 
found by (418) oi (418^), aie as follows 


Aug 16, 19^ 

17, 20 

18, 21 


f = — 07 
t -f 03 
^= + 14 


Me = 0* 05 
Me = 0 04 
Me = 0 04 


The longitude of the Washington Obseivatory may now he 
found by the houily Epli emeus (after applying these coriec- 
tions), hy the method of Ait 234. Taking the ohseivation of 
Auo 16, welia\e 
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Axig. 16, Tq = 19*, R A. of Epliemcria = g* -17®.56 

X = --- 0 .45 

Aa = 1.8122 = + 0.0028 = 0 6 47 .11 

at = 0 7 51 .84 
— »o = 1 4 .28 


log (a, — a„) 

1.80774 

log a:'" 6.6554 

ar. CO. log Aa 

9.74179 

log 3a, 7.3617 

log 60 

1.77816 

ar. CO. log Aa 9.7418 

log x' 

3.32768 

log Tii’off 6.1427 

x' 

= 35" 26».57 

log x" n9.9016 

x" 

= — 0 .80 


X = 85 25 .77 


Hence, Greenwich mean time = Tq-{- x = 19* Bo”* 25*.77 
Sidereal time mean noon = 9 87 24.18 

Correction for 19* 85^'^ 25*.77 == 8 18 .09 

Greenwich sicloreal time 
Local sidereal time = a. 


= 5 IG 8.04 
= 0 7 51.84 


Longitude = 5 8 11 .70 


The observations of the 17th and 18th being reduced in th" 
same manner, the three results are 


Aug. 16, 

5* 8^* 1B.70 

Probable error.* 

8^5 

Weight, 

1. 

“ 17, 

12.50 

3.1 

1.8 

“ 18, 

11 .10 

2 .9 

1.5 

Moan liy weights = 

: 5 8 11 .74 

1 .8 



236, Combinaiion of moon culmmations hy zoeigkis , — ^TVTien some 
of the transits either of the moon or of the comparison stars arc 
incomplete, one or more of the threads being lost, such ohserva 
tions should evidently have less weight than complete ones, if 
w^e wish to combine them strictly according to the theory of 
prohiihilities. Besides, other things being equal, a determina- 
tion of the longitude -will have more or less weight according to 
the greater or less rapidity of the moon’s motion in right ascen- 
sion. 


■?<* For tlie computation of the probable error and weight, see the following sirtidt*. 
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If tlie weight of a transit either of the moon or a star were 
simply proportional to the numher of ohseryed threads, as has 
heen assumed hy those who have heretofore treated ot this siih- 
ject,* the methods which they have given, and which are obvious 
applications of the method of least sq[nares, would be quite suffi- 
cient. But the subject, strictly considered, is by no means so 
simple. 

Let us first consider the formula 


or, rather 


“h ^1 — 


% — — ’^0 


in which and are the observed sidereal times of the transit 
of the moon and star, respectively; a' is the tabular right ascen- 
sion of the star, and is the deduced right ascension of the 
moon. The probable error of is composed of the probable 
errors of and of a' — whicli belong respectively to the 
moon and the star. We may here disregard the clock errors, as 
well as the unknown instrumental errors, since, they aftect 
and in the same manner, very nearly, and are sensibly elimi- 
nated in the difierence 9-^ — The probable error of tbe 
quantity — 9' is composed of the errors of a' and The 
probable error of the tabular right ascension of the mooii-eulmi- 
natiiig stars is not only very small, hnt in the case of correspond- 
ing observations is wholly eliminated; and even when we use 
a corrected Epliemeris it will have but little effect, since the ob- 
served right ascension of the moon at the principal observatories 
always depends (or at least should depend) chiefly upon these 
stars. We may, therefore, consider the error of a' — 9' as sim- 
ply the error of We have here to deal with those errors only 
which do not necessarily aflect and in the same manner, 
and of these the chief and oiilj^ ones that need be considered 
here are — 1st, the culmination error j)rodiiced by the peculiar con- 
ditions of the atmosphere at the time of the star’s transit, which 
are constant, or nearly so, during the transit, hut are difierent 
for difierent stars and on difierent clays ; and, 2d, the accidental 
error of observation. It is only the latter which can be diminished 


* Nicola X, Astronomische JSTadu'ichten, No. 26; and S. C. Walkeu, Traiisac- 
tioas of tlie A-merican Philosopliieal Society, YoL VI. p. 253. 
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by increasing the imniher of threads. In Vol. IL (Transit In- 
strument) I shall show that the probable error of a single deter- 
mination of the right ascension of an equatorial star (and this 
may embrace the moon-culminating stars) at the Greenwich 
Observatory is 0\06, whereas, if the culmination error did not 
exist it Avould be only 0^03, the probable error of a single 
thread being = 0".08, and the number of threads = 7. Hence, 
putting 

c = the probable culmination error for a star, 
we deduce'’^ 

c = i/(0.06)‘^— (0.03/1=0^052 

If, then, we put 

e = the probable accidental error of the transit of a star over 
. a single thread, 

n = the narnber of threads on which the star is observed, 
the probable error of d'\ and, consequently, also of a' -- is 

\ n 


and the weight of a' — d-' for each star may be found by the 
formula 


in which E is the probable error of an observation of the weight 
unity, which is, of course, arbitrary. If we make jp = 1 when 
n — 7, we have E = O'.Od. Substituting this value, and also 
c = 0'.052, e = 0*.08, the formula may be reduced to the fol- 


lowing : 


P = 


134 


100 -f 


238 


(419) 


The value of ttj is to be deduced by adding to the mean 


* The value of c thus found involves other errors besides the culmination error 
proper, such as unknown irregularities of the clock and transit instrument, &c. 
These cannot readily be separated from c, nor is it necessary for our present purpose. 
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according to weiglits of all the values of 
several stars, or 


-j- 


IPl 


given by the 
(420) 


where the rectangular brackets are employed to express the sum 
of all the quantities of the same form. The probable error of 
the last term will be 

JS _ 0*.06 

If now we put 


the probable error of ai, 

= the culmination error for the moon, 
kc = the probable accidental error of the transit of the 
moon’s limb over a single thread, 

= the number of threads on which the moon is observed, 


the probable eiTor of will be 




, and hence 



{key E'^ 

^ ^ LpI 


(421) 


To determine I shall employ the values of the other quantities 
in this equation which have been found from the Greenwich 
observations. Professor Peirce gives == 0^104, and in the 
cases which I examined I found the mean value k = 1.3. As- 
suming [ 2 ^] — 4 as the average number of stars upon which 
depends in the Greenwich series, we have 


whence 


( 0 . 104)2 ^ ^2 _|. 


( 0 . 104)2 

7 


( 0 . 06)2 

4 


C^:=r 0-.091 


and the formula for the probable error of observed at the 
meridian Z/^ is 



( 0 . 091)2 + 


( 0 . 104)2 


+ 


( 0 . 06)2 

Cz] 


(422) 


In the case of corresponding observations at a second meridian 
Z/ 2 J the probable error is also to be found by this formula, and 
then the probable error of the deduced difierence of right ascen- 
sion will he 


== Vh" + 
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and the in-ohahle error of the deduced longitude he 


= h v/s,* + 


(423) 


where, JT being the increase of the moon s 

of loiiffitude, we have 

^ , 8600 


right ascension in 1* 


(424) 


But if the observation at the meridian is compared with a 
corrected Ephemeris (Art. 235) the probable error of which is 
ilf(0M04), the probable error of the deduced longitude will be 


=z J1P(0.104)^ 


(425) 


Finally, all the different values of the longitude will be com- 
bined by giving them weights reciprocally proportional to the 
squares of their probable errors. 

The preponderating influence of the constant error represented 
by the first term of (422) is such that a very precise ovalnation 
of the other terms is (piite unimportant. It is also evident that 
we shall add veiy little to the accuracy of an observation by 
increasing the number of threads of the reticule beyond live or 
seven. For example, suppose, as in the Washington observations 


iiscd in Art. 235, that twenty-five threads are taken, and that 
four stars are compared with the moon ; we have for each star, 
bv (419), 

“ 134 . ... 

p = =: 1.22 


100 -h 


238 


and hence 


e,==^j^(0.091)‘^ + 


(0.104)^ , (0-06)n_p.oo7 
25 4.88 J 


whereas for seven threads we have ei=0M04, and therefore 
the increase of the number of threads has not diminished the 
probable error by so much as O^.O!. 

For the observations of 1859 August 16, 17, 18, Art. 235, the 
values of 7t are respectively 


32.1 30.8 and 28.8 


and, taking Ms = M {O'. 104) as given in that article, namely, 
0*.05 0*.04 and 0'.04 
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witli tliG value of 0^097 aliove found, we deduce the proba- 
ble errors of the three values of the longitude, hy (425), 

3*.5 3M and 2*.9 

The reciprocals of the squares of these errors are very nearly in 
the proportion of the numbers 1, 1.3, 1.5, which were used as 
the weights in combining the three values. 

237, The advantage of employing a corrected Ephemeris 
instead of corresponding observations can now be determined 
by the above equations. If the observations are all standard 
observations (represented by n^ = 7 and [p] = 4), we shall have 
£ 2 = 0M04, and the probable error of the longitude will be 

by corresponding observations = p/2 

by the corrected Ephemeris == i/l M'^ 

The latter will, therefore, be preferable when <C 1, which will 
always be the case except when very few observations have been 
taken at the principal observatories. 

Eut experience has shown that when wo depend wholly on 
corresponding ohservatioiis we lose about one-third of the 
observations, and, consequently, the probable error of the final 
longitude from a series of observations is greater than it would 
be were all available in the ratio of i,/3 : i/2. Hence the proba- 
ble errors of the final results obtained by corresponding observa- 
tions exclusively, and by employing tlie corrected Ephemeris by 
which all the observations are rendered available, are in the 
ratio |/3 : \/l + and, the average value of M being about 
0.6, this is as 1 : 0.67. 

If, however, on the date of any given observation at the meri- 
dian to be determined, we can find corresponding observations 
at two principal observatories, the probable error of the longitude 
found by comparing their mean with the given observation will 
be only which is so little greater than the average error 

in the use of the corrected Ephemeris, that it will hardly be 
worth while to incur the lahor attending the latter. If there 
should be three corresponding observations, the error will be 
reduced to 1/1.33, and, therefore, less than the average error 
of the corrected Ejihemeris. 
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Ihc advantage of the new method will, therefore, le felt 
c aefiy m eases where either no corresponding observation, or 
but one, has been taken at any of the principal observatoriei 


238 The mean value of h is about = 2T, and therefore a 
proh !ble error of OM m the observed right ascension, supposing 
the Ephemeris perfect, will produce a mean probable errorof 2*.7 
in the longitude. If the probable error diminished without 
hunt in proportion to the square root of the number of obseiwa- 
tions, as is assumed in the theory of least squares, we should 
oiily have to accumulate observations to obtain a result of any 
given degree of accuracy. But all experience proves the fallacy 
of this law when it is extended to minute errors which must 
wholly escape the most delicate observation. The remarks of 
Professor Peirce on this point, in the report above cited, are of 
the highest importance. He says : “ If the law- of error embodied 
in tlie method of least squares ivere the sole law to wlncb 
human error is subject, it w-ould happen that by a sufficient 
accumulation of observations any imagined degree of accuracy 
would be attainable in the determination of a constant; and the 
evanescent influence of minute increments of error would have 
the effect of exalting man’s pow-er of exact observation to an 
unlimited extent. I believe that the careful examination of 
observations reveals another law of error, which is involved iu 
the popular statement that ‘man cannot measure what he cannot 
sec.’ The small errors wdiich are beyond the limits of human 
jjtu'ccption are not distributed according to the mode recognized 
by the method of least squares, but either with the uniformity 
wliicih is the ordinary characteristic of matters of chance, or more 
frecpiently in some arbitrary form dependent upon individual 
peculiarities, — such, for instance, as an habitual inclination to the 
use of certain numhors. On this account, it is in vain to attempt 
the comparison of the distribution of errors with the law of least 
squares to too great a degree of minuteness ; and on this account, 
there is in every syedes of observation an ultimate limit of accuracy 
beyond which no 'mass of accumulated observations can ever ‘penetrate. 
A wise observer, when he perceives that he is approachmg this 
limit, will apply his powers to improving the methods, rather 
than to increasing the number of observations. This principle 
will thus serve to stimulate, and not to paralyze, effort; and its 
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vivifying influence will prevent science from stagnating into 
mere mechanical driulgery. 

In approaching the ultimate limit of accuracy, the prohahle 
error ceases to diminish proportionably to the increase ot the 
number of observations, so that the accuracy of the mean of 
several determinations does not surpass that of the single deter- 
minations as much as it should do in conformity witli the law of 
least squares : thus it appears that the })robablc error of the 
mean of the determinations of the longitude of the ITarvard 
Observatory, deduced from the moon-cnhninating ol)scrvutions 
of 1845, 1846, and 1847, is lL28 instead of being I’.OO, to which 
it should have been reduced conformably to the accuracy ot the 
separate determinations of those years. 

‘‘One of the fundamental principles of the doctrino of ])rol)a- 
bilities is, that the probability of an hypothesis is pro[)ortionate 
to its agreement with observation. But any supposed computed 
lunar epoch may he changed by several hnndredths ot a second 
without perceptibly aftecting tlie comparison with observation, 
provided the comparison is restricted within its legitimate limits 
of tenths of a second. Observation, therefore, gives no informa- 
tion which is opposed to such a change.” 

The ultimate limit of accuracy in the determination ot a 
longitude by moon culminations, according to the same distin- 
guished authority, is not less than one second of lime. This limit 
can probably he reached by the observations of two or three 
years, if all the possible ones are taken ; and a longer continuance 
of them would he a waste of time and lal)or. 

From these considerations it follows that the method ot moon 
culminations, when the transits of the liml> are employed, cannot 
come into competition with the methods by chronometers and 
occultations where the latter are practicable.* 

In consequence of the uncertainty attending the observation of the transit of 
the moon’s limb, it has been pi*oposed by Maedler (Afstron. JVach. No. 387) to s\ib- 
stitute the transit of a well-defined lunar spot. The only attempt to carry out this 
suggestion, I thinh, is that of the U. S. Coast Survey, a report upon which by Mr, 
Peters will be found in the Report of the Superintendent for 185G, p. U)8. The 
varying character of a spot as seen in telescopes of different powers presents, it 
seems to me, a very formidable obstacle to the successful application of this 
method. 
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Fti'TH METHOD.— BY AZIMUTHS OF THE MOON, OR TRANSITS OF THE 
MOON AND A STAR OVER THE SAME VERTICAL CIRCLE. 

239. Tlio travelling observer, pressed for time, will not nnfre- 
quentlj find it expedient to mount bis transit in strnment in tlie 
vertical circle of a circumpolar star, vvitliout waiting fertile meri- 
dian passage of such a star. The methods of determining the 

local tinio and the instrumental constants in this case are ^ven 

m Vol. IT. lie may then also observe the transit of the moon 
and a, neighboring star, and hence deduce the right ascension of 
the moon, which may ho used for determining his longitude 
precisely as the culminations are used in Art. 234. 

^ 240. But if the local time is previously determined, we may 
dispemso with all observations except those of the moon and the 
iK'ighboring star, and then we can repeat the observation several 
times on the same night by setting the instrument successively 
ill different azlmntlis on each side of the meridian. It will not 
1)0 advisable to extend the observations to azimuths of more than 
ir>° on cither side. 

The altitude uiid azimuth instrument is peculiarly adapted for 
such obscrvatkms, as its horizontal circle enables us to set it at 
any asHumed azimuth when the direction of the meridian is 
uiiin'o.xiniately knoAvn. The zenith telescope Avill also amswer 
the same purpose. But as the horizontal circle reading is not 
riapiircd further than for setting the instrument, it is not indis- 
pensable, and therefore the ordinary portable transit instrument 
may be employed, though it Avill not he so easy to identify the 
t'oiupai'ison stai’. 

The c‘()inparison star should be one of the well-determined 
moon-culminating stars, as nearly as possible in the same 
parallel with the moon, and not far distant in right ascension, 
(‘it her [UAHjeding or folloAAung. 

The chronomotcr correction and rate must be determined, with 
all possible precision, by obsciwations either before or after the 
moon ob.servations, or both. An approximate value of the cor- 
riH-tion should be known before commencing the observ^ations, 
as it will be expedient to compute the hour angles and zenith 
(hstaiKA's of the two objects for the several azimuths at which it 
,s proposed to observe,!)! order to point the instrument propei-ly 
and thus avoid observing the wrong star. 



372 


LONGITtIBE. 


To secure the greatest degree of accuracy, the observations 
should be conducted substantially as follows : — 

1st. The instrument being supposed to have a horizontal circle, 
let the telescope be directed to some terrestrial object, the 
azimuth of which is known (or to a circumpolar star in the meri- 
dian), and read the circle. The reading for an object in the 
meridian will then be known ; denote it by a. 

2d. The first assumed azimuth at which the transits are to be 
observed being -d, set the horizontal circle to the reading A 
and the vertical circle to the computed zenith distance of the 
moon or the star (whichever precedes). This must be done a 
few minutes before the computed time of the first transit. 

3d. Observe the inclination of the horizontal axis with the 
spirit level. 

4th. Observe the transit of the first object over the severa] 
threads. 

5th, If there is time, observe the inclination of the horizontal 
axis. 

6th, Set the vertical circle for the zenith distance of the second 
object, and observe its transit. 

7th. Observe the inclination of the horizontal axis with the 
spirit level. 

The instrument must not be disturbed in azimuth during these 
operations, which constitute one complete observation. 

ISTow set upon a new azimuth, sufficiently greater to bring the 
instrument in advance of the preceding object, and repeat the 
observation. It will often be possible to obtain in this way four 
or six observations, two or three on each side of the meridian, 
but the value of the result will not he much increased h}^ taking 
more than one observation on each side of the meridian. 

The collimation constant is supposed to be known; but, in 
order to eliminate any error in it, as well as inequality of pivots, 
oue-lialf the observations should be taken in each position of 
the rotation axis. 

The azimuth of the instrument at each observation is only 
known from the local time, and hence the following indirect 
method of computation will be found more convenient than the 
usual method of reducing extra-meridian transits; but the 
reader will find it easy to adapt the methods given in Vol. II. for 
such purpose to the present ease. 
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We shall make use of the following notation : 

T, T' = the mean of the chronometer times of transit of 
the moon’s limb and the star, respectively, over 
the several threads,* 

^ A T" = the corresponding chronometer corrections, 

b 6' = the inclinations of the horizontal axis at the times 
TandT', 

c = the collimation constant for the mean of the 
threads, 

a, a' = the moon’s and the star’s right ascensions, 

$ declinations, 

f f = hour angles, 

^ ^ true zenith distances, 

parallactic angles, 

jf ^ a « azimuths, 

Aa = the increase of the moon’s right ascension in one 
minute of mean time, 

A<? = the increase (positive towards the north) of the 
moon’s declination in one minute of mean time, 

TT = the moon’s c(tuatorial horizontal parallax, 

S= the moon’s geocentric semidiameter, 

(p = the observer’s latitude, 
jC'= the assumed longitude, 

Ai= the required correction of this longitude, 

L= the true longitude — i/’ + 

The moon’s a, d, tz, and S arc to be taken from the Ephemerls 
for the Greenwich time 2"+ a 7’+ Z'(expre8scd in mean time). 
The changes Aa, 6.3 are also to he reduced to this time. The 
right ascension and declination must be accurately interpolated, 
from 'the hourly Ephemeris, with second differences. 

The quantities A, Q, q are now to be computed for the chro- 
nometer time T, and A’, C', q’ for the t ime Th Since ^ and 

* The chronometer time of passage over the mean of the threads -wUl be obtained 
rigorously by reducing each thread separately to the mean of all by the general 
formula given for the purpose in Vol. II. If, however, the same threads are 
employed for both moon and star, and e denotes the oqua,torial distance of the mean 
of thfe actually observed threads from the collimation axis, it will suffice (unless the 
observations are extended greatly beyond the limits recommended in the text) to 
take the means of the observed times at the times of passage over the fictitious 
thread the collimation of which is = c. The slight theoretical error which this 
p-ooedure involves will be eliminated if the observations are arranged symmetrically 
with respect to the meridian. 
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are required with all possible precision, logarithms of at least six 
decimal places are to he employed in their computation ; but for 
C? 7, C^ $'5 decimal places will suffice. The following formul® 
for this purpose result from a combination of (16) and (20) : 


I'd’ the moon. 
t = aT— a 

tan M =: tan ^ sec ^ 

tan i cos M 


tan A 


sill — M') . 


tan N = cot ^ cos t 

. tan t sin N 

tan q = 


tan C = 


cqs(^ + iV) 
cot (ji -“j- iV) 


cos q 


with six 
decimals; 


with four 
decimals; 


For the star. 

^'==T'+Ar' — a' 

' tan ilf ' = tan sec f 

^ ,, tan fees if' 

tan A' 


sin {(p — if') 


tan Af' = cot <p cos f 

^ , tan t sin 

tan {[ = ; 

cos(t5' -|- iV^') 

cot(^' + iV"') 


tan C' : 


cos q[ 


(426) 


in which A and q are to be so taken that sin A and sin q shall 
have the same sign as sin L 

The true azimuth of the moon’s limb will he found by applying 
to the azimuth of the centre the correction 


4- ^ limbi 

sin C Llower 2d J 

If we assume the parallax of the limb to be the same as that of 
the centre (which involves but an insensible error in this case), 
we next find the apparent azimuth of the limh by applying the 
correction given by (116), or 

p7r{^ — /) sin 1" sin A cosec C 

in which tp — is the reduction of the latitude, and p is the 
terrestrial radius for the latitude (p. In this expression we 
employ A, which is the computed azimuth of the star, for the 
apparent azimuth of the moon’s limb, since by the nature of the 
observation they are very nearly equal 

To correct strictly for the collimatioii and level of the instru-' 
ment, we must have the moon’s and star’s apparent zenith dis- 
tances, which will be found with more than sufficient accuracy 
for the purpose by the formulae 

moon’s app. zeii. dist. = ^i== ^ ~|- tt sin C — refraction 
star’s =:Ci'= C'— refraction 
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^^\ then the i eduction ot the tiue azimuth to the instuuueutal 
jiuiuth (see Vol II , Altitude cind Azimuth lusti ument) is 


foi the moon, -i- 


Biii Cl tan Cl 


for the stai, 


b' 


sin Cl' tan C/ 


^e uppei 01 loAYoi sign being used aocoidiiig as the veitieal 
iicle is on the left oi the light ot the obscivei The computed 
ibtiumental azimuths aie, theiefoie, 




-il dz 


()- {<f — ^') sin 1" bin A' , 


bin 


sm C 


sin , 


tan Cl 


(427) 


,tai) d,' = A'-)- 


b' 


sm C/ tan C/ 


t now the longitude and othoi elements ot the computation aio 
oiiect, we shall hnd A, and A/ to bo equal othciuise, put 


(428) 


hen we aie to lind how the lequiied coiieelion a L dcjiends on a, 
.upposing hcie that all the elements which do not involve the 
cingitude aic collect Now, we luue taken cx and o troni the 
rUphemeiis toi the Gioonwich sidereal time J -\- a J when 

lie> should be taken foi the tune T -\- aT A L'+ aL Hence, 
f 1 and /3 denote the increments of the moon’s light ascension 
ind declination in one sideieal second, both expressed in seconds 


ot aic. 


we find that 


,1 ^ = m 39675] Aa 

60 164 


/S = 


_Ad 

60 iw 


[8 22060] a8 


a requiies the correction X aX 
^ /5 AX' 

f u — X aX 


(429) 


and these coiTections must pi oduce the collection— a; in the moon s 

azimuth The lelations between the collections of the azimuth, 
the hour angle, and the declination, wheie these aie so small as 
to be treated as ditibientials, is, by (51), 
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that is, 

sin C 

sin C 


cos 5 cos (7 , _ 

— oc = -?^.aL 

sin C 

sin C 


Hence, If we put 


we have 


, cos ^ cos g ^ sin q 
X -^8 i 

sin C sin C 


aZ 


X 

d 


and lienee, finally, the true longitude i'H- aL, 


(430) 

(431) 


241. In order to detenniiie the relative advantages of this 
method and that of meridian transits, let us investigate a formula 
which shall exhibit the effect of every source of error. Let 

^a, ^ ^TT, dS = the corrections of the elements taken from 
the Ephemeris of the moon, 

= the corrections of the star's place, 
dT' = the corrections for error in the obs’d time, 

SaT =z the correction of a T, 
d(p = the correction of 

If, when the corrected values of all the elements — that of the 
longitude included— are substituted in the above computation, 
and J./ become +■ dA^ and A/ -f dA^'^ we ought to find, 
rigorously, 

A I — j- dtAi = Ai — [- dAi 

which compared with (428) gives 

x = ~dA^AdAl '(4c^2) 

We have, therefore, to find expressions for dA^ and dA/ in 
terms of the above corrections and of aL. W e have, first, by 
differentiating (427), 

sinC sin^ 

dA^'= dA' 

We neglect errors in c.and b which are practically eliminated 
by comparing the moon with a star of nearly the same declina- 
tion, and comhiniag ohseiwations in the reverse positions of the 
axis. 
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The total diflerential of A is, hy (51), after i educing d( to aiu, 

smC sinf 

consequently, also, 

, sin q 

sm C' sm Z' 


Since i = T A — a,v;r& have 


dt = dT A d^T — da. 

wheic dJ'and da T may be at once exchanged foi dT and dt^T; 
but da. IS composed of two piaits 1st, the collection of the 
Ephemeiis, and 2d, ^(a-L + dT + d^'F), which lesults fiom oui 
having taken a foi the uncoil ected time Hence wo have, in 
aic, 

15di = 1557+ 15 dc^T — 15 5a — ;(Ai + 57+ 5 a 7) 

The collection dd is likewnsc composed of two parts, namely, 
dd = 55 + /5 (Ai + 57 + 5 a 7) 

Fulthei, we have simply dd'= dd' and 

dt' = 52’'+ 5 a 7'— 5a' 

but, as we may neglect the eiioi m the late of the chronometer 
foi the brief interval between the observation of the moon and 
the stai, wc can take d^T' = di^T, and, consequently, 

dt'= 57'+ 5a 7— 5a' 

When the substitutions heie indicated are made in (432), we 
obtain the expression 


X = «Ai + 15/ 5o 


.(15/_a)57 


-15/'5a'+^^^ 55'+ 15/' 57' 

Sin C 

SS pCy — y')sinl"smJ.' „_ 
sm Z sin C 

sm (Z' — Z') sm A . z/f 9 Q"\ 

n 5 (/_/')_ a] 5a 7 q 

j j j smCsinC 
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ill which the following ahhreviatioiis are used: 


cos <5 cos q 


cos <5 ' cos 


a sin (7 

a = kf ^ 


and in the coef3.cient of d(p we haye put A = A\ 

By the aid of this equation we can now trace the eftect of 
each source of error. 

1st. The coefficients of d8^ (?;r, have different signs for 

ohservations on different sides of the meridian, and therefore 
the errors of declination, parallax, and latitude will he oliini- 
11 ated by taking the mean of a pair of ohservations equidistant 
from the meridian. 

2d. The star’s decimation being nearly equal to that of the 
moon, we shall have very nearly/ =/', and the coefficient of 

Twill be = a; and since to find aT we have yet to divide 
the equation by a, it follows that an error in the assumed clock 
correction produces an equal error (but with a different sign) in 
the longitude, as in the case of meridian observations. 

8ch An error dT in the observed time of the moon’s transit 
produces in the longitude the error 

/ 15 / 


The mean of the values of a for two observations equidistant 
from the meridian is kf. The mean effect of the error dT is 
therefore 

/ 15 


which is the same as in the case of a meridian observation. 

The effect of an error dT' in the observed time of the star’s 
transit is 

a 

and for two ohservations equidistant from the meridian, the star 
being in the same parallel as the moon, the mean effect is 


also the same as for a meridian obscivatiou. 
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4th. An error oS in the tabalar semidLameter is uhvajs elimi- 
nated ill the case of meridian ohservatious when they are com- 
pared with ohservatibiis at another meridian, since the same 
Kcinidianieter is employed in reducing the observations at both 
nieridiana. hut in the case of an extra-meridian observation the 
i^tiect upon the longitude is 


^ 

asin^ A cos ^ cos ^ — iSsinq 

and in the mean of two observations eq[iiidistanc from the 
mofuliaii, the values of q being small, it is 


_ djS 

X cos d COS q f cos <5 
Vor a meridian observation the 


(1 -|- 2 sin^ Jgr) 

error will be 


nearh-. 


A cos d 

The (M’ror in the case of extra-meridian observations, therefore, 
remains somewhat greater than in the case of meridian ones, the 
vxeesK being nearly 

2dS. sin^iq 
k cos <5 


wluidi, however, is practically insignificant; for we have not to 
finir that rbV (tan be as great as 1", and therefore, taking q= 15^, 
and - ^ 0.4, which are extreme values, the difference 
eaniiot amount to OM in the longitude. 

nth. The error of the tabular right ascension of the moon 
prodiiccB in the longitude the error 


a 

and from the mean of two observations equidistant from the 
mtuidiim, the error is 

USa 

I 

as in the case of the meridian observation. 

The error 5a' in the star’s right ascension produces the error 

when the star is in the same parallel as the moon. 
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From this discussion it follows that, by arranging the observa- 
tions symneirkally with respect to the meridian, the mean result 
will be liable to no sensible errors wbicK do not equally affect 
meridian observations. But for the large cubniuation error in 
the case of the moon (Art. 236), which equally affects extra- 
meridian observations, the latter would have a great advantage 
by diminishing the effect of accidental errors. But the probable 
error of the mean of two observations equidistant from the 
meridian, seven threads being employed, will be, by (422), 

and tliat of a single meridiaii observation, even where onily one star 
is compared with the moon^ is, by the same formula, = 0^11. When 
we take into account the extreme simplicity of the computation, 
the method of moon culminations must evidently be preferred ; 
and that of extra-meridian obscrvi^tions will he resorted to only 
ill the case already referred to (Art. 28D), where the traveller 
may wish to determine his position in the shortest possible time 
and without waiting to adjust his instrument accurately in the 
meridian. 

Example. — At the TJ. S. Naval Academy, 185T May 9, I ob- 
served.the following transits of the moon’s second limb and of 
a Scorpii, at an approximate azimuth of 10^ East, with an Ebtel 
universal instrument of 15 inches focal length : 

Chronometer. Level. Collim. 

J) II Limb. T = 16* 11“ 30*.17 J = -j- 2".2 c = 0.0 1 Vertical circle 
ff Scorpii T' = 16 27 49.83 b' = + 2 .2 j left. 

These times are the means of three threads. The chronometer 
correction, found by transits of stars in the meridian, was 
— 55” 9'.16 at 13*^ sidereal time, and its hourly rate — 0’.32. The 
assumed latitude and longitude were 

y = 38° 58' 53".5 5* 5”* 55* 

The star’s place was 

0.' = 16* 12” 31''.90 d' = — 25° 14' 68".5 
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We first find tlie sidereal times, of the observations of the 
moon and star respectively, and the Greenwich mean time of 
the observation of the moon : we have 


aT = 

— 

55* 

9'.89 

T+ aT = 

15^ 

16* 

20*.28 

X' = 

5 

5 

55. 

Gr. sidereal time = 

20 

22 

15 .28 

Sid. time Gr. moon = 

a 

8 

58 .91 

Sidereal interval — 

17 

13 

16 .87 

Red. to mean time == 

— 

2 

49 .28 

( r. mean time = May 9. 

,17' 

» 10“ 27*.09 


j\T ' = — 55* 9',9T 
T'+^T^= 15^^ 32* 


find 


Hence from the Ephemeris we 

a = 15^^ 54* 45^32 
Aa = 2M135 
S = 14' 47".2 

Hy (42G) we find 

A = — 9° 40' 51".0 
lo^ sin q — ?i9.1581 

C = 64^ 19'.5 

TT Bin C = 4" 

Refraction = — 2.1 

C, = 05 6.2 


a _ 24° 42' 54".4 
Ar) == — 7".G19 
:: = 54' 9".2 


J.' = — 57' 14".8 

log sin q' = n9.1719 

:' = 64° 54'.1 

Eefraetion = — 2 .1 

64 52.0 


For the hititiule (p we find, from Table IIL, 


log p — 9.9994 

<P 

— ^'=ir 15" 

iind then, hy (427), wo iiiul 

A = — 9'^ 40' 5r'.0 j 

A' = — 9° 57' 14"-8 

s 

16 24 .4 


sin C 



p 7 t (^<f> -- -• <p^) sin 1" sin A' 

2 .0 


sin C 

1 


c 

0 .0 

— 0 .0 

sin 

sin Cl' 

b _ 

1 .0 

= 1 .0 

tan Cl 


tanC/ 

d,= — 9 

67 18 .4 

4,' = — 9 57 15 .8 
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whence 


x = ~ 2".6 


By (429), (430), and (431), we find 

log X = 9.72175 log /9 = w9.10256 


aX 


— 2.6 
0.5054 


5'.14 


a = 0.5054 


rf we wish to see the effect of all tlic sonrees of error in ttis 
example, we find, by (433), 

0.0054 A/. == — 2".S — 14.9G (Sa — 0.16 M + 14.45 HT — 14.82 {,T' — 0.36 HaT 
+ 14.82 So! 0.16 SS' + 1.11 SS — 0.001 Stt + 0.002 S^ 

The proper combination of observations is supposed to eliminate, 
or at least reduce to a minimnni, all the errors except that of the 
moon s right ascension as given in the Ephemeris. In practice, 
therefore, it will be necessary to retain the term involving doc. 
Thus, in the present case we take only 

0.5054 aX = _ 2".6 — 14.9C So 

A second observation on the same day at an azimuth 10° 
west gave 

0.6458 aL = — 5".7 — 14.92 So. 

rile elimination of the errors of declination rec|uirc8 that ive 
take the arithmetical mean of these equations: whence we have 
finally, 

A.L = ~ 7*.89 — 28.43 Sa 


SLXTH METHOD. — ET ALTITUDES OF THE MOON. 

^42. The hour angle (t) of the moon may be computed fi'oni 
an observed altitude, the latitude and declination being known, 
and hence with the local sidereal time of the observation (— ©i 
the moon’s right ascension by the equation a = Q — i, with 
which the Greenwich time can be found, as in Art. 234, and 
consequently, also the longitude. 

The hour angle is most accurately found from an altitude 
when the observed body is on the prime vertical, and more 
accurately m low latitudes than in high ones (Art. 149). This 
method, therefore, is especially suited'to low latitudes. 

The method may be considered under two forms:— (A) that in 
which the moon’s absolute altitude is directly observed and 
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cmployefl in the computation of the hour angle ; and (B) that in 
which the moon’s altitude is compared differentially with that of 
a neighboring star,— i.e. wdien the moon and a star are observed 
either at the same altitude, or at altitudes which differ only by a 
quantity which can be measured with a micrometer. 

248. (A.) % /he moon’s absolute amiude.—^\y\& method bein» 
practised only with portable instruiiients, it would be quite 
superfluous to employ the rigorous processes of correcting for 
the parallax, which require the azimuth of the moon to be gh-en. 
Ihe proce.s3 of Art. 97 wall, therefore, be employed in this case 
with adyantage, by which the observed zenith distance is reduced 
not to the centre of the earth, but to the point of the earth’s 
axis which lies in the vertical line of the observer, and which 
we briefly designate as the ■point 0. Let 

C" the observed zenith distance, or complement of the 
observed altitude, of the moon’s limb, 

B = the local sidereal time, 

Ij ' the assumed longitude, 
aL -- the required correction of X', 

Ij ~ the true longitude = .L' -f aL, 

I iiid the 0 1 ccnwich sidereal time © and convert it into 

iiicun lime, for wbidi take from the Ephemeris the quantities 

= the moon’s declination, 

7: = “ cq. hor. parallax, 

aS' = semidiameter. 

I jet be the apparent semidiameter obtained by adding to S 
the uugmeiitatiou computed by (251) or taken from Table XIL 
Ltd; r be the refraction for the apparent zenith distance and 
put 

r ± S' (484) 

Ltd TTj be tlie corrected parallax for the point 0, found l)y (127), 
(H’ by adding to tt the correction of Table XIIL (whieli in the 
pi’CHont application will never be in error O'Ll) ; and put 

C, = C'— sinC' 1 ^ 


ii which log 


7.8244. 
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T1i€ hour angle (wliicli is the same for the point 0 as for the 
centre of the earth) is then found by (267), Le. 


sin = 


\ 


sin i [Cl + (y — ^i)] i —C<P— Q^) ] \ (- 430 ) 
COS ^ cos I 


after which the moon’s right ascension is found by the formula 


a == 0 — t 


(487) 


and hence tire Crreenwieh time and the longitude as above stated. 
But since we have taken S for an approximate Q-reeiiwich time 
depending on the assumed longitude, the first computation of i 
will not he quite correct; a second one with a corrected value 
of S will give a nearer approximation ; and thus by successive 
approximations the true value of t and of the longitude will at 
last be found. 

But instead of these successive approximations we may ohtaiu 
at once the correction of the assumed longitude, as follows, We 
have taken d for the Greenwich time © when we should 

have taken it for the time © + i' + Hence, putting 


jS = the increase of <5 in a unit of time, 

it follows that 3 requires the correction ^aL; and therefore, by 
(51), the correction of the computed hour angle will he 

PaJj 

cos d tan q 

in which q is the parallactic angle. Since a = 0 — - the com- 
puted right ascension requires the correction (in seconds of time) 

__ ^aL 
15 coS(J tan^ 

Therefore, if we put 

A = the increase of a in a unit of time, 

the computed Greenwich time and, consequently, also the longi- 
tude derived from it requires the correction 

^aL 


15 X cos ^ tan 



BY ALTITUBER OF THF MOON 


385 


Hence, denoting the longitude computed from the light ascen- 
sion a = © — by i", we have 


True longitude = Jj' ■+ = L” ■ 




whence 


15 X cos d ifmq 


aL 




1 -j — i_ sec 5 cotg 
15 X 


If we denote the denominatoi of this expression by 1 + < 2 , we 
shall have, by (18), 


and then 


/? I tan <p tan d 

15 1 \ sin t tan t 


(438) 


aL == 


U'—L^ 
1 + ^ 


L = U-\-aL 


(439) 


Example — At the U S Naval Academy, in latitude ^ = 38*^ 
58' 53" and assumed longitude i'= 5'^ 0% 1 obseived the 

double altitude of the moon’s upper limb Avitli a sextant and 
aitificial hoiizon as below 


1849 May 2 — Moon east of the meridian 


Chionoraeter 10* 21* 6 

last 4 41 0 0 

Local mean time = 5 33 21 6 

Assumed Z' = 5 6 0 

Appiox Or time = 10 39 21 6 

(For which time we take tt, S, and 

fi from the Nautical Almanac ) 

5 = + 3° 47' 47" 6 
e^TTiSin 0 cos 5 == +■ 14 1 

Si = + 3 48 1 7 


Mean of 6 ohs 2 p =64° 40' 0" 



Index corr 

ot sextant = 

— 

14 

57 






2)64 

25 

3 




App ait J) = 

32 

12 

31 

1 





57 

47 

28 

5 

Barom 


30<«46 






Att Lherm 

63° F 

1 r = 

+ 

1 

30 

9 

Ext “ 


66° F . 

J 






N = 

15' 16" 4 

\ 





AN (Tab 

XII) = 

-f* 8 1 

1 

+ 

15 

24 

5 





IT 

4 

23 

9 


IT = 

56' 3"1 

1 





Att (Tab 

xm)== 

+ 44 

VTTi Sin =* 


47 

38 

1 


TTi = 

56 T 5- 

i 









57 

16 

45 

8 


With these values of 8„ Ci, and f ^ 38° 58' 53", we find, by (436), 


— 3* 19“ 53' 64 


The sidereal time at Greenwich mean noon, 1849 May 2, was 
2h 7-« 98 . -wThence 

0 = 8» 16“ 14* 61 
a = 11 36 8 25 

VoL 1—25 
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Corrospoiidiug to this right ascension wo find i)y the hourly 
Epheiueris the Greenwich mean time, and hence the longitude 
L", as follows : 

Grreeiiwich mean time = 10'* 39“ 48*.7 
Local “ ** =: 5 33 21.6 

i"=: 5 6 27.1 

L" — L' = H- 27*.l 

By the hourly Ephemeris we also have for the Greenwich time 
10" 39“ 48*.7,' 

Increase of a in 1"* = 1 -|- 2‘.014 

“ (5 in 1“ = /3 = -f- 10".01 

and hence, by (438) and (439), 

a = — 0.3317 Ai = + 40*.6 

i = i' -j- Ai r::. 5" 6“ 40*.6 


244. The result thus obtained involves the errors of the 
tabular i'ia:ht ascension and declination and the instrinnental 
error. The tabxilar errors are removed by means of observations 
of the same data made at some of the principal observatories, as 
ill the case of moon culminations. The instrumental error will 
he 11 earl 3 " eliminated by deterinming the local time from a star 
at the same altitude and as nearly^ as possible the same declina- 
tion ; for the instrumental error will then produce the same 
error in both © and and, therefore, will be eliminated Irom 
their difference © — i — cl. The error in the longitude will 
then he no greater than the error in ©. But to give complete 
effect to this mode of eliminating the error, an instrument, such 
as the zenith telescope, should be employed, which is capable ot 
indicating the same altitude with great certainty and does not 
involve the errors of graduation of divided circles. A very 
difierent method of observation and computation must then be 
resorted to, which I proceed to consider. 

245. (B.) By equal alUiitdes of the moon and a star^ observed with 
the zenith telescope , — The reticule of this instrument should for 
these observations be provided with a system of fixed horizontal 
tlireads: nevertheless, we may dispense with them, and employ 
only the single movable micrometer thread, by setting it suc- 
eessivel}^ at convenient intervals. 
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Having selected a well determined stai as nearly as possible 
in the moon's path and differing but little in right ascension, a 
preliminary computation of the approximate time when each 
body will arrive at some assumed altitude (not less than 10°) 
must be made, as well as of their appioximate azimuths, in 
Older to point the instrument jmcpeily The instrument being 
pointed for the first object, the level is clamped so that the 
bubble plays near the middle of the tube, and is then not to be 
moved between the observation of the moon and the stai After 
the object enters the field, and befoie it reaches the fiist thread, 
it may be necessary to move the mstiiiment in azimuth in cider 
that the transits over the hoiizontal thieads may all be observed 
without moving the mstiument during these transits The times 
by chionometer of the seveial tiansits are then noted, and the 
level IS read otf The instrument is then set upon the azimuth 
of the second object, the obseivation of which is made in the 
same rnannei, and then the level is again read off This com- 
pletes one observation The mstiument may then be set for 
another assumed altitude, and a second observation may be taken 
m the same manner * Each observation is then to be separately 
reduced as follows Let 

i', i", &c = the distances in arc of the several thieads 
from then mean, 

m, in! = the mean of the values of i for the observed 
threads, m the case of the moon and star 
respectively, 

Ij r — the level readings, m arc, for the moon and 
star, 

0, 0'= the moan of the sidereal times of the observed 
transits of the moon and star, 

then the excess of the observed zenith distance of the moon's 
limb at the time © above that of the star at the time ©' isf 

7 /? — 4 - ^ — I' 

the quantities m and I being supposed to increase with increasing 
zenith distance 

The same method of observation may be followed with the ordinary universal 
mstiument, but, as the level is generally much smaller than that of the zenith tele- 
scope, the same degree of accuracy will not be possible 
f When the micrometer is set successively upon assumed readings, m and m' will 
be the means of these readings, converted into arc, with the known value of the screw 
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AIro, let 

a, dj t, C, -i; g = the E, A., decL, hour angle, geocentric 
zenith distance, azimuth, and parallactic 
angle of the moon’s centre at the time 
0 ; 

a', 5', C', A', ^ = the same for the star at the time 

ty S = the moon’s equatorial hor. parallax and 
semidiameter; 

X z=z the increase of a in V of sid. time ; 

/9 = d 

(p = the latitude ; 

L' = the assumed longitude ; 
aX = the required correction of i'; 

The quantities a, <5, ;r, and S are to be taken from the Ephemeris 
for the Greenwich sidereal time © + A' (eoiiYerted into mean 
time) ; a and d being interpolated with second cliiFerences by the 
hourly Ephemeris. Then the required correction of the longi- 
tude will be found hy comparing the computed value of ^ with 
the observed value. For this purpose we first compute ^ and 
with the greatest precision, and also A and q approximately. If 
the differential formula of the next article is also to he computed, 
A' and will also he required. The most convenient formula 
will he — 


For the laooa. 

tau Jlf==tan ^ sec f 

sin 5 cos — M) 

sin M 


cos C= 


with six 
decimals ; 


COB A = tan — M) cot C 
taniV'=cot ^ cos t 

, tan^ sill A 

tan^= ; 

cos (d + N) 


Dor the star. 

e'_a' 

tanikf'=tan d' sec f 

sin^'cos(^p- 
cos C = ^ 


-if') 


with four 
decimals ; 


sin 3f ' 

(440) 

cos A'= tan(^ — Jf') cotC' 
tau N' = cot ^ cos f 
, tan t sin N' 

^ cos (<5' + A) 


The zenith distance ^ thus computed will not strictly correspond 
to the time © unless the assumed longitude is correct. Let its 
true value he Also put 


= the observed zenith distance of the moon’s limb, 
C/ = the observed zenith distance of the star, 
r, r' = the refraction for C, and 



then 
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Putting then 


Cl = f/ -f- m — m' -j- ? _ 3' 


C"=Ci + r = ?' -f »n — m'-f- ? — 
and, by Ai-t. (136), 

r = {<p — ?>') cos A 8m^=josmn'8in(C" — ;') 

* = JP + >Si + i ( jp ^ sin 2? sin /S 

{ lower } used for the moon’s | j- limb, we 

have 

C" — (C + dC) = * 

This equation determines da^. We have, therefore, only to 
determine the relation between d^ and aA. hTow, we have taken 
a and S for the Greenwich sidereal time © + i ', w'hen we should 
have taken them for the time 0 + + aZ,'; hence 

o requires the correction Xi^L 
S “ « 

t “ “ — AaA 

and then, by (51), 

dC = — cos q . /9 Ai — sin q cos ^ . 15 A Ai 

Hence, putting x — — or 

ic = C — C" + A 

and a = 15 A sin 5 cos 5 -|- i? cos q 

X 

we have aJj = — i/ = i/' + 

a 

The solution of the problem, upon the supposition that all the 
(lata are correct, is completely expressed by the equations (440), 
(441), and (442). 

240. The quantity a: is in fact produced not only by the error 
iu the assumed longitude, but also by the errors of observation 
and of the Ephemoris. In order to obtain a gener“al expression 
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in wMchtlie effect of every source of error may be represented, 
let 

T, T' =. the chronometer times of obseivation of the 
moon and star, 

aT = the assumed chronometer correction, 
dT, <5T'= the corrections of T and T' for errors of 
observation, 

dAT = the correction of a T, 

ifa, dTT, dS = the corrections of the elements taken from 
the Ephemeris, 

d(p = the correction of the assumed latitude. 

If, ivhen the corrected values of all the elements are substituted, 
k become C + C' + + dk, instead of the equation 

— fc we shall have 

dV—(S + dO = k + dk 

and hence 

x = —dZ + d^' — dk (443) 

and we have now to find expressions for dC. and dk in terms 
of the above corrections of the elements. 

Taking all the quantities as variables, we have 

d^ = 15 sin q cos d dt — eos q (U -j- cos A dq> 

= 15 sin q' cos S' dt' — cos q' dS' cos A' d^ 

Since t = T-+ aT — we have 

dt = dT 4- dAT — da 

where dT and dATmay be exchanged for ST and Sa but da is 
composed of two parts: 1st, of the actual correction of the 
Ephemeris; and 2d, of 1{aIj + oT-f tJaT) resulting from our 
having taken a for the uncorrected time : hence we have 

di = ST A- — So. — 1 {aJj ^ hTAr SaT) 

The correction dS is also composed of two parts, so that 

ds = ss A- ST a- ^aT) 

Further, we have simply dS' =■ and 

dt'= dT'A- SaT—Sca' 

ill which oaT at the time T' is assumed to he the same as at the 
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time T, an error in the rate of chronometer being insensible in 
the brief interval between the observations of the moon and the 
star. 

Again, we have, from (441), 


cos pdp — p cos Tt sin (C" — y) diz sin w cos (C" — y) dC 
dk = dp ^ dS 

or, with sufficient accuracy, 

dk 1 = sin c' a- qp 3/S' + sin r cos C' dZ' 

JTow, substituting in dc, and (ij^'the values of dl, dd, &c., and then 
substituting the values of d!^ and d!^' thus found, in (443), together 
with the value of dk, we obtain the final equation desired, which 
may be wu’itten as follows :* 

x — uaL +/ . 3a -f- eosr/ . 33 — (/ — a) ST 

— mf . 3a' — VI COB {/ S3’ -f- vi/' ■ 3 T' 

±:8S — si n C ' 37r — (/ — mf — a) 3 aT 

— (cos A — ni cos A') S<p 

where the following abbreviations are employed ; 

/ = 15 sill q cos 3 /' = 15 sin q' cos S’ 

a = A/ 4- /? cos r/ vi=l — sin tt cos Z' 

Having computed the equation in this form, every term is to 
be divided by a, and then aL will be obtained in terms of x and 
all the corrections of the elements. 

A discussion of this equation, quite similar to that of (433), 
will readily show that the observations will give the best result 
when taken near the prime vertical and in low latitudes, and, 
larther, that the combination of observations equidistant from 
the meridian, oast and west, eliminates almost wholly errors of 
declination and parallax and of the chronometer correction. 

ExAMPLB.f — At Batavia, on the 11th of October, 1853, Mr. 
De Lange, among other observations of the same kind, noted 
the following times by a sidereal chronometer, wdien the moon s 

* The formula (444) is essentially the same as that given hy Oudemans, Astronom. 
loumal, Vol. TV. p. 104. The method itself is the suggestion of Professor Kaiser 
of the Netberlands. 

■j* Astronomical Jourutil, Vol. IV. p. 1G5. 
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lower 1111113 aad 36 Ckpricomi passed the same fixed horizontal 
threads : 

, r = 0* 38” 8'.62 T — 0* 49”* 53*.77 

The difierence of the zenith distances indicated hy the level 
was 

Z_Z' = _|_ 2".0 

The chronometer correction was a.T'= + 1”* 8*.32, and the rate 
in the interval T' — T was insensihle. 


"We have 


The assumed latitude was tp — — 6° 9' 57".0 
“ longitude “ i' = — 7‘ 7”* 37*.0 


0 = 0* 39” 11'. 94 0'= 0* 50” 57'.09 


For the Greenwich sid. time © + L' = IT'* 81”* 34*.94,or mean 
time 4* 10“ 57'.00, we find, from the Hautical Almanac, 


a = 21* 12* 5'.45 

J = — 20° 65' 8".9 

X = 57' 51" .4 

S= 15' 47".8 

The computation by (440) gives 

C = 52° 11' 49".44 
A = 68° 14'.4 
2 = 81° 18'.9 

From Table III. we find 


A = -f 0'.0387 
^ = -f 0".1440 
«.'= 21* 20” 22*.45 

5'= — 22° 26' 80".5 


53° 13' 57".30 
A'= 66° 30'.6 
q'= 80° 35'.2 


p — p'= — 2' 27" log fi = 9.999983 

Since the same fixed threads were used for both moon and star, 
we have m = m', and hence also sensibly r = r' ; therefore, by 
(441), we find 

C"= 53° 13' 59".30 r = — p = 46' 21".25 

C — — 62' 9".86 = + 62' 9".17 


Hence, by (442), 

x = — 0".69 a = -1- 0.5575 uL = — 1*.24 

The longitude hy this observation, if the Ephemeris is correct, 
is therefore 

i = i' + aX = — 7* 7“ 38*.24 
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If we compute all the terms of (444), we shall find 

Ai:=:_l«24 — 24 84 5a — 0 27 55 +23 84 5T— 24 2457' — 0445aT 
+ 24 28 5a'+0 2 9 55'+ 119 dS + lUdn ~-Q04:d<p 

This shows deal ly the effect of each source of erior, but in prac- 
tice it will usually be sufficient to compute only the coeffcients 
of da and dd In the present example, theiefore, we should take 

aL = — 1‘ 24 — 24 84 5a — 0 27 55 

which will finally be fully determined when da and 8d have been 
found from nearly corresponding obseivations at Gieenwich or 
elsewheie 


SEVENTH METHOD — BY LUNAR DISTANCES. 

247 The distance of the moon fiom a stai may be employed 
m the same manner as the light ascension was employed in 
Alts 229, &c , to deteimiue the Gieenwich time, and hence the 
longitude If the star lies diiectly in the moon’s path, the 
change of distance will be e\en moie lapid than the change of 
right ascension , and thciefoie if the distance could be measured 
with the same degiee of accuiacy as the light ascension, it would 
give a moie accurate deteimination of the Greenwich time 
The distance, howevei, is observed with a sextant, oi other re- 
flecting mstiument (see Vol II), which being usually held in 
the hand is necessaiily of small dimensions and lelatively mfe- 
noi accuracy Neveitheless, this method is of the gieatest im- 
poitance to the tiavellmg astronomer, and especially to the 
navigator, as the observation is not only extiemely simple and 
requiics no picparation, but may be practised at almost any 
time when the moon is visible 

The Ephemeiides, theiefore, give the tine distance of the 
centie of the moon from the sun, fiom the biightest planets, and 
fiom nine blight fixed stars, selected in the path of the moon, 
for cveiy third hour of mean Gieenwich time The planets em- 
ployed arc Saturn, Jupitei, Mais, and Yenus The nine stars, 
known as lunar-distance stais, aie a Aiietis, a Tauii [Aldebaran\ 
P Geminorum {Pollux)^ a Looms {Reguhts)^ a Yirgims {8pica\ 
a Scorpii {Antares), a Aquilae (Altair), a Piscis Australis {FomaU 
havt)^ and a Pegasi [Marlah) 

The distance obsaved is that of the moon’s blight limb from a 
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star, from tlie estimated centre of a planet, or from the limb of 
the sun. The apimrent distance of the moon’s centre from a star 
or planet is found by adding or subtracting the moon’s apparent 
(augmented) semidianieter, according as the bright limb is nearer 
to or farther from the star or planet than the centre. The ob- 
served distance of the sun and moon is always that of the nearest 
limbs, and therefore the apparent distance of the centres is found 
by adding both semi diameters.* 

The apparent distance thus found differs from the true (geo- 
centric) distance, in consequence of the parallax and refraction 
which affect the altitudes of the objects, and consequently also 
the distance. The true distance is therefore to be obtained bj 



computation, the general principle of which may be exhibited in 
a simple manner as follows. Let Fig. 29, 
he the zenith of the observer, M’ and the ob- 
served places of the moon and stai’, M3I' the 
parallax and refraction of the moon, the 
refraction of the star, so that M and S arc the 
geocentric places. The apparent altitudes ot 
the obj ects may either be racasu red at the same 
time as the distance, or, the local time being 
knovm, tliey may be computed (Art, 14). The apparent zenith dis- 
tances, and, consequently, also the true zenith distances, are there- 
fore known. In the triangle ZM^S' there are known the three 
sides, M'S' the apparent distance of the objects, ZM'tliQ apparent 
zenith distance of the moon, and the apparent zenith distance 
of the star; from which the angle Z computed. Then, in the 
triangle ZMS there are known the sides, ZM the moon’s true 
zenith distance, and ZS the star’s true zenith distance, and the 
angle Z; from which the required true distance MS is computed. 

In this elementary explanation the parallax and refraction of 
the moon are supposed to act in the same vertical circle Z31, 
whereas parallax acts in a circle drawn through the moon and 
the geocentric zenith (Art. 81), while refraction acts in the vertical 
circle drawn through the astronomical zenith. Again, when the 
moon, or the sun, is observed at an altitude less than 50^, it is 
necessary to take into account the distortion of the disc produced 


We may also observe the distance from the limb of a planet, provided the sex- 
tant telescope is of sufficient power to give the planet a well-defined disc; and tht 
planet^s semidiameter is then also to be added or subtracted. 
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by refraction if we wish to compute the true distance to the 
nearest second of arc (Art. 133). These features, which add 
very materially to the labor of computation, cannot be over- 
looked in any complete discussion of the problem. 

Simple as the problem appears when stated generally, the 
strict computation of it is by no means brief; and its importance 
and the frequency of its application at sea, where long computa- 
tions are not in favor, have led to numerous attempts to abridge 
it. In most instances the abbreviations have been made at the 
expense of precision ; but in the methods given below the error 
in the computation will always be much less than the probable 
error of the best observation with reflecting instruments : so that 
these methods are entitled to be considered as practically perfect. 

With the single exception of that proposed by Bessel,* all the 
solutions depend upon the two triangles of Fig. 29, and may be 
divided into two classes, rigorous and apjn'oxiniaiwc. In the 
rigorous methods the true distance is directly deduced by the 
rigorous formula) of Spherical Trigonometry ; but in the approxi- 
mative methods the difference between the apparent and the 
true distance is deduced either by successive approximations or 
from a development in sei’ies of which the smaller terms are 
neglected. Practically, the latter may be quite as correct as the 
former, and, indeed, with the same amount of labor, more 
correct, since they require the use of less extended tables of 
logarithms. I propose to give two methods, one from each of 
these classes. 


A. — The Rigorous Method. 

248. For brevity, I shall call the body from which tJie moon’s 
distance is observed the sun, for our formulae will be the same 
for a planet, and for a fixed star they will require no other 
change than making the parallax and semidiameter of the star 
zero. 


^ Astron, Nach. Vol. X. No. 218, and Astron. Untersuchungen, Vol. II. Bessel’s 
method requires a different form of lunar Ephemeris from that adopted in our 
Nautical Almanacs. But even with the Ephemeris arranged as he proposes, the 
computation is not so brief as the approximative method here given, and its supe- 
riority in respect of precision is so slight as to give it no important practical 
advantage. It is, however, the only theoretically exact solution that has been given, 
and might still come into use if the measurement of the distance could be rendered 
much more precise than is now possible with instrumetits of reflection. 



396 


LOKaiTUDE. 


Let us suppose that at the given local mean time J'tlie obser- 
vation (or, in the case of the altitudes, computation) has given 

df^z= the apparent distance of the limbs of the moon and 
sun, 

K'= the apparent altitude of the moon’s centre, 

W— the apparent altitude of the sun’s centre, 

and that in order to compute the refraction accurately the 
barometer and thermometer have also been observed. Tor the 
Greenwich time corresponding to which will he fonnd with 
sufficient accuracy for the purpose by employing the supposed 
longitude, take from the Ephemeris 


s = the moon’s semidiameter, 
S = the sun’s 

then, putting 


we have 


c?'=the apparent distance of the centres, 
s' = the moon’s augmented semidiameter, 
= s correction of Table XII. 

d'=d''± s'± S 


upper signs for nearest (inner) limbs, lower signs for farthest 
(outer) limbs. 

But if the altitude of either body is less than 50°, we must 
take into account the elliptical figure of the disc produced by 
refraction. For this purpose we must employ, instead of s' and 
/S, those semidiameters which lie in the direction of the lunar 
distance. Putting 


qr=:ZM^S', q = (Pig. 29) 

A5, lS = the contraction, of the vertical semidiameters of the 
moon and sun for the altitudes Id and W, 

the required inclined semidiameters will he (Art. 133) 

s' — AS cos^ q and S — cos^ Q 

The angles q and Q will he found from the three sides of the 
triangle ZM'S'^ taking for d' its approximate value d'^ ±: s' ±: S 
(which is sufficiently exact for this purpose, as great precision in 
g' and Q is not required), and for the other sides 90° — Id and 
If we put 

711 = J (Jd + IT' -f d') 
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\xe shall hayo 


sin* i q =z 


cos m sin (ni — H') 
sin d' cos N 


sin d' cos E! 


(445) 


and then the apparent distance by the formula 


iZ' = d" ± (s' — AS cos^ q) ± (/S' — A/S eos“ Q) (-llC) 

We are now to reduce the distance to the centre of the earth. 
We shall first reduce it to that point of the earth’s axis which 
lies in the vertical line of the observer. Designating this point 
as the point 0, Art. 97, let 

dj, h^, Jfj = the distance and altitudes reduced to the point 

r, H — the refraction for the altitudes N and H', 

Ttj F = the equatorial hor. jDarallax of the moon and 
sun. 


The moon’s parallax for the point 0 will be found rigorously 
by ( 127)5 but with even more than suflicient precision for the 
present problem by adding to re the correction given by Table 
XIII. Denoting this correction by att, we have 

TTj 1= TT -|~ ATT 

h, = h' — r + cos (A' — r) IT.^B^^R + F cos {B' ^ B) (447) 

The parallax P is in all cases so small that its reduction to the 
point 0 is insignificant. 

If, then, in Pig. 29, M and S represent the moon’s and sun’s 
places reduced to the point 0, and we j)ut 

^ = the angle at the zenith, MZ8^ 

we shall have given in the triangle M'ZS' the three sides 
P, 90° — A^, 90° — jff', whence 

cog‘2 ^ ^ ^ COS I (N 4“ -4~ cos ^ (h' -f- 

cos A' cos B 

and, then, in the triangle MZ8 we shall have given the angle Z 
with the sides 90° — ]\ and 90° — whence the side M8 = 
will be found by the formula [Sph. Trig. (17)], 

sin* J c?i = cos* J (hi + -Hi) — cos Aj cos Pi cos* J Z 
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To simplify the eaiiipiitation, put 


m = I (A' -f il' + d!) 

then the last formula, after substituting the value of becomes. 


sin^ I — eos^ i (hi Jfi) — cos m cos — d') 

cos A' cos J7' ^ 

Let the auxiliary angle 31 be determined hy the equation 


sin^ M == -^1 cos m cos (?/i — d!) 

cos h’ cos J7' cos^ i (h^ + 

then we have^ 


(448) 


sin i d, =: cos J (A^ -f J21) cos M (449) 


Finally, to reduce the distance from the point 0 to the centre 


Fig. 30. 


P 



s 


of the earth, let P (Fig. 30) be the north pole of 
the heavens, jSfjthe moon’s place as seen from the 
point 0, 31 the moon’s geocentric place, S the 
sun’s place (which is sensibly the same for either 
point). The point 0 being in the axis of the 
celestial sphere, the points and 31 evidently lie 
in the same declination circle P3IiM, Hence, 
putting 


d = the geocentric distance of the moon and sim = S-M, 
d^ = 

d = the moon’s geocentric declination = 90® — PJ/, 

5^ = the declination reduced to the point 0=90®— 
d = the sun’s declination. = 90® — PS^ 

we have, in the triangles P3IS and 

cos PMS = (^i — d sin J — sin $ cos d 

sin (^j — b') sin d cos <5 sin d 

We may put cos [8, — 8)^1, and, therefore, 

j j sin (5, — b') . 

cos — cos d = i (sin J — sin (5 cos 

cos d ^ 


* This transformation, of tho formulae is due to Bouda, J)escrtj)tion et usdge du cercle 
de riftexion. 
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and .ince .s voix small, ma> put cos 

Hill (f/ — ( 1 ^) Sin and hence, voiy neaily, 

d-d^=^ \ 

cos d \ bin dj tan d, / 

Substituting the value ot d, — 5 tiom (122), 


j'.m 

^i — cos d = 


d — dj = jI TT bi n 


Sin J 
sin 


sin 0 
tan 


(450) 


111 which (p m the latitude of the observei, and loo- ^ maybe 
taken fiom the small table given on p 116 The eoirection 
given by this equation being added to we have the geocentric 
distiiiice d accoiding to the obseivation 

To hnd the longitude, we have now only to find the Gieen- 
wich mean time 7\ coiresponding to d, by Ait 66, and then 


L=T^-T 


(451 j 


hxAMPLE — 111 latitude 35° N and assumed longitude 150° IV , 
1850 March 9, at the local mean time T= 5’‘ 14’" 6*, the ob- 
sened altitudes of the lowei limbs and the obseived distance 
oi the iicarost limbs of the moon and buii weie as follows, col- 
lected foi eiior of the sextant 


It" - 52° 34' 0" M" = 8° 56' 23" d" = 44° 36' 58" 6 

The height of the baioinetei was 29 5 inches. Attached therm 
60° F , External thorm 58° F 

1 bhall put down neaily all the figuies of the computation, in 
order to compare it with that of the appioximatue method to be 
given m the next aiticle 

Ist Tlie appi oximatc Gieenvich mean time is 5* 14”* 6* -p ICi* 
- 15^* 14"* 6', with which we take from the Anieiican Ephemei]-> 

--Z 16' 23" 1 TT = 60' 1" 9 ^ = + 14° 19' 

H = 16' 8" 0 P = 8" 6 j = _ 4° 3' 

2d To find the appaient seniidiameters, w*e fii*st take the 
augmentation of the moon’s semidiameter fiom Table XIL, 
- 14" 0, and lienee find 


i! = 16' 37" 1 
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Then to compute tlic conti action piodiiccd l)y lofi action we liiid 
fiom tliG lefiactioii table, for the given obseivetl altitudes, tlic 
conti actions of the vertical semidiameteis (Art 132), 

^5 = 0" 4 A>S = 9" 6 

‘With the approximate altitudes and distance of the centres we 
then proceed hy (445), as follows 


d' =45° 10' 

log cosec d' 

0 1493 

log cosec d* 

01493 

h/ =52 

51 

log sec h' 

0 2190 



H'= 9 

12 


log sec W 

0 0066 

wz = 53 

37 

log cos m 

9 7732 

log cos m 

9 7782 

w — /i' = 44 

25 

log sm [m — H') 

9 8450 



m — h! = 0 

46 


log sin {m — 

A') 8 1265 




9 9865 


8 0546 



log sm J q 

9 9933 

log sin 1 Q 

9 0273 




159° 56' 

Q = 

: 12° 14' 



log COS^ q 

9 9456 

log cos^ Q 

9 9800 



log AS 

9 6021 

log 

0 9823 




9 5477 


0 9623 



As COS^ q — 

0 "4 

A^y COS2 Q — 

= 9" 2 


Hence we have, by (446), 


d"=44° 36' 58" 6 
5 '— AS cos’ q = 16 36 7 

S— Q= 15 58 8 

c?'=45 9 34 1 

3d To find the appai ent and true altitudes of the ceiiti es. — The 
apparent altitudes of the centres will be found by adding the 
contracted vertical semidiameteis to the observed altitudes of the 
limbs The apparent altitudes, however, need not be computed 
with extreme precision, piovicled that the difierences between 
them and the true altitudes aie eoiiect, foi it is mainly upon 
these diflerences that the difieience between the appaient and 
tiiie distance depends. 

The reduction of the moon’s horizontal paiallax to the point 
0 for the latitude 35° is, by Table XIII , A;r = 3" 9, and hence 
we have 


TTj = TT -|- att = 60' 5" 8 

and the computation of the altitudes by (447) is as follows 
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h" = 52° 34' 0" 

H" 

= 8° 50' 23" 

Vert, semid. = 16 37 

Vert, semid. 

, = 15 58 

N = 52 50 37 

S' 

= 9 12 21 

Table II. r = 42 .7 

B 

= 5 33 .6 

h' — r = 52 49 54 .3 

S'—B 

= 9 6 47 .4 

log;r. 3.55700 

log P 

0.9345 

log cos (Ii' — r) 9.78115 

log C 08 (jff' — 

B) 9.9945 

3.33815 


0.9290 

TT.cos (/I'-r) = 36'18".5 P cos (JT'— ii!) 

= 8".5 

h, = 53° 26' 12".8 


, = 9° 6' 55".9 

4tli. We now find tlie distance 1)7(448) and (449), as follows: 

d' = 45° 9' 34".l 



N = 52 50 37 log sec 

0.2189683 


ir'= 9 12 21 log see 

0.0056300 


m = 53 36 16 .1 log cos 

9.7733154 


m — d' = 8 26 42 . log cos 

9.9952654 

• 

hi = 53 26 12 .8 log cos 

9.7750333 


jEZ ^ = 9 6 55 ,9 log cos 

9.9944803 



2) 9.7626927 



9.8813464 


i (hi + Si) = 31 16 34 .4 log cos 

9.9318007 

9.9318007 

log sin 

M 9.9495457 

log cos if 9.6583330 

idi=22 54 9.2 


logsin if, 9.5901337 

di = 45 48 18 .4 



5tli. To find tlie geocentric 

distance, we hare, by (450), 

for f = 35°, 



log 4 7.8249 

5 = + 14° 19' 

log 7t 3.5565 


-43 

log sin ^ 9.7586 



1.1400 


... 1.1400 

log sin A 7i8.8490 

log sin 

d 9.3932 

log cosee di 0.1445 

log cot di 9.9878 

wO.1335 


?i0.5210 

— 1".4 


— 3".3 

d — di= — 

4".7 


11 

° 48' 13",7 


6th. To find the Greenwich mean time corresponding to d, 

VoL. I.— 26 
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and Ixeiice the lougitiide, according to Ait 66, find an ap- 
pioximate time (T) + ^ liy simple interpolation, and then the 
required time Tq = {T) i + taking At from Table XX , 
with the arguments t and aQ (= inciease of the logarithms in 
the Epliemens in 3'"), as follows 

By the American Ephemeiis of 1856 foi March 9, we have 

0* (df) =45° 40' 54" ^ = 0 2510 aQ = +17 

d = 45 48 13 7 

t = 0 18 4 7 13 7 log = 2 6432 

At = — 1 log ^ = 2 8^42 

T; = 15 13 3 

T = 5 14 6 

£ = 9 58 57 

B — The Ajpjpy oximatm Method 

249 I shall here give my own method (first published in the 
Asbonomical Journal^ Yol H), as it yet appeals to me to he 
the shortest and most simple of the approximative methods 
when these are rendered sufficiently accurate by the inti oduction of all 
the necessary correctio 7 is Its value must he decided hy the im- 
portance attached to a precise result There are briefer methods 
to he found m every w’oik on Navigation, which wall (and should) 
be preferred in cabos wlieie only a lude approximation to the 
longitude is requii ed 
Ab before, let 

/i,', = the apparent altitudes of the centies of the moon 

and sun, 

d"= the ohseived distance of the limbs, 
s, S = then geocentiic semidiameters, 
jij P z= their equatorial hoiizontal parallaxes, 

s' = the moon’s seimdiametei, augmented by Table 
XII, 

TTi = the moon’s parallax, augmented by Table XIII 

We shall here also fiist reduce the distance to the point 0 of 
Alt 97. The conti actions of the semidiameters piodnced hy 
lefr action will be at f rst disregarded, and a coirection on that 
account will he subsequently investigated If then in Fig* 29, 
p. 394, Jf' and 8' denote the appaient places, Jfaiid>S the places 
reduced to the point 0, we shall here have 
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d' = d" zt s' ±: S = M'S', 


N ~ 90° — ZM', 
?i, = 90° — ZM, 


d, = MS, 

JS'= 90° — ZS', 

M, = 90° — ZS, 

and the two triangles give 

cos Z = ^*1 sin H, _ eos d'— sin A'siii.g' 

cos h, cos iTi eos h' cos S' 

from whick, if we put 

. h, sin H, ^ _ cos h, cos JT, 


V7l = *■ ^ Ji 

sin N sin Jff' 


eos h' cos JEL' 


we derive 

eos d ' — cos = (1 — n) cob d' + (n — m) sin h’ sin W 

Pat 

t^d z=:=. d* ^h = \ — h! ^iZ‘==jEr'-~ 

tliou we have 

cos (V — cos d^ = 2 sin sin (cV -f- i 
cos cos (JT' — All) 


and 


0^) 

ibi 

(C) 


COS Id 


cos M' 


1 ^ 2 Bin J a/i sin (A' + J aA) 

\ 1 ^ 2sin J AJS'siii (W— IaH ) | 

\ cos h' 

rr+ cosg' ; 

2 sin i aA sin (A' J 

2 sin J ajET sin(jEir' — i aM) 

cos 

cos If' 


4 sin I aA sia i sin (h' 4- 1 ^A) sin (W — i^E) 
cos h' cos H' 


Also 


sin h' cos h, sin H' cos S, — cos h' sin h, eos JT sin JI, 
n — m— gj^ (.Qg 

substituting in which the values 

2 sin h' cos h, = sin (2 A' ~ 

2 cos h' sin h. = sin (2 A' i^O 

-r-r, . TJ 


we find 


sin aA 
sin a£ 

H' sin H, = sin - aJ?) - sin aJ? 


2 sin H' cos = sin (2 J?' — a.H) -f sin iff 

. /'rk TTTf X IT\ Oir& /V W 

2 cos 


n —m 


8inAir3inC2y4-A7A— sinA A3in(2Jr— Ag) 

2 sin A' cos A' sin S’ eos g' 
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Substituting (c), (d), and (f) in (a), and at tlic same time, foi 
brevity, putting 

2 sin i a 7 i sin (N + I ii.h) 
cos h' 


A = 


B.= 


C,= 


R 


hm Ah sm (^2 H' — 

2 cos N cos H' 

2 — i aH) 

cos M' 

sill aH sin (2 7i' -|~ Ah) 


2 cos A' cos H' 

we have 

2 SI n i sin ({7 J Acl) = cos r7 '-f cos '+ jDi — cos ^7 ^ (/) 

Tills formula is ligoioasly exact, but, since Ad is always less 
than 1^5 it will not produce an eiior of 0" 1 to substitute the ai cs 
J At/, Ja/?, &c tor then sines, or J At/ sin 1 '', | aA sm 1'', &c for 
sin jAt/, sin J aA, &c ; and theiefore we may -write 

Ad sin (<7'+ 2 AfZ) = J[iCOsd'+^j. + Ci coscZ'+Di — jijCiSm l^oosd' Q) 

in which now have the following signihcation 

Ah 


B^ = 

a = 

A = 


-- sm (fd 4- i Ah) 
cos 

Ah sm (2jEr'— Ajy) 

2 cos H' 

~ sm(J?' — iABT) 


cos A' 


cos -BT' 
aH km(2h'+ aA) 
cos 2 cos A' 


The next step in our transformation consists in finding con- 
venient and at the same time snfiiciently accurate expressions 
of aA and aH. Let 

r, -R = the true refractions for the apparent altitudes A' and 

H'; 

then we have, within less than O'M, 
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If we neglect r in tlie term z^cos (A' — r), tlie error in this term 
will never exceed V ' ; hut even this error will he avoided hy 
taking the approximate expression 

cos (7i' — r) = cos li' + sin r sin N 
and we shall then have 


a/i = TTi cos — r -f- TTi sin r sin ¥ 


= (^1 cos N — 



TT; sin r sin li' 
TTi cos h* — r 


Since the second term of the second factor produces but 
in aA, we may employ for it an approximate value, which will 
still give aA with great precision. Denoting this term hy A', we 
have 


or, very nearly, 


If we put 


^ TTj sin r sin li' sin r t an K 

TTi COS 7f — r 2 ^ 

TTj COS A' 

k = sin r tan h^il ^--77 1 

\ TTi cos N I 

r = a cot 7t', 


in which a has the value given in Table II., we have 


A=:asin l"(l H ) 

\ TTi Sin Jv I 

iTow, a increases with A/, but in such a ratio that k remains very 
nearly constant for a constant value of We may without 
sensible error take tt^ 57' 30" = 3450", which is about the 
mean value of and we shall find for a mean state of the air, 
by the values of a given in Table 11. , 


forA'= 6° = 0.000291 

45 k = 0.000286 

90 A = 0.000285 


Hence, if we take 

k = 0.00029 

the formula 

aA = (tti cos N — r) (1 + A) 


(452) 


will give ^h within of its whole amount, that is, within less 
than 0".02 in a mean state of the air. For extreme variations 
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of the deusitj of tlie air, it is possible that the refraetioii mar 
be mereaseci bj its one-sixth part, and k will also be increased 
y its one-sixth part. But, as the term depending on k is not 
moie t an 1", the error in x/i, even in the improbable ease 
supposed, will not be greater than 0".16. The formula (452) 

may therefore be regarded as practically exact with the value 
k = 0.00029. 

A stiiet computation of the sun’s or a planet’s altitude requires 
the formula 

Ajy = _ p cos (JP— R) 

but P is in all cases so small that the formula 


Aa' = je_ pcosif' 


(4531 


will alrrays be correct within a very small fraction of a second- 
JNow, let 


r' = 


cos A' 


R' 


R 


<106 H' 


(454) 


The quantities r' and E' computed from the mean values of the 
refraction are given in Table XIY. under the name “Mean 
Reduced Refraction for Lunars.” The numbers of the table 
are corrected for the height of the barometer and thermometer 
by means of Table XIV .A and B. These tables are computed 
lom BSSEL s refraction table, assuming the attached ther- 
mometer of the barometer, and the external thermometer, to 
indicate the same temperature, which is allowable in our present 
problem. By the introduction of r' and B', w^e obtain 


a/i 
cos h 


-=(;r,-r') (1+^) 




eosJT' 


: £'—P 


and the coefficients of formula (y) become 




r' = 


a^A.yX 


sin h' 


5'= 


ap-kyx 


sin H' 


® ~ *0 -cond ia all 



BY LUNAR DIbTANCES 


40T 


A^ = 

(^i — 

?') (1 -|- /»*) sm (A' -p 1 aA) 


— (ffi — 

,0 (1 + k) 

^ ^ 2 eos 22' 

o,= 

-(22'- 

■ P) sin (if' — i aP") 

JD,= 

(22'- 

p sin(2A'+ a4) 

^ 2 cos A' 


The term sm 1" cosci' is very small, its maximum being 
only 1" It IS easy to obtain an appioximate expression foi it 
and to combine it with the teim J.iCOS(:/' In so small a teim 
we may take 

Cl sm 1"= — E ' sin 1'' sm 11'=: — sm B tan II'= — A 
and hence 
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SO that if we put 
x 

or, -within 0".15, 
we hare 


A.<Z»sm r'cos (d' ■+ iAtZ) 
2 sin d' 


x = ~ jAti’sin Foot d' 

£,d = A'+ B' + c + D' + X 


(457) 

(458) 

The terms A', B', O', and B' are computed directly from the 
apparent distance and altitudes by (456), and with sufficient 
aceuracy-Ruthfour-figure logarithms. The logarithms of .4, B, 0, JD, 
are given in Table XT log A and log D with the arguments 

log C with the arguments JR ' — P 
and H'. In the construction of this table a7i and a.H' are com- 
puted by (452) and (453), and then the logarithms of B, 0, JD, 
by (455). j ) j > 

The sum B' + O' -\-JD' is called the “first correction of the 

distance,’’ and, being very nearly equal to ac?, is used as the argu- 
ment of Table XVT., -which gives x, or the “ second correction 
of the distance,” computed by (457). "VYhen z is greater than 30" 
and the distance small, it ivill be necessary to enter this table a 
second time -with the more correct value of ac? found bv em- 
ploying the first value of a;. 

The correction Ad being thus found and added to d', we have 
di, or the distance reduced to the point 0. The reduction to the 
centre of the earth is then made by (450). This reduction ia 
&iso facilitated by' a table. If we put 


and then 


N-. 


■ — Ak 


/ sin A 

sin d \ 

\sin 

tan / 


sin d 



sin A 
sin 


we sliall have 

(459) 

and a and 6 can be taken from Table XIX. ivhere « is called “the 
first part of N, ’ and h “the second part of N” then have 

d — d^= JVsin ('qeo) 

which is the correction to he added to d, to obtain the geocentric 
istauce d. Table XIX. is computed with the mean value ol 
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j[ = 57' 30", which will not produce more than 1" erroi in 
d ~ in any case But, if we wish to compute the con ectioii 
toi the actual parallax, we shall have, after fiiidiiig N by the 
table, 

d — d^=Nsm(pX (- 160 =^) 

t: being m seconds 

The trouble of finding the declinations of the bodies and the 
use of Table XIX would be saved if the Almanac contained the 
logarithm of N in connection with the lunar Epbenieris The 
value of log X in the Almanac would, of couise, be computed 
with the actual parallax, and (460) would be perfectly exact 
We have yet to introduce corrections foi the elliptical tgure 
of the discs of the moon and sun jiroduced by lefiactioii These 
coi lections are obtained by Tables XYII and XVIII , which are 
constructed upon the following piinciples Let 

a 

ASj, — the contiactions of the vertical seinidiameters, 

AS, aS = the contractions of the inclined semidiameters, 

then we have (Art 133) 


AS == ASj cos^ q 


aS= ^S.cos^Q 


where q = the angle ZM'S' (Fig 29) dud Q = Z8'3P We 
have 

sm H' — sin N cos <V 

cos q = 


[iut, by (456), 

sm W _ 
cos h' sm d' 

so that 


B' 


cos h/ sm d' 

sin cos d^ 




' — r') cos cos N Sind' A (r^ — r') cob k' 


cos 


S — \ J / (ej — r') cos h' 


rf we put JL = 1 and B = t, which are approximate values, we 
shall have 

A'+ B' 

cos^ = --^_^)-^ 

C461J 


AS 


r 5' T 

"" -r'j cos ;/J 
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In order to ascertain the degree of accuracy of tins formula, 
we observe that the errors in cos q produced by the assumption 
J. 1, 5 = 1, are 


e = QA-l) 


tan /i' 
tan d' 

the errors in cos^y are 




sin 

cos N sin dJ' 


2 e cos q 2d cos q 

and the errors in a 5 are, therefore, 


2a.s^( 4. — 1) tan Ji' qo^ q ^ 2 a 5 j (1 — B) sin S* cos q 

tan ^ cos sin d' 


In order to represent extreme cases, let us suppose q — 0 and 
iP= 90° j which will give and e/ their greatest values; then 
we shall find for the different values of // the following errors; 


h' 

taa d' 

Cl' sin d‘ 

6° 

0".45 

O".02 

10 

.16 

.00 

15 

.08 

.00 

30 

.02 

.00 

50 

.00 

.00 


It can only be for very small values of that the error can be 
important, even for 5° ; and, as these small values of the 
distance are always avoided in practice, our formula (461) may 
be considered quite perfect. 

In the same manner, we shall find 


A>S^= aSj 


~[=» 


(462:) 


which is even more accurate than (461). 

These formulae are put into tables as follows. 
Table XVII.A, with the arguments h' and tt, 
value of ^ 


For the moon, 
— r', gives the 




(h — < 208 ^ N 


XJ 


where/ is an arbitrary factor (= 18000000) employed to give a 
convenient integral values. Then Table XVII.B, with thelirgu^ 
ments ^ and A' + B', gives ^ 
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For the sun, Table XYIII.A, -with the arguments H’ and R' — P, 
gives the value of 


(ig'-P)»cos^g' F 

in which F= -5^; and Table XVIII.B gives 
aS = (G'+X)7x^ 

(r 

In these tables A ' called the whole correction of the 
moon,” and C'-\-D' the whole correction of the siui;” As 
these quantities are furnished hj the previous computation of 
the true distance, the required corrections are taken from the 
tables without any additional computation. 

The values of as and aS are applied to the distance as follows : 
wkeii the limb of the moon nearest to the star or i^lanet is 
observed, as is to be subtracted, and when the farthest limb is 
observed, as is to he added ; when the sun is observed, both as 
and aS are to be subtracted from (L 

In strictness, these corrections should he applied to the dis- 
tance tV ^ and the distance thus corrected should be employed in 
computing the values of JL', and D'. This would 

require a repetition of the computation after as and aS had been 
found by a first computation ; but this repetition will rarely 
change the result by 0".5. In the extreme and improbable case 
when the distance is only 20^ and one body is at the altitude 5^ 
and the other directly above it in the same vertical circle (so that 
the entire eontraetioii of the vertical semidiameter comes into 
account), such a repetition would change the result only 
and even this error is much less than the probable error of 
sextant observations at this small altitude, where the sun and 
moon already cease to present perfectly defined discs. 

250. I shall now recapitulate the steps of this method. 

1st. The local mean time of the observation being and the 
assumed longitude i, take from the Ephemeris, for the approxh 
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mate Greenwicli time T L, tlie quantities s, S', k, P, and d. 
(I’or the sun we may always take P= 8".5; for a star, 0, 

P = 0.) > > ) 

2d. If H'', d" denote the observed altitudes and distance 
of the limbs, find 


s' = s 4- correction of Table XII., 

7r,= n + correction of Table XIII., 

and the apparent altitudes and distance of the centres, 

A'=A"^s', H'=E''+8, d'=d"±:s'±S 

upper signs for upper and nearest limbs, lower signs for lower 
and farthest limbs. 

^ I’d the altitudes A' and take the “reduced refractions” 
r and R' from Table XIV., correcting them by Table XTV.A 

for the barometer and thermometer. Then compute the 
quantities 


— r') A sin h' cot d' 
B'=- _ 4) ^ sin cosee d' 


C" = — (P'— P) CsinPT'cotc;' 
I>’= {JR' — P) Psin A'cosee (2' 


for wh^ the logarithms of A, B,-C, and P are taken from 
table XV In this table the argument Tr^^ — r' is called the 
reduced parallax and refraction of the moon,” and P' — P the 
reduced refraction and parallax of the sun (or planet) or star.” 
r or a star this argument is simply R'. 

When d'> 90°, the signs of A' and C' will be reversed. It 
may be convenient for the computer to determine the signs by 
refernng to the following table : 



A' 

B' 


i>' 

d'<^ 90“ 
<i'>90° 

+ 




+ 

+ j 


3d The terms A' and P', which depend upon the moon’s 

S ae*!™ i»t ma second parte 

reckon rr.’ H' the “irliole o«r- 

Ihe « 1 “d D' may lie called 

the tot and eecoad paitc of the suhe. pkaet'e, or Car's oorreo- 
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tion, and tlio sinn C' -\- D' the whole correction of tho sun, 
planet, or star.” 

The simi of these corrections = JL' + jS' + (7' + D' may be 
called the first correction of the distance/’ Taking it as the 
upper argument in Table XVL, find the second correction ^x, 
the sign of which is indicated in the table. 

4th. Take from Table XVIIA and B the contraction of its 
inclined semidiameter = a. 9. If the sun is the other body, take 
also the contraction from Table XVIII.A and B, = The 
sign of either of these corrections will be positive when the 
farthest limb is observed, and negative when the nearest limb is 
observed. 

5th. The correction for the compression of the earth is = 
N sill <p being the latitude ; and N may bo accurately com- 
puted by the formula 

V sin tan I 

or it may be found within 1" by Table XIX., the mode of con- 
sulting which is evident. The sign of N" sin <p will be determined 
by the signs of iVaiid sin <p, remembering that for south latitudes 
sin <p is negative. 

All the corrections being applied to d', we have the geocen- 
tric distance d; and hence the corresponding Greenwich time 
and the longitude. 

Example. — ^L et us take the example of the preceding article 
(p. 399), in which the observation gives 

1866, Marcli 9th, ^ = 36°. 

T = 5* 14” 6* 2A"=52'>34' 0" Barom. 29.5in. 
Assumed i =10 0 0 O -S'" = 8 56 23 Therm. 58® P. 

Approx. Gr. T. = 15 14 6 3)!IOd"=44 36 58.6 

By the Ephemeris, we have 

5=16'2.3".1 7i:=60'1".9 *S' = 16'8".0 P= 8".6 

Table XII. + 14 .0 Tab. XIII. -f- 3 .9 5 = -f 14° J = — 4° 
s' = 16 37.1 ;r,= 60 6.8 

The computation may be arranged as follows : 
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52°34'.0 

^//"= 8°56'.4 

^"77= 44® 36' 58".6 

y = 4- 16.6 

S =-• 16.1 

= 16 37 .1 

A'= 52 50.6 

7/ 9 12.5 

/S' = 16 8 .0 

= 46 9 43 .7 

Table XIV. 1'13'M 

5' 49". 6 


“ “A. — 1 . 

— 6 . 


“ B. ~ 1 . 

~ 6 . 


r’= 1 n .1 

72' = 5 37 .6 


iri= 60 5 .8 

J^= 8 .6 


rj — r' = 58 54 . 7 

B'—B— 5 29.0 


(Table XV. ) log A 0. 0019 

(Table XV.) log (7 9.9978 


log(7rj— ?•') 3.5484 

los(Ji'-B) 2.5172 


log sin A' 9.9015 

log sia 7/' 9.2042 


log cot d' 9.9975 

log cot 7' 9.9975 


log A' 8.4493 

log O' nl.7167 


A'z= -f 46'5r.9 

C' = — 52", 1 


(Table XV.) log 9.9981 

(Table XV.) log 7) 9.9987 


log (ttj ~ r') 8.5484 

log(i2'— P) 2.6172 


log sin 77' 9.2042 

log sin 7' 9,9015 


log cosec 7' 0.1493 

log cosec 7' 0.1493 


log B' n2.m0 

log 7)' 2.5067 


B' = ~13'14".3 

7)'= -1-6' 8". 7 


.4'H-i?'=4.38 39 .6 

<7' + 7)' = -1- 5 16 .6 1st. corr. = + 38' 66".2 


Table XIX. 1 st Part cf Nz= - 
2(1 “ “ = - 


- 6 " 
. o 


- 8 . ^= 35 ®, 


(Table XTL) 2d corr. = 
(Table XVIl.) A.? == 

(Table XVIIL) a^= 

N’ sin 0 — 


13 .5 
0 . 

9 . 

4 .G 
<^= 45 48 12”8 


This result agrees with thatfouud by the rigorous method on 
p. 401, within V. 

To find the longitude, we now have, by the American Ephe- 
meris for March 9, 


( 2 ’) = 15 » 0 ” 0 * ((?) = 450 40 ' 54 " §= 0.2510 JQ= + 17 

d = 45 48 13 

7 19 log = 2.6425 

^ = 0 13 3 logt= 2.8935 

Table XX. — 1 

T„ = 15 13 2 

r = 5 14 6 


jD = 9 58 56 
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251. Ill coiisequenoe of tlie neglect of the fractions of a second 
in several partsof tlieabove inetliocl, it is possible that Ihe computed 
distance may be in error several seconds, but it is easily seen 
that the error from this cause will ho most sensible in cases 
where the distance is small ; and, since the lunar distances are 
given ill the Ephemeris for a iiumher of objects, the observer 
can rarely be obliged to employ a small distance. If he confines 
himself to distances greater than 45® (as he may readily do), the 
method will rarely be in error so iiiiieh as especially if he 
also avoids altitudes less than 10®. When we reni ember that 
the least count of the sextant reading is 10'', and that to the 
probable error of observation we must add the errors of gradua- 
tion, of eccentricity, and of the index correction, it must be con- 
ceded that we cannot hope to reduce the probable error of an 
obseiwed distance below 5", if indeed we can reduce it below 
10". Our approximate method is, therefore, for all practical 
purposes, a perfect method, in relation to our present means of 
observation. 

252. If the altitudes have not been observed, they may be 
computed from the hour angles and declinations of the bodies, 
the hour angles being found from the local time and the right 
ascensions. But the declination and right ascension of the moon 
will be taken from the Ephemeris for the approximate Green- 
wich time found with the assumed longitude. K, then, the assumed 
longitude is greatly in error, a repetition of the computation may 
be neeessaiy, starting from the Greenwich time furnished by the 
first. As a practical rule, we may be satisfied with the first 
computation when the error in the assumed longitude is not 
more than 30". In the determination of the longitude of a fixed 
point on land, it will be advisable to omit the observation of the 
altitudes, as tlierebj^ the observer gains time to miiltipily the 
ohservatioiis of the distance. But at sea, where an immediate 
result is required with the least expenditure of figures, the alti- 
tudes should be observed. 

253. At sea, the observation is noted by a chronometer regu- 
lated to Greenwich time, and the most direct employment of the 
resulting Greenwich time will then he to determine the true 
correction of the chronometer. This proceeding has the advan- 
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tage of not leqiiiiing an exact cleteimination of the local time at 
the instant of the observation 

Foi example, suppose the observation in the example above 
computed had been noted by a Greenwich moan tune chrono- 
meter which gave 15'‘ lO"'- O’, and was sujiposed to be slow 4"'" 6“ 
The tiue Gieeiiwich time according to the lunar observation 
was 15^ 13"‘ 0^ and hence the true collection was •+ S"*- O'* With 
this coneetion we may at any convenient time aftei wards deter- 
mine the longitude by the chionometer (Ait 214) 

In this way the navigator maj fiom time to time dnimg a 
voyage deteimine the coriectioii of the ehionomctei, and, by 
taking the mean of all his results, obtain a very reliable correc- 
tion to be used when approaching the land lie may even 
determine the rate ot the chionometer with considerable accu- 
lacy by comparing the mean of a number of observations in 
the first pait of the voyage with a similai mean in the hitter 
part of it 

254 To correct the longitude found by a lunar distance for errors 
of the Ephemens — In i elation to the degree of accuracy of the 
obseivation, we may in the pieseiit state of the Ephemei is legaid 
all its eriors as insensible except those winch affect the moon’s 
place If, tlieiefore, the longitude of a fixed point lias been 
found by a lunai distance on a certain date, the coirections of 
the moons light ascension and declination aie fiist to be found 
foi that date fiom the obsei nations at one or more of the prin- 
cipal observatoiies, and then the coneetion of the longitude will 
be found as follows Let 

ot, 5 = the right ascension and declination of the moon given 
in the Ephemei is foi the date of the observation, 

Aj J z=z those of the sun, planet, or star, 

(J<5=th6 corrections of the moon’s right ascension and 
declination, 

the corresponding coirection of the lunar distance, 
correction of the computed longi- 

Fig 30, 31 aud /S' being the geocentric places of the two 

given in the Ephemens, and d denoting the distance 
31 S, we have 

cos d = sm S sin J cos a cos 3 cos (o — J.) 


( 463 ) 
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If then 
we shall have 


d cos A sin (a — 
sm d 

cos d sin — sin 5 cos J cos fa — A) 

~~~ ^ ~ ~ 

sin d 

V = tlie change of distance m 3% 


(464) 


iZ = ~ddX~ (465) 

la computing which ve employ the pioportional logarithm of the 
Ephemens, Q = log i educed to the time of the observation 

Example —At the time of the observation computed in Ait 
tiSO, we have 

Moon, a = 2* 11" 14' 

Sun, A = 23 22 25 
a — A= 2 49 19 
= 42° 19' 8 

with which we find, by (464), 

= 0 908 -f 0 350 dd 

and hence, by (4G5), with log Q = 0 2511, 


^ = -j- 14° 18' 4 
4= _ 4 3 1 

d= 45 48 2 


= — 1 62 5a — 0 62 

Suppose then we find fiom the Greenwich observations da = 

— 0* 38 = — 5" 7 and Sd = — 4" 0, the coircction of the longi- 
tude above found will be 


5A = 4- 11*7 

255 To fini the hngitude by a lunar distance not given m the 
JEphemeris The regular lunar-distance stars mentioned in Art 
247 are selected nearly in the moon’s path, and are therefore in 
geneial most favorable for the accurate deteimination of the 
Gieenwieh time. hTevertheless, it may occasionally be found 
expedient to employ otliei stais, not too far fiom the ecliptic 
Sometimes, too, a different star may have been observed by 

mistake, and it may be important to make use of the observation- 
Voi I— 27 
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The true distance d is to be found fiom tlic obseivod distance 
by the preceding methods, as in any other case, let the local 
time of the obseryation be Tj and the assumed longitude X 
Take fiom the Ephemeris the moon’s right ascension a and de- 
clination d for the Greenwich time X 4“ X, and also the star’s 
light ascension A and declination J , with which the eoiiespoiid- 
ing tiiie distance is found by the formula 

cos = sm ^ sm J -|- cos ^ cos J cos (a — A) 

Then, if tZ = the assumed longitude is coirect, if otherwise, 
put 

I = the increase of a in one minute of mean time, 

? = the increase of d 
r = the increase of 

then we have, by (464), 


cos d COS A sin (a — A) ^ cos d sin A — sm d cos A cos (a — J.) ^ 
sin J, ■ ^ 


sm X 


and hence the correction of the assumed longitude m seconds 
of tune, 

Eor computation by logarithms, these foimulae may he ar- 
ranged as follows 

, tan A 

tanilf 

cos (a — A) 

oosd,= ^-}^AJ2iSti:JO 

SI M 


r = x 


cos d QOS A sin(a — A') 


(466) 


sinX 


+ cot <^0 tan (d — M) 


;tT, - gQ — 
r 


Example.— Suppose an obseivei has measuied the distance 
of the moon fiom Arciurus, at the local mean time 1856 March 
16, T= lO"* 30® 0*, 111 tile assumed longitude i = 6* 0“ O’, and, 
reducing his ohseivation, finds the true distance 

d = 73° 55' 10" 
what is the true longitude ? 
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For the Greenwich time T + L = 16^ SO"" we find 

a = 8^ 47”* 6*.54 5 = 4- 23° 12' 7".l 1 = + 3r'.40 

A= 14 9 7.04 J== + 19 55 44.8 8.62 

a — A =■— 5^ 22”^ 0*.50 = — 80° 30' 7".5 

with which we find by (466), 

73° 55' 35". r = -25".59 

d—d^ = — 25" = + 58^ .6 

and therefore the longitude is O'*- 0'"' 58’.6. 

256. In order to eliminate as far as possible any constant 
errors of the instrument used in measuring the distance, we 
should observe distances from starts both east and w’-est of the 
moon. If the index correction of the sextant is in error, the 
errors produced in the computed Greenwich time, and conse- 
quently in the longitude, will have difterent signs for the two 
observations, and will be very nearly equal numerically: they will 
therefore be nearly eliminated in the mean. If, moreover, the 
distances are nearly equal, the eccentricity of the sextant will 
have nearly the same efi:ect upon each distance, and will there- 
fore he eliminated at the same time with the index error. Since 
even the best sextants are liable to an error of eccentricity of as 
much as 20", according to the confession of the most skilful 
makers, and this error is not readily determined, it is important 
to eliminate it in this manner whenever practicable. If a circle 
of reflexion is employed which is read off by two opposite 
verniers, the eccentricity is eliminated from each observation ; 
but even with such an instrument the same method of observa- 
tion should be followed, in order to eliminate other constant 
errors. 

It has been stated by some writers that by observing distances 
of stars on opposite sides of the moon we also eliminate a con- 
stant error of observation, such, for example, as arises from a 
faulty habit of the observer in making the contact of the moon s 
limh with the star. This, however, is a mistake; for if the 
habit of the observer is to make the contact too close, that is, to 
bring the reflected image of the moon’s limb somewhat over 
the star, the effect will be to increase a distance on one side of 
the moon while it diminishes that on the o])posite side, and the 
effect upon the deduced Greenwich time will be the same in 
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both cases. This will be evident from tlic followiiig diagratn, 

(Fig. 31). Suppose a and b 
are the two stars, 31 the 
moon’s limb. If the observer 
^ judges a contact to exist when 
the star appears Avithin the 
moon’s disc as at (% tlie distance 
ae is too small and the distance 
ic too great. But, supposingthe moon to be moving in tlie direc- 
tion from a to b, each distance will give too early a Greenwich 
time, for each will give the time when the moon’s limb was 
actually at c. 

If, however, we observe the sun in both positions, this kind 
of error, if really constant, will be eliminated; for, tjio moon's 
bright limb being always turned towards the sun, the error will 
ineiease both distances, and will produce errors of opposite sign 
in the Greenwich time. Hence, if a series of lunar distances 
troni the sun has been observed, it will be advisable to form two 
distinct means, one, of all the results obtained from increasing 
distances, the other, of all those obtained from deerca.sing dis- 
tances: the mean of these means will be nearly or cpiite free 
from a constant error of observation, and also from constant in- 
strumeutal errors. 



FINDING THE LONGITUDE AT SEA. 

method is nowin almost universal 

m^Vied at sea differs verv 
slightly from that given in Art. 214. The correction of the 
c ronometer on the time of the fli’st meridian (that of Greon- 
-A-menean and English navigators) is found at any 
dailv ongitude is known, and at the same lime also its 

be i d d '' if 1 ^ith all possible care. The rate 

of ™ “Mpboard is always found from an altitndo 

horizon (Irt i« f from tlio sea 

.h» ldi hv S allVsTT"",''' 
JircctIywithtI,eQreenmch tiInT ^”®'r“ .‘''”‘‘ 

me given by tlie clironoincter at 
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the instant of the observation. The data from the Ephemeris 
required in computing the local time are taken for the Greenwich 
time given by the chronometer. 

Example. — A ship being about to sail from IsTew York, the 
master determined the correction on Greenwich time and the 
rate of his chronometer by observations on two dates, as follows: 

1860 April 22, at Greenwich noon, chron. correction = -f S”* 10*.0 
'' 30, = 4-3 43 .6 

Eate in 8 days = -f 33 .6 
Daily rate = 4. 4 .2 

On May 18 following, about 7^ 30”^ A.M., the ship being in lati- 
tude 41 33' N., three altitudes of the sun’s lower limb were 
observed from the sea horizon as below. The correction of the 
chronometer on that day is found from the correction on April 30 
by adding the rate for 18 days. (It will not usually be worth 
while to regard the fraction of a day in computing the total rate 
at sea.) The record of the observation and the whole computa- 
tion may be arranged as follows : 


1800 May 18. ^ = 41° 33' 




Chronometer 9* 37”* 21*. 

0 29° 40' 10" 

Barom. 30.32*”. 

37 63. 

it 

46 0 

Therm; 59° F. 

“ 38 20. 

a 

50 50 


Mean = 9 37 51.3 

Mean = 29 45 40 


Correction =+ 4 59.2 

Index corr. = — 

1 10 


Gr. date = May 17, 21 42 50.5 

Dip = — 

4 2 


for which time we take from the 


40 28 


Ephemeris the quantities 

Semid. = + 

15 50 


O's 6 = 19° 38' 39" 

Eefraction = — 

1 42 


Semidiameter = 15' 50" 

Parallax = 4 

8 


Equation of time = — 3”* 49*. 8 

h =*2^ 

54 44 



^ = 41 

83 0 

sec 0.12588 


P= 70 

21 21 

cosec 0.02604 


s =70 

54 33 

cos 9.51464 


^ — A = 40 

59 49 

sin 9.81692 




9.48348 

Apparent time = 7^ 

32”* &.Z 

sin 9.74174 

Eq. of time = — 

3 49.8 


Local mean time =19 

28 16.5 


Gr. 

it tt _ 21 

42 50.5 



Longitude = 2 14 34 = 33® 38'.5 W. 


In this observation, the sun was near the prime vertical, a posi- 
tion most favorable to accuracy (Art. 149). 
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The method bj equal altitudes may also be used for finding 
the time at sea in low latitudes, as in A.rts. 158, 159. 


258. In order that the longitude tlixis found shall be worthy 
of confidence, the greatest care must be bestowed upon the 
determination of the rate. As a single chronometer might 
deviate very greatly without being distrusted by the navigator, 
it is well to have at least three chronometers, and to take the 
mean of the longitudes which they severally give in every case. 

But, whatever care may have been taken in determining the 
rate on shore, the sea rate will generally be found to differ from 
it more or less, as the instrument is affected by the motion of the 
ship ; and, since a cause which accelerates ^or retards one chro- 
nometer may produce the same effect upon the others, the agree- 
ment of even three chronometers is not an absolutely certain 
proof of their correctness. The sea rate may be found by 
determining the chronometer correction at two ports whose 
difference of longitude is well known, although the absolute 
longitudes of both ports may be somewhat uncertain. For this 
purpose, a Table of Chronometric Differences of Longitude’' is 
given in Rapee’s Practice of Navigation^ the use of which is 
illustrated in the following example. 

Example. — ^At St. Helena, May 2, tlie correction of a chro- 
nometer on the local time was — O'" 23’^ 10^3. At the Cape of 
Grood Hope, May 17, the correction on the local time was 
+ 14™ 28*. 6 ; wliat was the sea rate ? 

W e have 


Corn at St. Helena, May 2d = — O' 23^ lO'.S 

Chron. diff. of long, from Eaper = -|- 1 30 45 . 

Corn for Cape of G. H., May 2d = -f i 13 34 .7 

‘‘ ITtk = -U 1 14 28 .6 

Bate in 15 days = 53 .9 

Daily sea rate = -l 3 .59 


Chronometers, however perfectly 
made, are liable to derangemeut, and cannot be implicitly relied 

^ The method of lunar distances (Arts. 

-4/ Z6b) IS, therefore, employed as an occasional check upon the 
chronomelm oven whore the latter nre need for finding the 

^ u e 10 m aj to day IVheu tlaere is no chronometer 
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"board, tlie method of lunar distances is the only regularly avail- 
able method for finding the longitude at sea, at once sufficiently 
accurate and sufficiently simple. 

As a check upon the chronometer, the result of a lunar distance 
is used us in Art. 253. 

In long voyages an assiduous observer may determine the sea 
rates of his chronometers with considerable precision. For this 
purpose, it is expedient to combine observations taken at various 
times during a lunation in such a manner as to eliminate as far 
as possible constant errors of the sextant and of the observer (Art. 
256). Suppose distances of the siin are employed exclusively, 
Let two chronometer corrections be found from two nearly equal 
distances measured on opposite sides of the sun on two different 
dates, in the first and second half of the lunation respectively. 
The mean of these corrections will be the correction for the 
mean date, very nearly free from constant instrumental and 
personal errors. In like manner, any number of ot equal, 
or nearly equal, distances may be combined, and a mean chro- 
nometer correction determined for a mean date from all the 
observations of the. lunation. The sea rate will be found hy 
comparing two corrections thus determined in two different 
lunations. This method has been successfully applied in voyages 
between England and India. 

260. By the eclipses of JxijpUefs saUlliies.—An observed eclipse 
of one of Jupiter’s satellites furnishes immediately the G-reeii- 
‘wicli time without any computation (Art. 225.) But the eclipse 
is not sufficiently instantaneous to give great accuracy; for, with 
the ordinary spy-glass with which the eclipse may be observed 
on board ship, the time of the disappearance of the satellite may 
precede the true time of total eclipse by even a whole minute. 
The time of disappearance will also vary with the clearness of 
the atmosphere. Since, however, the same causes which accele^ 
rate the disappearance will retard the reappearance, if both 
phenomena are observed on the same evening under nearly the 
same atmospheric conditions, the mean of the two resulting 
longitudes will be nearly correct. Still, the method has not the 
advantage possessed by lunar distances of being almost always 
available at times suited to the convenience of the navigator. 

261. By the moon's altitude . — This method, as given in Art. 243, 
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may be used at sea in low latitudes; but, on account of the 
unavoidable inaccuracy of an altitude observed from the sea 
omon, It IS even less accurate than the method of the preceding 
article, and always far inferior to the method of lunar distances, 
altliough on shore it is one which admits of a high degree of 
precision wlien carried out as in Art. 245. 

262. By occulMiom of stars by the moon.-This method, which 
will be treated of in the chapter on eclipses, may be successfully 
used at sea, as the disappearance of a star behind the moon’s 
limb may he observed with a common spy-glass at sea with 
nearly as great a degree of precision as on shore ; but, on account 
0 e ength of the preliminary computations as well as of the 
subsequent reduction of the observation, it is seldom that a 
navigator would think of resorting to it as a substitute for the 
convenient method of lunar distances. 


CHAPTER yill. 

FK^OING A. SHIPS PLACE AT SEA BY CIRCLES OF POSITION. 

treated of 

methods of finding the position of a point on the earth’s surface 
by the two co-ordinates latUude and longitude; and therefore in all 
hese methods the required position is determined by the inter- 

r ^ other a 

1 dian. In the following method it is determined by circles 

<^hque to the para els of latitude and the meridians. The prin- 
S retr been applied; birt its 

Capt 

"“^"'ber object) be observed 
IhemS ! being noted by a chronometer regulated to 

Gieenwich time. Suppose tl^a^lm Greenwich time the sun 

oiiuH: ^ SjZH 0” 
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is vertical to an olDserver at the point M of the globe (Pig 32). 
Let a small circle be described on 

the globe from Jf as a pole, with a polar dis- 
tance IKA equal to the zenith distance, or 
complement of the observed altitude, of the 
sun. It is evident that at all places within 
this circle an observer would at the given 
time observe a smaller zenith distance, and 
at all places without this circle a greater 
zenith distance ; and therefore the observa- 
tion fully determines the observer to be on 
the circumference of the small circle AA'A'^, If, then, the 
navigator can project this small circle upon an artificial globe or 
a chart, the knowledge that he is upon this circle ivill be just as valuable 
to him in enabling him to avoid dangers as the knowledge of either his 
latitude alone or his longitude alone; since one of the latter elements 
only determines a point to be in a certain circle, without fixing 
upon any particular point of that circle. 

The small circle of the globe described from the projection ol 
the celestial object as a pole we shall call a circle of position, 

264. To find the place on the globe at lokich the sun is vertical {or the 
sun's projection on the globe) at a given Greenwich time. — The sun’s 
hour angle from the Greenwich meridian is the Greenwich 
apparent time. The diurnal motion of the earth brings the sun 
into the zenith of all the places whose latitude is just equal to 
the sun’s declination. Hence the required projection of the 
sun is a place whose longitude (reckoned westward from Green- 
wich from 0^ to 24*) is equal to the Greenwich apparent time, 
and whose latitude is equal to the sun’s declination at that time. 

265. From an altitude of the sun taken at agivai Greenwich time^ 
to find the circle of position of the observer,, by projection on an artificial 
globe, — ^Find the Greenwich apparent time and the sun’s declina- 
tion, and put down on the globe the sun’s projection by the 
preceding article. From this point as a pole, describe a small 
circle with a circular radius equal to the true zenith distance 
deduced from the observation. This will be the required circle 
ot* position. 

266. The preceding problem may he extended to any celestial 
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objec^ The pole of the ciicle of position will always be the 
place whose west longitude is the Gieenwich lioui angle of the 
object (reckoned fiom 0^ to 2#) and whose latitude is the decli- 
nation of the object The houi angle is found by Art 54 


267 To find both the latitude and, the longitude of a ship by circles of 
position pi ejected on an artificial globe — Fust Take the altitudes 
of two dilfeient objects at the same time by the Gieenwich 
chionometei Put down on the globe, by the piecedmg problem, 
then two elides of position The obseivei, being in the ciicum- 
feieiice of each of these ciicles, must be at one of then two points 
of iiitei section, which of the two, he can generally deterimne 
fiom an approximate knowledge of his position 

Idecond Let the same object be observed at two diffei ent times, 
and piojeet a circle of position for each Then mtei section 
gives the position of the ship as before If between the obseiva- 
tions the ship has moved, the first altitude must be i educed to 
the second place of obseivation by applving the coirection of 
Art 209, formula (380) The pi ejection then gives the ship’s 
j)OSitioii at the second observation 


Fig 33 


L" 


268 From an altitude of a celestial body taken at a gwen Greenwich 
time^ to find the circle of position of the obseivei^ by pinojection on a 
Mercator chart — The scale upon which the laigest aitificial globes 
aie constiueted is much smallei than that of the woiking chaits 
used by navigators But on the Meicatoi chart a ciicle of 
position will be distoited, and can only 
be laid down by points Let A, .L', 

(Fig 33) be any paiallels of latitude 
crossed by the required ciicle Foi each 
of these latitudes, with the true altitude 
found fiom the observation and the polar 
distance of the celestial body taken for 
the Gieenwich time, compute the local 
time, and hence the longitude, ^‘by chio-^ 
nometer” (Art 257) Let ?, V, V' be the 
longitudes thus found Let A, A', A" be the points whose 
latitudes and longitudes are, respectively, i, I, i', V , V' , 
these are evidently points of the required ciicle The ship is 
consequently in the curve AA'A", traced through these 
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In practice it is generally sufficient to lay down only twc 
points ; for, the approximate position of the ship being known, 
il L and JLj are two latitudes between which the ship may ho 
assumed to he, her position is known to be on the curve AA' 
somewhere between A and A'. When the difference between 
L and L' is small, the arc AA' wdll appear on the chart as a 
straight line. 

269. 'Z'o Ji7iii tJi6 latiiiidjB aud loTi^itudc of ct ship bp civclcs of position 
projected on a Mercator chart. — First. Let the altitudes of two 
objects be taken at the same time. Assume two latitudes em- 
bracing between them the ship’s probable position, and find two 
points of each of their two circles of position by the preceding 
problem, and project these points on the chart. Each pair of 
points being joined by a straight line, 
the intersection of the two lines is 
very nearly the ship’s position. Thus, 
if one object gives the points A, A' 

(Fig. 34) corresponding to the lati- 
tudes L, L', and the other object the 
points B, B' corresponding to the same latitudes, the ship's 
position is the point C, the intersection of AA' and BB'. 

It is, of course, not essential that the same latitudes should be 
used in computing the points of the two circles ; but it is more 
convenient, and saves some logarithms. 

If greater accuracy is desired, the circles may be more fully 
laid down by three or more points of each. 

Second. — The altitude of the same object may he taken at two 
different times, and the circles laid down as before ; the usual 
reduction of the first altitude being applied when the ship changes 
her position hetv’'een the observations. 

It is evident from the nature of the above projection that the 
most favorable ease for the accurate determination of the inter- 
section Q is that in wffiich the circles of position intersect at right 
angles. Hence the two objects observed, or the two positions 
of the same object, should, if possible, diff'er about 90° in azimuth. 
This agrees with the results of the analytical discussion of the 
method of finding the latitude by two altitudes, Art. 183. 

If the chronometer does not give the true Greenwich time, the 
only effect of the error will be to shift the* point G towards the 
oast or the -west, without changing its latitude, unless the error w 


Fig. 34. 
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80 great as to affect sensibly the declination wliicli is taken from 
the Ephenieris for the time given by the chronometer. This method 
is, therefore, a couveiheiit substitute for the usual method of find- 
ing the latitude at sea by two altitudes, a projection on the sailing 
chart being always sufficient for the purposes of the navigator. 

Instead of reducing the first altitude for the change of the ship’s 
position hetween the observations, we may put down the circle 
of position for each observation and afterwards shift cue of them 

by a quantity due to the ship’s run. 
a! Thus, let the first observation give the 

/ / position line AA^ (Fig* 35), and let Aa 

represent, in direction and length, the 

^ ship’s course and distance sailed he- 

® tween the observations. Draw aa' 

parallel to AA^, Then, being the position line by the 
second observation, its intersection C witli aa' is the required 
position of the ship at the second observation. 

270. If the latitude is desired by computation, independently 
of the projection, it is readily found as follows. Let 

Zp = the longitudes (of A and B) found from the first and 
second altitudes respectively with the latitude L, 

Zj'jZf = the longitudes (of A and E) found from the eamo 
altitudes with the latitude Jb 
z= the latitude of <7. 


From Fig. 34 we have, by the similarity of the triangles J.5C7 
and A'B'G^ 

II— k'- : BG 

whence 


B,= Z + 


(Z7-^Z/) + (Z,^Z,) 


( 467 ) 


This formula reduces Sumnee’s method of double altitudes” 
to that given long ago by Lalande {Asirommie, Art. 39f>2, and 
Abrege de Navigation^ p. 68). The distinctwe feature of Sumner’s 
process, hoAvever, is that a single altitude taken at any time is 
made available for dfotermiiiing a line of the globe on which the 
ship is situated. 
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2T1. To find the azmiuth of the sun by aposiiion line projected on 
the chart— Let AA' (Fig. 36) be a position line on 
the chart, derived from an observed altitude by 
Art. 268. At any point C of this line draw CM 
perpendicular to AAj and let AOS be the meri- 
dian passing through 0; then SCM is evidently 
the sun’s azimuth. The line CM is, of course, 
drawn on that side of the meridian NS upon ^ 
which the sun was known to be at the time of 

the observation. 

The solution is but approximate, since AA' should be a cuije 
line, and the azmiuth of the normal C3f would be diffeient or 
different points of AA'. It is, however, quite accurate eiiougli 
for the purpose of determining the variation of the compass a 
sea, which is the only practical application of this problem. 


Eig. 36. 

jsr 



CHAPTEE IX. 

TEE MERIDUN LINE AND VARIATION OP THE COMPASS. 

2T2. The meridian line is the intersection of the plane of the 
meridian with the plane of the horizon. Some of the most use- 
ful methods of finding the direction of this line will here be 
briefly treated of; but the full discussion of the subject belongs 

to geodesy. 

273. By the meridian yasmge oj a siar.-U the precise in^nt 
when a ster anuves at its greatest altitude could be accurately 
distino-uished, the direction of the star at that iiistaut reterm 
to the horizon, would give the direction 
the altitude varies so slowly near the mendia 
only serves to give a first approximation. 

274. By shadows.— A good approximation may he made as 
follows Plant a stake upon a level piece of gromid, and give ,t 
“ rtM pcition by raeaa. of o plan.b lioe. o..o or 





MERIDIATs^ LTXE 


more concentiic circles on tlic giound fioni the foot of tlic slake 
as a centre At the two nistants 1)efore and aftei noon when the 
shadow of the stake extends to the same eiicle, the azimuths of 
the shadow east and west aie equal The points of the ciicle at 
which the shadow teiminates at these instants being niaiked, let 
the included aic be bisected , the point of bisection and the centre 
of the stake then deteimine the meiidian line Theoretically, a 
small coriection should be made foi the sun’s change of declina- 
tion, but it would be quite supeifiuous in this method 


275 By single altitudes —'With an altitude and azimuth iiistiu- 
ment, obseive the altitude of a stai at the instant of its passage 
ovei the middle veitical thiead (at any time), and read the 
horizontal ciicle Coirect the observed altitude foi lefiaction 
Then, if 

li = the tiue altitude, 

<p = the latitude of the place of observation, 

= the stai's polar distance, 

JL = the star’s azimuth, 

A' = the reading of the hoiizontal circle, 


we have, fiom the tiiangle formed by the zenith, the pole, and 
the star. 


in which 


tan^ i A 


sin (s — <p) sin (s — A) 
cos s cos (s — 


(468) 


s = i -f A + 


In this formula the latitude may be taken with the positive sign, 
whethei north or south, and p is then to be leckoned from the 
elevated pole , ccn&equently, also, A will be the azimuth leckoned 
fiom the elevated pole 

It IS evident that in older to bung the telescope into the plane 
of the meiidian we have only to levolve the instiument through 
the angle A, and therefore eithei A' + A or A' — A, according 
to the diieetioii of the giaduatioiis of the circle, will be the 
leading of the horizontal ciicle when the telescope is in the 
meridian 

The same method can be followed when the azimuth is ob- 
served with a compass and the altitude is measured with a sex- 
tant , and then A^ — A is the variation of the compass 
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276. From the lirst equation of (50), <p and d heiiijj constant, 
we have 


cos Ji tan q 

and therefore an eiTor in the ohserved altitude will have the 
least efieet upon the computed azimuth AV'hen tan y is a maxi- 
mum ; th^^t is, when the star is on the prime vertical. There- 
fore, in the practice of the preceding method the star should be 
as far from the meridian as possible. 

277. By equal altitudes of a star.— Observe the azimuth of a star 
with an altitude and azimuth instrument, or a compass, when at 
the same altitude east and west of the meridian. The mean of 
the two readings of the instrument is the reading when its 
sight line is in the direction of the meridian. This is the 
nrethod of Article 274, rendered accurate by the introduction 
of proper instruments for observing both the altitude and the 
uzimuth. 

278. If equal altitudes of the sun are employed, a correction 
for the change of the sun’s declination is necessary, since equal 
azimuths will no longer correspond to equal altitudes. Let 

J.' = the east azimuth at the first observation, 

^ _ u west second 

d = the declination at noon, 

aS = the increase of declination from the first to the second 
observation, 

tlien, by (1), we have, h being the altitude in each ease, 

sin (d — I a 3) = sin sin A — cos cos A cos A' 
sin (S + i Ai5) = sin ^ sin A — cos ^ cos A cos A 


the difference of which gives 

2 cos S sin J = 2 cos ^ cos A sin (-f -f '^0 i 
whence, since c^d is hut a few minutes, we have, with sufficient 


accuracy. 


A — A' = 


aS cos d 


COS <p COS h sin A 


(469) 
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It will be necessary to note tlie times of tlie tAvo observations 
in order to find aS. If we take half the elapsed time as the 
hour angle t of the western observation, we shall have, instead 
of (469), the more convenient* formula 

A-A' = (4T0) 

cos <p sin t 

It Avill not be necessary to know the exact value of A, if only 
the same instrumental altitude is employed at both observations. 

Now let A-^' and be the i*eadings of the horizontal circle at 
the two observations, then the readings corresponding to equal 
azimuths are 

4.; and 4^— (4 — 4') 

and, consequently, the reading for the meridian is the mean of 
these, or 

KA'+ 

That is, the reading for the meridian is the mean of the ob- 
served readings diminished by one-half the correction (470). 
We here suppose the graduations to proceed from 0° to 360°, 
and from left to right. 

279. jBy the angular distance of the sun from any terrestrial object — 
If the true azimuth of any object in view is known, the direction 
of the meridian is, of course, known also. The following method 
can be carried out with the sextant alone. Measure the angular 
distance of the sun’s limb from any well-defined point of a 
distant terrestrial object, and note the time by a chronometer. 
Measure also the angular height of the terrestrial point above 
the horizontal plane. The correction of the chronometer being 
known, deduce the local apjparent time, or the sun’s hour angle t 
(Art. 54), and then with the sun’s declination d and the latitude (p 
compute the true altitude h and azimuth 4 of the sun by the 
formulae (16), or 

, tan5 ^ . tan^cosdf , , a 

tan M = , tan 4 = , t an A = cot (jp — 4f ) cos 4 (471) 

cost ' sin(^ — M) 

Now, let 0, Tig. 37, be the apparent position of the terrestrial 
point, projected upon the celestial sphere; 8 the apparent place 
of the sun, Z the zenith, P the pole ; and put 
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D z=z tlie apparent angular distance of the 
sun’s centre from the terrestrial point 
== the observed distance increased by 
the sun’s semidiameter, 
jff— the apparent altitude of the point, 

A' = the sun’s apparent altitude, 
a — the difference of the azimuth of the 
sun and the point, 

A' = the azimuth of the point. 


Eig. S7. 



The apparent altitude h' will be deduced from the true altitude 
by adding the refraction and subtracting the parallax. Then in 
the triangle 8Z0 we have given the three sides ZS = 90° — A', 
ZO = 90° — H, 80 = J), and hence the angle 8Z0 = a can he 
found by the formula 

sin (s — -g) sin (s — h'} 


tan^ i a 


in which 
Then we have 


cos s cos {s — 

A'=A ±z a 




(472) 


(4T3) 


and the proper sign of a to be used in this equation must be 
determined by the position of the sun with respect to the object 
at the time of the obseiwatioru 

If the altitude of the sun is observed, we can dispense with 
the computation of (471), and compute A by the formula (468). 
The chronometer will not then be required, but an approximate 
knowledge of the local time and the longitude is necessary in 
order to find d from the Ephemeris. 

If the terrestrial object is very remote, it will often suffice to 
regard its altitude as zero, and then we shall find that (472) 
reduces to 

tan i a = |/[tan i (-^^ + *') — ^0] (■^’^4) 

This method is frequently used in hydrographic surveying to 
determine the meridian line of the chart. 


Example.— From a certain point .B in a survey the azimuth 
of a point tT is required from the following ohservation : 


Chronometer time =4^ 12^ 12' 
Chronom. correction = — ^ ^ 

Local mean time = 4 10 12 
Equation of time — — ^ 

Local app. time, t = 4. 6 1 .1 

Yol. I. — 28 


Altitude of C = 11= 0® S(K 20^^ 
Distance of the nearest limh of the 
sun from the point O = 48° 17' 
Semidiameter = 1^ 1 

D = 48 33 11 
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Tlic sun’s cleelhiation was /? =r -|- 4^ 16' 55", the latiturle was 
^ -= 4- 38° 58' 50" ; and hence, hy (471), we find 


A = 74° 86' 36" 


and, by (472), 


A == 24° 87' 58" 
Eefraction and parallax 1 54 

A' = 24 89 62 


a = 48° 85' 6" 


IJow, the sun was on the right of the object, and hence 

jL--a = 81" r80" 

Therefore, a line drawn on the chart from .B on the left of the 
line £Q making with it the angle 31° 1' 30", will represent the 
mei'idian. 

280. £i/ two measures of the distance of the smifroni cc Uirestrial 
object , — In the practice of the preceding method with the sextant, 
it is not always practicable to measure the apparent altitude of 
the terrestrial object. ^Te may then measure the distance of 
the sun from the object at two different times, and, first com- 
puting the altitude and azimuth of the sun at each observation, 
we may from these data compute the altitude of the object and 
the difference between its azimuth and that of the sun at either 
observation, by formulae entirely analogous to those emp)loyed 
in computing the latitude and time from two altitudes, Art. 178, 
(304), (305), (306), and (307). 

281. By the azimuth of a star at a given tbne . — ^^^hen the time Is 
known, the azimuth of the star is found by (471): hence we 
have only to direct the telescope of an altitude and azimuth 
instrument to the star at any time, and then compare the read- 
ing of its horizontal circle vnih the computed azimuth. 

This method ^vill be very accurate if a star near the pole is 
employed, since in that case an error in the time will produce a 
comparatively small error in the azimuth. It will be most accu- 
rate if the star is observed at its greatest elongation, as in the 
following article. 

282. By the greatest elongation of a circumpolar star . — At the 
instant of the greatest elongation we have, by Art. 1 8, 
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ill wfiich A lb (lie azimiitli leckoxied from the elevated pole At 
tins instant the stai’s azimuth reaches its maximum, and for a 
ceitain small interval of time appeals to be stationary, so that 
the ohseivei has time to set his instrument accurately upon thft 
‘stai 

In 01 del to he piepared for the observation, the time of the 
elongation must be (at least approximately) known The hour 
angle of the stai is found by the formula 

, tan G? 

cos t = 

tan d 

and fiom t and the stai’s right ascension the local time is found, 
Alt 55 

The pole star is piefeiied, on account of its extiemely slow 
motion 

If the latitude is unknown, the direction of the meridian may 
nevertheless he obtained by obseiving the star at both its eastern 
and its western gieatest elongations The mean of the readings 
of the horizontal ciicle at the two obseivations is the reading for 
the meiidian 

283 One of the most refined methods of determining the 
diiection of the meiidian is that by which the transit instrument 
IS adjusted, or by which its deviation from the plane of the 
meiidian is measnied, for which see Vol II 

284 At sea, the direction of the meridian, or the vanation of 
the compass, is found with sufficient accuracy by the giaphic 
process of Ait 271 
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CHAPTEE X. 

ECLIPSES. 

285. The term eclipse^ in astronomy, may be applied to anj 
obscuration, total or partial, of the light of one celestial body by 
another. But the term solar eclipse' is usually confined to an 
eclipse of the sun by the moon; while an eclipse of the sun by 
one of the inferior planets is called a transit of the planet. An 
ecdipse of a star or a planet by the moon is called an oceidtaiion 
of the star or planet. A lunar eclipse is an eclipse of the moon 
by the eaith. 

All these phenomena maybe computed upon the same gcne)al 
principles; and the investigation of solar eclipses, with which ve 
shall set out, will involve nearly every thing required in tji© 
other cases. 


SOLAR ECLIPSES. 

PREDICTIOi^ OF SOLAR ECLIPSES FOR THE EARTH GENERALLY, 

286. Por the puiposes of general prediction, and before enter- 
ing upon any precise computation, it is convenient to know the 
limits which determine the possibility of the occurrence of an 
eclipse for any part of the earth. These limits are determined 
in the following problem. 

287. To find loluther near a given conjunction of the sun and moon, 
an eclipse of the sun ivill occur. — ^In order that an eclipse may occur, 

the moon must be near the ecliptic, and, 
therefore, near one of the nodes of her 
orbit. Let NS (Fig. 38) be the ecliptic, N 
the moon’s node, NM the moon’s orbit, S 
and M the centres of the sun and moon at 
the time of conjunction in longitude, so 
that 3IS is a part of a circle of latitude and is perpendicular to 
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NS. Let S', M', lie tlie centres of tlie sun and moon when at 
their least true distance, and put 

/5 == the moon’s latitude at conjunction = S3I, 

I = the inclination of the moon’s orbit to the ecliptic, ^ ^ 

A = the quotient of the moon’s motion in longitude divided 
by the sun’s, 

the least true distance = 8'M', 

Y = the angle SMS'. 

We may regard NM8 as a plane triangle ; and, drawing M'P 
perpendicular to NS, we find 

S8' = /9 tan ^ SP= A/5 tan r 

and hence 

fif'P = ? (A — 1) tan r 31' P = /? — A tan ^ tan 1 

= /S2 [(A — ly tan^ ^ + (1 _ A tan I tan yy] 

To find the value of y for which this expression becomes a mini- 
mum, we put its derivative taken relatively to y equal to zero, 
whence 

. A tan I 

tan y = _ 

(A — 1)2 -f A^an^ J 

which substituted in the value of 2^ reduces it to 

A2 tan^I 

Tf then we assume I' such that 

I 

tanr=— L-tanI (475 j 

;i — 1 

we have for the least true distance 

y = jS cos I' (476) 

The apparent distance of the centres of the sun and moon as 
seen from the surface of the earth may be less than 2’ by the 
difference of the horizontal parallaxes of the two bodies : so that 
if we put 

Tt — the moon’s horizontal parallax, 
x' = the sun’s “ “ 
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we liaTe 

minimum apparent distance = 2* — {n — tt') 

An eclipse will occur wlien this least apparent distance of tlii) 
centres is less than the sum of the semidiameters of the bodies; 
and therefore, putting 

s — the moon^s semidiameter, 
s'= the sun's 

we shall have, in case of eclipse, 

2 — (tt — tt') <; 5 

or 

/5 cosJT' “ — Tt^ -j- s — j~ ^477) 

This formula gives the recpiired limit with great precision ; 
but, since 1' is small, its cosine does not vary much for different 
eclipses, and we may in most cases employ its mean value. We 
have, hy observation, 



Greatest values. 

Least values. 

Mean values. 

I 

5° 20' 6" 

4° 57' 22" 

5° 8' 44" 

7 t 

61' 32" 

52' 50" 

57' 11" 

tt' 

9 

8 

8.5 

S 

16 46 

14 24 

15 35 

s' 

16 18 

15 45 

16 1 

X 

16.19 

10.89 

13.5 


From the mean values of I and I we find the mean value of 
sec 1.00472, and the condition (477) becomes 

/5< (tt — + 5 + /) X 1.00472 

or 

— tt' + 5 -f s' + (r — . tt' s 4- s') X -00472 

where the small fractional term varies between 20'' and SO". 

faking Its mean value, we have, with sufficient precision for all 
but very unusual cases, 


/? < r s -f- s' -|- 25' 


(478) 
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If ill this formula we substitute the greatest values of ;r, 
aud and the least value of tt', the limit 

0 cr 34' 53" 

is the greatest limit of the moon’s latitude at the time of con- 
junction, for which an eclipse can occur. 

If in (478) we sub^itute the least values of ;r, 5 , and s', and 
the greatest value of tt', the limit 

^ < 1° 23' 15" 

is the least limit of the moon’s latitude at the time of conjunc- 
tion for which an eclipse can fail to occur. 

Hence a solar eclipse is certain if at new moon /9< 1° 23' 15", 
inf.possible if 1° 34' 53", and doubtful between these limits. For 
the doubtful cases we must apply (478), or for greater precision 
(477), using the actual values of ;r', .s, s', /, aud 1 for the date. 

Example. — On July 18, 1860, the conjunction of the moon 
and sun in longitude occurs at 2'^ 19''\2 Greenwich mean time: 
will an eclipse occur ? We find at this time, from the Ephemeris, 

/9 0^ 38' 18".6 

whicli, being within the limit 1° 23' 15", renders an eclipse cer- 
tain at this time. 

Having thus found that an eclipse will be visible in some part 
of the earth, we can proceed to the exact computation of the 
phenomenon. The method here adopted is a modified form of 
Bessel’s,* which is at once rigorous in theory and simple in 
practice. For the sake of clearness, I shall develop it in a series 
of problems. 

Fundamental Equations of the Theory of Eclipses. 

288. To investigate the condition of the beginning or ending of a solar 
eclipse at a given place on the earth's surface. — The observer sees the 
liml)S of the sun and moon in apparent contact when he is situated 
in the surface of a cone which envelops and is in contact with 
the two bodies. We may have two such cones: 


* See Astronomische Nachricliten, Nos. 151, 152, and, for the fuU development of the 
method with the utmost rigor, Bessel’s Astronomkehe Untersuchungen, Vol. II. 
Hansen’s development, based upon the same fundamental equations, but theoreti- 
cally less accurate, may also be consulted with advantage : it is given in Astronom. 
Nos. 339-342. 
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First. Tke cone whose vertex falls between the sun and the 
moon, as at V, Fig. 89, and which is called the cone. 

An observer at C, in one of the elements GB V of the cone, sees 
the points A and B of the limbs of the sun and moon in apparent 
exterior contact, which is either the first or the last contact; that 
is, either the beginning or the ending of the whole eclipse. 


Pig. 39. 



Fig. 40. 



Second. The cone whose vertex is beyond the moon (in the 
direction of the earth), as at F, Fig. 40, and which is called the 
umbral cone, or cone of total shadow. An observer at O, in the 
e ^ent GVBA^ sees the points A and B of the limhs of the snn 
and moon in apparent inkrior contact, which is the beginning or 
the ending of annvh.T eclipse in case the observer is farther 
^ of the cone (as in the figure), and 

Ite V.' 01’ the ending of total eclipse in 

inomi!^ observer is between the vertex of the cone and the 

to'2Txi?jra "gbt angles 

the cone, its intersection with the cone will 
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be a circle (the sun and moon being regarded as splierical) whose 
radius, CD, we shall call the radius of the shadoio (penumbral or 
unibral) for that point. The condition of the occurrence of one 
of the above phases to an observer is, then, that the distance of 
the 'point of observation from the axis of the shadow is equal to the 
radius of the shadow for that qmnL The problems which follow 
will enable us to translate this condition into analytical language 

289. To find for any given time the position of the axis of the 
shadow.— axis of the cone of shadow produced to the celes- 
tial sphere meets it in that point in which the sun would be 
projected upon the sphere by an observer at the centre of the 
moon. Let 0, Lig. 41, be the centre of 
the earth ; >8, that of the sun ; if, that of 
the moon. The line MS produced to 
the infinite celestial sphere meets it in 
the common vanishing point of all lines 
parallel to MS; that is, in the point in 
which the line OZ^ drawn through the 
centre of the earth piarallel to ifS, meets 
the sphere. The position of the axis of 
the cone will be determined by the right 
ascension and declination of the point Z. 

In order to determine the point Z^ let the positions of the sun 
and moon be expressed by rectangular co-ordinates (Art. 32), of 
wbich the axis of x is the straight line drawm through the centre 
of the earth and the equinoctial points, the axis of y the inter- 
section of the planes of the equator and solstitial colure, and 
the axis of 2 : the axis of the equator. Let x be taken as positive 
towards the vernal equinox ; y as positive towards the point of 
the equator whose right ascension is 90° ; ^ as positive towards 
the north. 

Let 

a, r = the right ascension, declination, and distance from 
the centre of the earth, respectively, of the moon^s 
centre, 

tt'j r' == the right ascension, declination, and distance from 
the centre of the earth, respectively, of the suAs 
centre ; 

The co-ordiuates a:, y, z will be, by (41), 


Fig. 41. 
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Of the sun. Of the moon. 

/ COS COSou' r cos d cos a 

r' cos sin a.' r cos d sin a 

r' sin y* gin ^ 

Now let another system of co-ordinates he taken parallel to the 
first, the centre of the moon being the origin. The position of 
the sTivi in this system wfill he determined by the right ascension 
and declination of the sun as seen from the moon ; that is, hy 
the light ascension and declination of the point Z. 

It‘ we put 

a, d = the right ascension and declination of the point Z, 

G = the distance of the centres of the snn and moon, 

the co-ordinates of the sun in the new system are 

G cos d cos ii 
G cos d sin d 
G sin d 

But these co-ordinates are evidently equal respectively to the 
difference of the corresponding co-ordinates of the sun and moon 
in the first system ; so that we have 

G cos d cos a == r' cos cos a' — r cos d cos a 
G cos d sin a = r' cos <5' sin a' — r cos b sin a 
G ^\Vi d == / sin — r sin d 

which fully determine a., rf, and G in terms of quantities which 
may he derived from the Ephemeris for a given time. 

But, as a and d differ but little from oJ and d', it is expedient 
to put these equations under the following form. (See the 
similar transformation, Art. 92.) 

G cos d sin (a — a') = — r cos b sin (» — »') 

G cos d cos (a — f cos 5' — r cos <5 cos (a — 

^ sin = / sin 5' — r sin B 


If these are divided hy r', and we put 


they become 




h 


g cos d sin (<x — a') = — 6 cos h sin (a — a') 
g cos d cos {a -- a') ^ eos rV — h OOS d cos (a ~ a') 
^^^sin d - L sin d 


( 479 ) 
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where the second members, besides the right ascouwious and 

declinations, involve only the quantity b, which may be expressed 

in terms of the pai’allaxes as follows : 

Let . . , 

TT — ^ tlic TTioon^s liorizonttil purJilltiXji 

7r'=thesun^s 


^ r sin r 

r' sin TT 


then we have (Art, 89) 

If, further, 

7 ro= the sun’s mean horizontal pax’allax, 

and r' is expressed in terms of the sun’s mean distance from the 
earth, we have, as in (146), 


and hence 


/ sin 7r 

sin tt' = — 
r' 

, sin r,, 


0 


7*' sin TT 


(480) 


which is the most convenient form for computing ?>, because r' 
and TT are given in the Ephemeris, and is a constant. 

290. The equations (479) are rigorously exact, but as b is onlj 
about and a — a' at the time of an eclipse cannot exceed 
1° 43', a — a' is a small arc never exceeding 17", which may be 
found by a brief approximative process with great precision 
The quotient of the first equation divided by the second gives 

^ , b cos SCO sin (a — a') 

tan {a — o!) — 

1 — 6 COS ^ sec COS (» — a ) 

where the denominator differs from unity by the small quantity 
b cos b sec (J' cos (a — a') ; and, since d and d' are nearly equal, 
this small difference may be put equal to i, and we may then 
write the formula thus :* 


^ ^ — ^ 

1—6 




* Developing the formula for tan {a — a') in series, we have 

, i cos sec (i' sin (a — a') cos*-* (5 sec^ d' sin 2 (a — a') 


&o. 


sin V' 2 sin V' 

where the second term cannot exceed 0".04, and the third term is altogether inap 
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If we take cos (a — a') = 1 and cos (a — cc'') = 1, we have, 
from the second and third of (479), 


g cos d = cos S' — b cos S 
g sin d— sin S' — b sin S 

■wlience 

g sin (d — S') = — b sin (S — 5') 
g cos (d — d') = l — b cos (S — S') 

from which follows 

tan (d-S') = - - O 

1 — b cos ((S — S') 

or, nearly,* 

d — S'= (s — S') 

1 — b^ '' 

From the above we also have, with sufficient precision for the 
subseqnent application of cj, the formula 

g = l-b 

The formiilse which determine the point 2/, together with the 
quantity G, will, therefore, be 


a = o! — - — - cos S sec S' (o — a!') 

d=.S'-^^(^S-S') 

g = l-b, G^r'g 

a.id in many cases it will suffice to take the extremely simple 
foiTas 

a = a'—b(a — a') d — S' — b QS — S') 

^91. To find ihe distance of a given place of observation from the 
(ms of the sha dow at a given feme.— Let the positions of the sun, 

preeiaUe. The formula adopted in the text is the same as 



• 0 COS 0 sec d' 


— (1— 

s cos i sec <5'(o-o') - eos S sec rf' (a— a') — &c. 

® ** equal to unity, diflfers from 

SLS r^efoV "" *1*® approximate 

lormuia is, therefore, somethmg less than 0".OL 

The error of this formula, as can he easily shown, will never exceed 0^088, 
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the moon, and the observer be referred by rectangular co-ordi- 
nates to three planes passing tliraugh the centre of the earth, oi 
■vvliicli tlie plane of xy shall always be at right angles to tlie axis 
of the shadow, and will here be called the frindjyal ])lane of refer- 
ence, Let the plane of yz be the plane of the declination circle 
passing through the point Z, The plane 
of xz will, of conrse, he at right angles 
to the other two. 

The axis of z will then be the line OZ^ 

Eig. 41, drawn through the centre of the 
earth parallel to the axis of the shadow, 
and will he reckoned as positive towards 
Z. The axis of y will he the intersection, 

0 Y, of the plane of the declination circle 
through ^with the principal plane, and 
will be taken as positive towards the 
north. The axis of x will be the intersection, OX, of the plai, e 
of the equator with the principal plane, and will be taken us 
positive towards that point, X, whose right ascension is 90® + a. 
Let X' and S' be the true places of the moon and sun upon 
the celestial sphere, P the north pole ; then, if ^ve put 

z ^ the co-ordinates of the moon, 
we have, by (Art. 31), 

rr = r cos M'X 
y = T cos AT' Y 
z = T COS M'Z 

which, by the formulae of Spherical Trigonometry applied to the 
triangles Y, 3I^PZy become 

iT = r cos ^ sin (a — a) 

y z=r [sin d cos d — cos S sin d cos (a — a)] 
z = r [sin d sin d cos d cos d cos (a — a)] 
or 

a; = r cos 5 sin (a — a) 
y z=. T [sin (f — cos^ J (a — "h sin {p -f" ^ ^)] \ (48^^^) 

2 ? = r [cos («5 ^ co8H(a--a)-~cos(5 +(i)sin'l((t u)] j 

and if the equatorial radius of the earth is taken as the unit of 



Fig. 41 {his). 
Z 
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r, X, we shall have the value of r, required in these equa- 
tions, hy the formula 


sinTT 

The co-ordinates x and y of the sun in th.is system are the 
same as those of the moon, and the third co-ordinate is z + G; 
but the method of investigation which we are here following 
does not require their use. 

Now let 

C = the co-ordinates of the place of observation, 

(p z=z the latitude of the place, 

<p^= the reduced latitude (Art. 81), 

p ~ the radius of the terrestrial spheroid for the lati- 
tude (p, 

p. = the given sidereal time ; 

then, if in Tig. 41 we had taken M for the place of observation, 
would have been the geocentric zenith with the right ascen- 
sion y and declination <p\ and, the distance of the place from the 
origin being p, we should have found 

^ = p cos sin (jj. — (C) 

‘qz=z p [sin COB cZ — cos sin d cos Qj. — a)] > (488) 

^■z=z p [sin v?' sin d 4- cos / cos d cos (/a — a)] J 

These equations, if we determine A and S Toy the conditions 

A Bin. £ =z p sin p' 

A cos £ — p cos p' cos (^fjL — a) 

may he computed under the form 

^ = p Qoa (f' sin (/4 — a) 
ri = A sin (5 — d) 

C = A cos (5 — d) 

The equations (482) might be similarly treated; but the most 
accurate form for their computation is (482*). 

The quantity fi — a is the hour angle of the fomt Z for the 
mendian of the given place. To facilitate its computation, it is 
c^veiMiit to find first its value for the Greenwich meridian- 
inus, it we put for any given Greenwich mean time T 

/t, = the hour angle of the point at the Greenwich meridian, 

“ = the longitude of the given place, 
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/i — a = fjL^ — o) 

To find we have only to convert the Greenwich mean time T 
into sidereal time and to subtract a. V. ^ 

By means of the formulie (482) and (483) the 'co-ordinates of 

it/rr" observation can be accurately com- 

IHited for any given time. Now, the co-ordinates a; and y of the 

moon are also those of every point of the axis of the shadow: so 
tiuit it we put 


J _ the distance of the place of observation from the axis 
of the, shadow, 

we have, evidently, 

-it’* = (a; iy -|- (y — tjY (484) 

[Ihe co-ordinates z and have also been found, as they will be 
required hereafter.] 


292. The distance J may be determined under another form 
\vhicli we shall hereafter find useful. Let 31', * 

big. 42, be the apparent position of the moon’s 
centre in the celestial sphere as seen fi-om the 
place of observation ; Pthe north pole; the 
point where the axis of the cone of shadow 
meets die sphere, as in Fig. 41 ; 3I„ C\, the 
projections of the moon’s centre and of the 
place of observatioix on the principal plane. 

The distance C^3fj is equal to J, and is the 
projection of the line joining the place of 
observation and the moon’s centre. The plane by which this 
lino is projected contains the axis of the cone of "shadow, and 
its intersection with the celestial sphere is, therefore, a great 
circle which passes through Z, and of which Z3f' is a portion. 
Hence it follows that C,3f^ makes the same angle wdth the axi.s 
ot 1 / that 31' Z makes w'ith PZ: so that if we draw and 3f^3' 
parallel to the axes of' j/ and x respectively, and put 

Q = PZM' = 


Pig. 42. 


Z 



j: 


we have, from the rig-ht triangle C^3I-yN, 

J sin § z= a; — g ) 

J cos Q = y — Y] J 

tho sum of the squares of which gives again the formula (484). 
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293. To fold ike radius of the shadow on the pjvncijml plane, or on 
(tn^ giren plane parallel io the principal plane . — This radius is evi- 
dently ec[iLal to til 6 distance of the vortex of tlie cone ol shadow 
from the given plane, multiplied by the tangent of the angle of 
the cone. In Tigs. 39 and 40, p. 440, let HF be the radius of 
the shadow on the principal plane^ CF the radius on a paralh 1 
plane drawn through Let 

H = the apparent semidiaineter of the sun at its mean dis- 
tance, 

U = the ratio of the moon^s radius to the earth^s equatorial 
radius, 

/ = the angle of the cone = FVF^ 

c =1 the distance of the vertex of the cone above the princi- 
pal plane = VF, 

C = the distance of the given parallel plane above the prin- 
cipal plane = DF, 

I = the radius of the shadow on the principal plane == EF^ 

L =the radius of the shadow on the parallel plane == OF. 

If th^ mean distance of the sun from the earth is taken 
unity, we have 

the earth’s radius = sin 

the moon’s radius = k = MBj 

the sun’s radius'' = sin JS = SA, 

and, remembering that Q — r'y found by (481) is the distance 
MS, we easily deduce from the figures 


sin / = 


sin H ±zk sin 
fg 


( 486 ) 


in which the upper sign corresponds to the penumhral and the 
lower to the umbral cone. 

The numerator of this expression involves only constant quan- 
tities. According to Bessel, ijr= 959'^T88 ; Excke found 
jTj, = 8".5T116; and the value of k, found by Btjrckharbt from 
eclipses and occultations, is k = 0.27227 whence we have 


log [sin H k sin ttq] = 7.6688038 for exterior contacts, 
log [sin H — ^ sin ttJ = 7.6666918 for interior contacts. 

^ The value of k here adopted is piecisely that vsrhicb. the more recent investiga- 
tion of OxiDEMAjfS [Asiron. N’ach.^ YoL LI. p. 30) gives for eclipses of the sna. 
For occultations, a slightly increased value seems to he required. 
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taking the earth’s equatorial radius as unity, we have 


and hence 


FJf= 

MF=: 


k 

sin/ 

z (Art. 291) 


c = z 


k 

sin / 


(487) 


the upper sign being used for the penumbra and the lower for 
the umbra. 

We have, then, 


1= c tan f = z tan f ±: k sec/ 
L={c — Z) tan/= I — c tan/ 



For the penumbral cone, c — ij; is always positive, and there- 
fore L is positive also. 

For the umbral cone, c — ^ is negative when the vertex of 
the cone falls below the plane of the observer, and in this case 
we have total eclipse : therefore for the case of total eclipse we 
shall have L = {c tan / a negative quantity. It is usual to 

regard the radius of the shadow as a positive quantity, and 
therefore to change its sign for this case ; but the analytical dis- 
cussion of our equations will be more general if we preserve 
the negative sign of L as the characteristic of total eclipse. 

When the vertex of the umbral cone falls above the plane of 
the observer, L is positive, and we have the case of aunalar 
eclipse. 

For brevity we shall put 


i = tan/ A 

l = ic I (489) 

L=i — ii: ) 

294. The analytical expression of the condition of beginning or 
ending of eclipse is 

A = L 

or, by (484) and (489),. 

(x — 0“ +{y — if =Q — i^f (490) 

It is convenient, however, to substitute the two equations 
(485) for this single one, after putting L for J, so that 


(I — ii) sin § = a; — f ) 

(I — ii) coa Q — y — -q j C^^l) 


VoL. r.— 29 
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muy be taken as tlic conditions which determine the beginning 
or ending of an eclipse at a given })laco. 

The equation (490), which is only expressed in a different form 
by (491), is to be regarded as the fundamental equation of the 
theory of eclipses. 

295. Ey Art. 292, so long as J is regarded as a positive quam 
tity, Q is the position angle of the moon’s centre at the point Z; 
and since the arc joining the point Z and the centre of the moon 
also passes through the centre of the sun, Q is the common 
position angle of both bodies. 

Again, since in the case of a contact of the limbs the arc 
joining the centres passes through the point of contact, Q 
will also be the position angle of this point wluni all three 
points — sun’s centre, moon’s centre, and point of contact — lie 
on the same side of Z. In the case of total eclipse, however, 
the point of contact and the moon’s centre evidently lie on 
opposite sides of the point Z; and if I — in (490) were a 
positive quantity, the angle Q which would satisfy these equa- 
tions would still be the position angle of the moon’s centre, but 
would differ 180^ from the position angle of the point of con- 
tact. But, since we shall preserve the negative sign of ^ — iC 
for total eclipse (Art. 293), (and thereby give Q values which 
differ 180^^ from those which follow from a positive value), the 
angle Q will in all eases be the position angle of the point of eofitaet, 

290. The quantities a, a:, y, Z, and i may be computed by 
the formulae (480), (481), (482), (486), (487), (488), for any given 
time at the first meridian, since they are all independent of the 
place of observation. In order to facilitate the application of 
the equations (490) and (491), it is therefore expedient to com- 
pute these general quantities for several equidistant instants 
preceding and following the time of conj unction of the sun and 
moon, and to arrange them in tables from which their values 
for any time may be readily found by interpolation. 

The quantities x and y do not vary uniformly ; and in order to 
obtain their values with accuracy from tbe tables for any time, 
we should employ the second and even tbe third differences in 
the interpolation. This is effected in the most simple manner 
hy the followting process. Let the times for which x and y have 
heen computed he denoted by — 2*, Tq — 1'", -f- 1^, 
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ZTv &o ? ! /r denoted -bj:.,,, &c., 

4och~r fn « hourly changes of a: and y from the 

P 0 any time T — -f t be denoted by r' and w'. Then 
the values of a:' and y' for the instants — 2’' T —1'^ &c will 

(liftk-enoe Tfl" "‘'heme, .vhere c’ denotes the third 

diftei ence of the values of ai as found from the series r_,, a;_i, &c 

hi^ant r 69, and the difference for the 

stant Jg xs found by the first formula of (77). The form for 
computing y' is the same. 


Time. 

X 

x' 

J’o-2* 

00^-i 

1? 

o 

I 

} 

P 

x_i 

CIq ^ — 1 


*0 

Ic 

^o+l* 

X, 

1 1 

T„+ 

X, 


If then we require .r and y for a time T = 7; + r, we take 
and y^ from the table for this time, and we have 

x = x„-\- x'r 

y —y^-\- yr 

297. Example.— Compute the elements of the solar eclinse of 
July 18, 1860. ^ 

The mean G-reenwich time of conjunction of the sun and 
moon in right ascension is July 18, 2^ 8- 56‘. The computation 
of the elements will therefore be made for the Greenwich hours 
i-, 1, 2, 3, 4, and 5. Tor these hours we take the following 
quantities from the American Ephemeria : ° 


For tlie Moon. 


Greenwicli mean 
time. 

a 

5 

TT 

July 18, 0" 

116“ 44' 24".30 

21“ 52' 20".8 

59' 45".80 

1 

117 21 59 .10 

42 32 .8 

47 .13 

2 

117 59 30 .45 

32 36 .4 

48 .44 

a 

118 36 58 .35 

22 31 .2 

49 .72 

4 

119 14 22 .65 

12 17 .2 

50 .98 

5 

119 51 43 .35 

1 54 .6 

52 .22 I 
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For the Sun. 


Greenwich mean 
time. 

a' 

6' 

log r' 

July 18, 0* 

117° 

59' 41".85 

20° 57' 56".20 

0.0069675 

1 

118 

2 12 .50 

57 29 .42 

61 

2 

118 

4 43 .14 

57 2 .60 

47 

3 

118 

7 13 .77 

56 35 .75 

33 

, 4 

118 

9 44 .39 

56 8 .86 

19 

5 

118 

12 15 .00 

55 41 .94 

05 


Tke formulae to be employed will be here recapitulated, for 
convenient reference. 

L For the elements of the point Z: 


, sin TT^ 

h == — log gin t: = 5.61894 

r sin TT 

a — a — cos ^ sec (a — a') OP, nearly^ a = a' — ^ — e"! 

g — l — b 


n. The moon’s co-ordinates : 


sin TT 

X ==zr COB d sin (a — a) 

y — r sin (d — d) cos^ J (a — a) + r sin (d + d') sin^ J (a 
z z=r COB (d — d) cos2 J (a ~~ a) — r cos (<5 -f d) sin^ J (a — a) 

m. The angle of the cone of shadow and the radius of the 
shadow : 


For penumbra: ot exterior contacts. 

«;„^_ [T.668803] 

r'g 


For umbra : or interior contacts 

fg 


k ^ 

log ft = 9.435000, c = z — 

sin/ 

* = I t=tan/ 

l=io 7 
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IV. Tlie values of a, d, x, y, log i, and I, will tkeu be tabulated 
and the differences x' and y' formed according to Art. 296. 

I give the computation for the three hours 1'^, 2*^, and 3'*, 
in extemo. 


I. Elements of the point Z. 




2* 

3* 

a — a' 

—0° 40' 13".40 

— 0° 6'12".69 

-f 0° 29' 44".58 

<1— d' 

+ 45 3 .38 

+ 35 33 .80 

-1- 25 55 .45 

log cosec TT == log r 

1.7596999 

1.7595414 

1.7593865 

ar. CO. log r' 
Constant log sin ttq 

9.9930339 

5.61894 

9.9930353 

9.9930367 

log b 

7.37167 

7.37152 

7.37136 

ar. CO. log (1 — b) 

0.001023 

0.001023 

0.001022 

log cos fi 

9.96805 

9.96855 

9.96905 

log sec (S' 

0.02973 

0.02970 

0.02968 

log fa — a') 

?i3. 38263 

k2. 49511 

3.25164 

log (a — a') 

0.75310 

9.86590 

«0.62265 

a — a' 

+ 6".66 

+ 0".73 

— 4".19 

) 

7.37269 

7.37254 

7.87238 

log ((S — (S') 

3.43191 

3.32915 

3.19185 

log (d — ■ J') 

n0.80460 

wO.70169 

TzO. 56423 

d-^6' 

00 

oo 

i 

— 6".03 

— 3". 67 

a 

118° 2' 18".16 

118° 4'43".87 

118° 7' 9".58 

d 

20 57 23 .04 

20 56 57 .57 

20 56 32 .08 

log (1 — h) 

9.998977 

9.998977 

9.998978 


n. Co-ordinates x, y^ and z. 


a — a 
6 — d 
6 d 
log sin (a — a) 
log cos 6 

log r cos 6 sin (a — a) = log x 

X 

log cos^ J(a — a) 
log sm((y — d) 
log (3) =log r sin ( d — rf)cos2 J r a — a) 
log sin^lfa — a) 
log sinM + i?) 
fog (4) =logr sin (6 -|- d) sin^ J (a — a) 


(3) + (4) y 

log cos fd — d) 
log(6) =logrcos((i — f?)cos2J(a — a) 
log cos 

log(6) ==logrcos(£y -f (a — a) 

log [(5) — (0)] = log 2 


—0° 40' 19". 06 

— 0° 5'13''.42 

+ 45 9.76 

-t- 36 38 .83 

42 39 55.84 

42 29 88 .97 

n8.0692116 

H7.1817014 

9.9680502 

9.9685481 

n9.7969617 

n8. 9097909 

—0.626559 

—0.081244 

9.9999850 

9.9999998 

8.1184932 

8.0157434 

9.8781781 

9.7752846 

5.5863780 

3.7G13394 

9.8310485 

9.8296235 

7.1271264 

6.3405043 

-1-0.75.5402 

-f 0.590053 

-t-0.001340 

-1-0.000022 

-f-0.756742 

-1-0.590075 

9.9999625 

9.9999766 

1.7696474 

1.7595178 

9.86C4780 

9.8076822 

7.1026559 

5.3885630 

1.7590364 

1.7595176 


-1-0° 29' 48".77 
-h 26 59 .12 
42 19 8 .28 
7.9381289 
9.9690490 
9.66C5594 
0.464044 

9.9999920 

7.8784502 

9.6378287 

5.2741910 

9.8281695 

6.8617470 

-1-0.434329 

4-0.000727 

-1-0.435056 


9.9999876 

1.7593661 

9.8688939 

6.9024714 

1.759000J 
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TTT Log i and I, for extenoi contacts [Oonstantlog 7 668803] 


log r'ff 

Const — log r'gr = log sin / 
log sec f 
log k cosec / 
log [2 k cosec/] = log c 
log tan / = log ^ 

log tc = log I 

I 


Log ^ and I foi mteiioi contacts 


Const — log r'g = log sin / 
log sec / 
log I cosec f 
log [2 — k cosec / ] = log c 
log tan / = log i 

log ic = log I 

I 



2'* 

3* 

0 005943 

0 005942 

1 0 005941 

7 662860 

0 000005 

7 662861 

7 662862 

1 772140 

1 772139 

1 772188 

2 066963 

2 006904 

2 066826 

7 662865 

7 G62866 

7 662867 

9 729828 

9 729770 

9 729693 

0 536819 

0 536747 

0 536652 

itacts [Constant log = 

^ 7.66669: 

7 660748 

0 000005 

7 660749 

7 660750 

1 774252 

1 774251 

1 774250 

7i0 293985 

297413 

7i0 301 919 

7 660753 

7 660754 

7 660755 

nl 954738 

111 958167 

7x1 962674 

—0 009010 

~0 009082 

-0 009176 


IV Tie computation lieing made for the otliei hours in tii« 
same manner, tie lesnlts aie collected m the following tables 



a 

d 

Exterior Contacts 

Interxoi Contacts 

1 

log % 

1 

log % 

0* 

11 7=^ 59' 52" 44 

20® 57' 48" 50 

0 636867 

7 662864 

— 0 0089b0 

7 6607(1.2 

1 

118 2 18 16 

57 23 04 

0 636819 

65 

0 009010 

£3 

2 

4 43 87 

56 57 57 

0 536747 

66 

0 009082 

54 

3 

7 9 58 

56 32 08 

0 536652 

67 

0 00917b 

55 

4 

9 35 27 

56 6 58 

0 536533 

68 

0 009298 

56 

5 

12 0 95 

55 41 06 

0 536391 

69 

0 009434 

57 


0 

1 

2 

3 

4 

5 

X 



-^3 

V 


^3 

A, 

-|-17 
-fl9 
+ 20 

— 1 171856 

— 0 626559 

— 0 081244 
-f 0 464044 
-f 1 009245 
-f 1 554284 

-f 0 545297 

0 545315 

0 545288 

0 545201 

0 545039 

+ 18 

— 27 

— 87 
—162 

—45 

—60 

-75 

+ 0 917040 
•-f 0 756742 
0 596075 
+ 0 435056 
l-j-0 273704 
!-f-0 112039 

— 0 lfa0298 

— 0 160667 

— 0 161019 

— 0 161352 

— 0 161665 

—369 

—862 

—333 

—813 


Fox the values of the hourly diiSeieiices of rand 3 /, we lii)d 
from tie above, by Ait 296, 
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a;' 

log x' 

y' 

log y' 

0^ 

0.545306 

9.736640 

— 0.160483 

n9.205429 

1 

0.545315 

648 

— 0.160607 

5927 

II 

0.545310 

644 

— 0.160846 

6410 

3 

0.545288 

626 

— 0.161019 

6877 

4 

0.545245 

592 

— 0.161186 

7327 

5 



0.545176 

537 

— 0.161345 

7756 


and for any given time T ~ + r, we liave 


== _ 0.081244 + x^r 
y = -f 0.596075 -|- /r 


} 


C492) 


Finally, to facilitate tlie computation of the hour angle 
IX -r- a = fjL^ — (0 (Art. 291), we prepare the values of fjt^ for each 
of the Greenwich hours. Thus, for T= 1^‘, wc have 


From the Ephemeris, July 18, 1860, 

Sid. time at mean noon = 7^* 46”' 4* .03 

Sid. equivalent of I'*- mean t. = 1 0 9 .86 

Greenwich sid. time = 8 46 13 .89 

in are, = 131° 33' 28".35 
a = 118 2 18 .16 

= 13 31 10 .19 

Thus we form the following table, to which is also added for 
future use the value of the logarithm of 


/x' z= the hourly diference of /x^ in parts of the radius; 



H 

Hourly dilF. 

0* 

358° ’31' 8".0 


1 

13 31 10 .2 


2 

28 31 12 .3 

54002".15 

3 

43 31 14 .4 


4 

58 31 16 .6 


5 

73 31 18 .7 



log // = log 54002".15 sin 1" 
= 9.417986 


T px'oceed to consider the principal problems relating to the 
general prediction of eclipses, in wlfich the preceding results 
will be applied. 
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Outline of the Shadow on the Surface of the Earth 

298. To find the outline of the moon's shadow upon the earth at a 
given time — This outline is the intersection of the cone of shadow 
with the earth’s surface , oi, it is the cuiwe on the surface of the 
earth from every point of which a contact of the sun’s and 
moon’s limbs may be observed at the given time. Let 

T= the given time reckoned at the first m endian, 

and let a, d, and log % be taken from the general tables 

of the eclipse for this time. Then the co-ordinates f, C 
place at which a contact may he obseived at the given time must 
satisfy the conditions (491), 

(I — 20 sin Q = ic — f 
(Z — li) cos Q = y — y) 

Let 

= the hour angle of the point 2/, 

<D = the west longitude of the place , 

then we have 

^ z=i fi — a = — to 

ind the equations (483) become 
^ = p cos 9 'siu ^ 

Tj = P slxL cf cos d — p cos <p^ sm d cos 
C = /? sm <f smd-{- p cos / cos d cos 

The filve equations in (493) and (494) involve the six variables 
6, jy, C? ^^d Qy any one of which may be assumed arbi- 

trarily (excluding, of course, assumed values that give impossible 
or imaginary results) , then for each assumed value of the arbi- 
trary quantity we shall have five equations, which fully deter- 
mine five unknown quantities, and thereby one point of the le- 
quired curve I shall take Q as the arbitrary variable 
In the present foim of the equations (494), they involve the 
unknown quantity />, which being dependent upon y' cannot be 
determined until the lattei is found. This seems to involve the 
necessity of at first neglecting the compression of the earth, by 
putting p ==ly and after an approximate value of <p' has been 
found, and thereby also the value of /), repeating the computation 
But, hy a simple transformation given by Bessel, this double 
computation is rendered unnecessary, and the compiessioii of 


} (493) 


I (494) 
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the earth is taken into account from the beginning. If <p is the 
geographical latitude, we have (Art. 82) 


p COS <p* 

in which 


cos <p 

\/(l — ee sin^ 


p sin = 


sin y? (1 — eg) 
■j/(l — ee sin* f) 


log ee = 7.824409 log i/(l ee) = 9.9985458 

If we take a new variable such that 


cos <p. — 

l/(l — ee sin* <p') 

we shall have 

sin <p, = y'(l - cos* = , g^ yt/d - ee) 

x/(l — ee sin* 


or 


cos <p^= p cos <p' 

|/(1 — ee) sin = /) sin <p^ 

^ tan <p, 

tan <p — — ^ 


Hence the equations (494) become 


l/(l — ee) 


Put 


^ = COS sin , 

yj = sin cos d |/(1 — ee) — cos 9 ?^ sin d cos 

C = sin sin d j/(l — ee) -f cos cos d cos ^ 


sin d^ = sin d 
p^ cos d^ = cos d i/(l — ee) 


p^ sin d^ — sin d |/(1 — ee) 
jOj cos d^ — cos d 


(495) 


The quantities may be computed for the same times 

as the other quantities in the tables of the eclipse, and hence 
obtained by interpolation for the given time. The factors 
and />2 will be sensibly constant for the whole eclipse. Va 
now have 


^ = cos 9 ?^ sin ^ 

7] = p^ sin cos d^ — cos 9 ?^ sin cos ^ 
C = /?2 sin sin d^ + p^ cos cos cos ^ 

Let us put 



and assume so that 


+ r;,* + = 1 


(496) 
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01 ^ wliicli IS equivalent, let ns take tlie system 


^ = cos (p^ sill "I 

7^^ = 8111 (p^ cos — cos <p^ sin eos ^ (497) 

Cj = sin sin fZj -j- cos cos d^ cos ) 

The quantity clijFeis so little fiom ^ tliat we may in piactice 
snhstitute one for the otliei in the small teim hut if theo- 

retical accuiacy is clesirecl we can leadily find ^ when is 
known, for the second and tlmd of (497) give 

cos cos — — Tj^ sin -j- n 

sin = rj^ cos d^ + q sm 


which substituted in the value of ^ give 

C = Cl cos — J,) /c 7^1 sin (d^ 




C498) 


Onr pioblem now takes the following foini "We have fust 
the thiee equations 


(I — iCi) sin Q = X 

— iQ COB Q = l/ 
+ Ci^ 1 


t 

s 

Pi 


} 


(499) 


which for each assumed valne of Q determine and Then 
we have 

cos ^1 sin = C 


cos Oj cos = — 7 )^ sin + C, cos 
sm 5 £>i = 7 ]^ cos di + Cj sm 


} 


(500) 


which determine <p^ and d Then the latitude and longitude of 
a point of the required outline aie found by the equations 


tan p 


tan 






]/(l — ee) 

To solve (499), let /3 and 7 be found hy the equations 
sm ^ sin 7 = jc — Z sm Q =1 a 


(501) 


sm d cos 7 : 


I cos Q 


= h 


(502) 


then we have 


^ = s,in ,3 sin 7 +• iCj fein Q 
7/1 =r:_ bin COb 7 q- Cl cos Q 
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where we have omitted as a divisor of the small term cos 
since we have very nearly — 1. Substituting these values in 
the last equation of (499), we find 

= cos^/9 — 22^1 sin cos ($ — y) — ( 2 ^ 1 )^ 

Neglecting the terms involving as practically insensible, this 
gives 

C^= ±: [cos /? — i sin cos (<2 r)] 

111 order to remove the ambiguity of the double sign, let us put 
Z = the zenith distance of the point Z (Art. 289) ; 
then, since & ~ p — a\^ the hour angle of this point, we have 
cos = sin ^ sin d + 00 s ^ cos d cos 
which by means of the preceding equations is reduced to 

_ sin (p 

cos Z = Lp (oOf ^ 

sm <p^ 


Hence cos Z and <^1 have the same sign. 

But, in order that the eclipse may he visible from a point on 
the earth’s surface, we must, in general, have .^less than 90° ; 
that is, cos Z must be positive, and therefore must he taken 
only with the positive sign. The negative sign would give a 
second point on the surface of the eai’th from which, if the earth 
were not opaq^ue, the same phase of the eclipse would also he 
observed at the given time. In fact, every element of the cone 
of shadow which intersects the earth’s sui'face at all, intersects 
it in two points, and our solution gives both points. 

If we put 

Sin 1" ^ 


we bave 


Cj = cos i? — sin /5 sin e 


or, with sufficient accuracy, 

= cos (P + e) (505) 


Thus, ^ and y being determined by (502), is determined by 
(504) and (505) : hence also and by the equations 


^ — r Cl -|- sin (2 

Tj^ =. b -j- cos Q 




460 


fcOLAE, iiCLlPBES 


The prohlem is, therefore, fully resolved , but, for the conve- 
nience of logarithmic computation, let c and C he determined 

by the equations . 

c Bin I (^507) 

c cos 0 = Cl J 

then the equations (500) become 

cos <p^ sin ^ I 

cos cos ^ = c cos ( (7 4* ^i) j (508) 

sin </}^ — c sin {0 -{■ J 

The curve thus determined will he the intei section of the 
penumhial cone, or that of the umhial cone, with the eaith s 
surface, accoiding as we employ the value of I foi the one or the 
other. 

299 The above solution is direct, though theoretically but 
appioximate, since we have neglected terms of the oidei of i 
It can, howevei, leadily be made quite exact as follows We 
have, hy substituting the values of Ci Vi 
lecting the term involving the pioduct i sin(ii— ^^2)? which is 
of the same order as 

^ =z cos (/3 4 e) p^sm cos y sin (^^ — d^) 
and, putting 

e' = (d^ — cZj) cos y 

we have, within terms of the order 

C = /^aCOS (/9 4 e 4 e') (509) 

The substitution of this value of m the term i ^ involves only 
an erior of the older 2^, which is altogether insensible. The 
exact solution of the prohlem is, therefore, as follows Find /3 
and y foi each assumed value of Q, by the equations 

X — I sin Q =. a 
y I cosQ _ ^ 

Px 


then e and e' hy the equations 
ico8((2-~r) 

sm 1" 


sill /5 sin 7 = 
sin /9 cos y = 


e' = (d^ — cos y 
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I'ilul /9' and y’ by tlie equations 


sin , 


sin / = « + i>,cos (/3 + e + ^') BmQ = S 


sin /3 ' cos y'— b + 
tlien we liave, rigorously, 


i>, cos (/S 4- £ + s') cos Q 


Pi 


cos i?' 


and these values of ?, iji, and Zi may then he substituted in (500), 
which can be adapted for logarithmic computation as before.* 


300. It remains to be determined whether the eclipse is begin- 
ning or ending at the places thus found. A. point on the earth s 
surface which at a given time T is upon the surface of the cone 
of shadow will at the next consecutive instant T + dT he. 
iviihm or without the cone according as the eclipse is beginning or 
ending at the time T; the former or the latter, according as the 
distance J = "b (l/ — becomes at the time T b 2 

less or gveodeT than the radius of the shadow I In the ca ?e 

of total eclipse I — iZ is a negative quantity, but by comparii g 
with.(Z — we shall obtain the required criterion for i.ll 
cases ; and, therefore, the criterion of beginning or ending, either 
of partial or of total eclipse, will be the negative or posiiiee value 
of the differential coefficient, relatively to the time, of the 


or tlie negative or positive value of the quantity 



* In this problem, as well as in most of the subsequent ones, I have not followed 
Bessel’s methods of solution, which, being mathematically rigorous, though as 
simple as such methods can possibly be, are too laborious for the practical purposes 
of mere prediction. As a refined and exhaustive disquisition upon the whole theory, 
Bessel’s Analyse der Finsternisse, in his Untersuchmgen, stands alone. 

On the other hand, the approximate solutions heretofore in common use are mostly 
quite imperfect ; the compression of the earth, as well as the augmentation of the 
moon’s semidiameter, being neglected, or only taken into account by repeating the 
whole computation, which renders them as laborious as a rigorous and direct method. 
I have endeavored to remedy this, by so arranging the successive approximations, 
when these are necessary, that only a small part of the whole computation is to be 
repeated, and by taking the compression of the earth into account, in all cases, from 
the commencement of the computation. In this manner, even the first approxima- 
tions by my method are rendered more accurate than the common methods. 
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wliere we omit tlie insensible variation of i Tor brevity, let us 
dx diJ 

vriite r', &c denote the above quantity 

by P, then, atcer sabstituting the values of cc — 6 = (l—^C) sin. Q, 

^ = (^l — cos we lia\e 

P = X [(i' ^ f 0 <3 + (y - y) cos Q-{V- iVy] 

m winch L=T— If we put 

P' == (P --- $0 ^ + (y — V) COB Q — (l' — ^C0 (510) 

we shall have 

F=LT^ 

The quantity P will he positive or negative according as L and 
P' have like signs or difteieiit signs. 

Poi exteiioi contacts, and for interior contacts in annular 
eclipse, X IS positive (Ait 293), and hence foi these cases the eclipse 
IS beginning or ending accoiding as P' is negaiiie or jposxtwe, hut for 
total eclipse, X being negative, we have beginning or ending 
according as P' is positive or negative 
We must now develop the quantity P' Taking one hour as 
the unit of time, x', y', Z', will denote the houily changes 

of the seveial cjuantities. The first thiee of these may he 
derived from the general tables of the eclipse for the given time , 
hut f', aie obtained hy differentiating the equations (494), 
in which the latitude and longitude of the point on the earth’s 
suiface are to be taken as constant Since ^ = pi — co^ we shall 

- d^ d/uL. _ . 

have , and hence, putting 

/ = — sin 1" d' = — sin 1" 

dT dT 

we find 

= f/p cos cos == p! ( — >7 sin -f C cos d') 
z=z jjf [ — y sin d Z cos d (I — iC) sin d cos §] 
jf z= pf ^ sin d — d'Z 

= // sin d — (I — iZ) sin d sin Q] — d'Z 
c'= — /ecos^ -f d'Tj 

= p' [ — X cos d (I — iZ) cos d sin §] [y — (I — ^C) cos Q} 
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Substituting these values in (510), and neglecting terms involving 
P and id' as insensible, we have 


= a' — b' cos ^ -f c' sin Q — : (// cos d sin Q ~ d' cos Q) • 

in which a', b'^ and c', denote the following quantities: 

a! — — r — // ix cos d ^ 

P z= — y -j~ // X sin d > (511) 

c' — x' // y sin d -j- // il cos d j 


The values of these quantities ma^- he computed for the same 
times as the other quantities in the eclipse tables, and their 
values for any given time will then be readily found by interpo- 
lation. For any assumed value of therefore, and with the 
value of Z found by (509), the value of P' may be computed, and 
its sign will determine whether the eclipse is beginning or 
ending. In most cases, a mere inspection of the tabulated values 
of a', h', and c', combined with a consideration of the value of 
will suffice to determine the sign of P' ; but when the place 
is near the northern or southern limits of the shadow, an aecu- 
ime computation of P' will be necessary; and, since other appli- 
cations of this quantity will be made hereafter, it will be proper 
to give it a more convenient form for logarithmic computation. 


Ihit 


e sin P = h' 
e cos E = d 


/ sin P = d' 
f cos F fj! cos d 



then we have 


z= a' e sin (§ — E) — s/ sin {Q — F) (513) 

Since a' and Pare both very small quantities, and a verj^ precise 
computation of P' will seldom be necessary when its algebraic 
sign is alone require<l, it wull be sufficient in most cases to neglect 
tlmse quantities, and also to put Cy for C, and then we shall have 
the following simple criterion for the case of partial or annular 
eclipse : 

If 6 sin ( ^ — P) Cl / sin Q. the eclipse is hegiiming. 

If € sin (§ — P) > sin the eclipse is ending. 

For total eclipse, reverse these conditions. 

301. In order to facilitate the application of the preceding as 
well as the subsequent problems, it is expedient to prepare the 
values of d,, log ,o„ <4 log a', b', e', e, JS,f, F, and to arrange 
them in tables. 
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Foi oul exam]^)lc of the eclipse of July 18, 1860, witli tLe 
values of d given on p 454, we foim the following table by tlie 
equations (495) 



d. 

log H 


log Ih 

0^ 

21 ° r 39" 5 

9 9987324 

20° 53' 58" 0 

9 9998143 

1 

1 14 0 

23 

53 32 6 

45 

2 

0 48 5 

22 

53 7 3 

46 

3 

0 22 9 

21 

52 41 8 

47 

4 

20 59 67 4 

20 

52 16 4 

48 

5 

59 31 8 

19 

51 50 9 

60 


The values of 3 /', and Z', required in (511), deiived also from 
the eclipse tables on p 454, by the method of Ait 75, aie as 
follows 



a:' 

y' 

v 

0 » 

+ 0 545277 

— 0 160108 

— 0 000038 

1 

5312 

0486 

061 

2 

5310 

0846 

084 

3 

5256 

1188 

107 

4 

5134 

1512 

130 

5 

4928 

1818 

154 


Hence, by (511) we find the values of a', 6 ', c' to be as follows 
The values for interioi contacts aie seldom lequired. 



For exterior contacts 

Tor interior contacts 

of 

b* 

Cf 

a' 

V 

c' 

0* 

1 

2 

3 

4 

5 

4- 0 001356 
-f 0 000766 
-f 0 000175 

— 0 000415 
™ 0 001005 

— 0 001595 

4 - 0 050342 
4 - 0 101816 

-f 0 153241 
+ 0 204612 
-f 0 255925 
+ 0 307171 

+ 0 631779 
-f 0 616776 
-f 0 601711 
-f 0 586571 
-I- 0 571342 
4- 0 556010 

-)- 0 001360 
4 - 0 000762 
+ 0 000175 

— 0 000413 

— 0 001000 

— 0 001586 

-f 0 050342 
-f 0101816 
-f 0 153241 
-f- 0 204612 
-f 0 255025 
-f 0 307171 

+ 0 6 S 1166 
-1-0 616162 
-1- 0 601097 
-1- 0 585957 
-1- 0 670728 
-1- 0 556395 


The values of 6 , /, foi exterior contacts^ deduced fron 

these values of i' and c', and from d' = — 25". 5 sin 1 ", by (512) 
are as follows : 
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JE 

log e 

F 

log/ 

0» 

4^ 33' 21" 

9.801939 

— 0° V 44" 

9.388244 

1 

9 22 25 

.796965 

u 

264 

2 

14 17 17 

.793034 

a 

285 , 

B 

19 13 48 

.793255 

a 

305 

4 

24 7 46 

.796604 

a 

826 

5 

28 55 7 

.802923 

i£ 

347 


302. To illustrate the preceding formula, let us find some 
points of the outline of the penumbra on the earth’s surface at 
the time T= 2‘ 8'" 12’. Tor this time, we have 


a' = — 0.00672 
y z= 0.57409 
I = -I- 0.53673 


log/)j= 9.99873 
i,= 2P 0'45' 
;a,= 30 34 13 


log i = 7.66287 


Let us find the points for Q = 50° and Q — 300°. The com- 
putation may be arranged as follows : 


Q 

By (502) : a = sin /? sin ^ 

b = sin /? cos y 

r 

i9 

Hence by (504) : e 

/9 -1- E 

By (605) : log Cj = log cos (/S -|- s) 

itiSin Q 
i7iCos Q 

By (506) : S 

By (507) : log log c sin C 

log Cj = log c cos C 
logo 
0 

0+d, 

By (508) : log I = log cos sin >9 
log c cos (0 + d^) — log cos Pjcos *9 

log tan t 9 
log cos <p^ 

log c sin (6’ + d^) = log sin <p^ 

log tan <p^ 
log -|/(1 — ee) 
log tan <p 
4 

fij — i9 = o 

f 


50 ° 


— 0.41788 

- 4 - 0.22975 

— 61° ir 52" 

28 28 52 
— 5 43 

28 23 9 
9.94437 

+ 0.00310 
0.00260 

— 0.41478 

+ 0.23235 

9.36614 
9.94437 
9.95901 
14° 47' 39" 
35 48 24 
a9.61782 
9.86803 
n9 .74979 
9.92764 
9.72620 
9.79856 
9.99855 
9.80001 

— 29° 20' 20" 
59 54 33 
32 15 3 


300 ° 


+ 0.45810 
+ 0.30662 
56° 12' 16" 
33 27 7 
— 6 59 

33 20 8 
9.92193 
— 0.00333 
+ 0.00192 
+ 0.45477 
+ 0.30854 
9.48931 
9.92193 
9.94969 
20° 16' 9" 
41 16 54 
9.65779 
9.82560 
9.83219 
9.90803 
9.76908 
9.86105 
9.99855 
9.86250 
34° 11' 46" 
356 22 27 
36 4 40 


Tol.I.— se 
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To find wlietliei tlie eclipse is 'beginning oi ending at these 
places, Ave have, fioni the table on p 465, for T— 2'^ 8" 12, 


log e 
E 

Q-E 
log e sin — E) 
log/ 
log Ci/siii Q 


9 7931 
14° 58' 
35 2 

9 5521 
9 3883 
9 2170 


285° 2' 
n9 7780 

n9 2477 


At the hi&t point, therefore, we have e sin {Q — U)> Ci 

and the eclipse is ending At the second point, we have 

e sin(§ —JE)< Cl /sin §, and the eclipse is beginning 


Itmiig cmd Setting Limis 

303 To find the rising and setting limits of the eclipse ^By these 
limits we mean the curves upon which aie situated all those poir^ 
of the earth’s surface where the eclipse begins or ends with t e 
sun in the horizon It w'lll be quite sufficient foi all practica 
purposes to determine these limits by the condition ffia e 
pffini Z IS in the horizon. This gives in (503) cosZ— , or 

= 0, and, consequently, by (496), we have 

= 1 

as the condition which the co-ordinates of the required points 
must satisfy 

How, let It be lequired to find the place where tins equation 
IS satisfied at a given time T. Let x and y he taken for t is 
time, then we have, by putting Ci= ^ (499), 


I sin Q = X — $ 
leoeQ. = y —n 


Let 


\ 

m sin M X 

p BUi f ^ 

[(615) 

m cos M = y 

then, fiom the equations 

p cos Y = 1 

2 am Q — m sin M - 

— p 81X1 y 

}(516) 

1 cos Q — m cos M ■ 

we deduce, by adding their squares, 

— p cos y 


pz= m? — 2mp cos {M — y) -j- P* 


2 sm* i {M — r) = 1 — 00® — r) = 
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If then we put = M — y, we have 


sin J A = : 

Y ~ itr zh 


l[(l -f Wl - 

f — 

+ 

s 

1 

i 

/L 

4mp J 



in wliicli I A may always be taken less than 90°, but the double 
sign must be used to obtain the two points on the surface of 
the earth which satisfy the conditions at the given time. 

In this formula, If, and I are accurately known for the 
given time, but ^ is unknown. It is evident, however, from 
(514) and (515), that we have nearly = 1, and this value may 
he used in (517) for a tirst api:)roximation. To obtain a more 
correct value of let us put f = sin 7'; then, by (514), we have 
3^1= cos and, consec[ueutly, since rj = 


p sin Y = sin / 
p cos Y = Pi cos y' 

Hence we have 

tan y' ~ Pi tan y ) 

sinr' Pi eos / / (^1^) 

^ sinT' cos Y ) 

and with this value of p the second computation of (517) will 
give a very exact value of y. With this second value of y si still 
more correct value of p could be found; but the second approxi- 
mation is always sufficient. 

With the second value of y, therefore, we find the final value 
of y' by the formula 

tan / = tan y 

and then, substituting the values f = sin y', = cos y', = 0, in 

(500), we have, for finding the latitude and longitude of the 
required points, the formulae 


COB ^j^sin = sin y' 

cos (p^ cos = — cos y' sin 
sin = cos y cos 


ii) p.^ — ^ 


tan ^ = 


tan <p^ 

t /(1 — « e ) 



In the second approximation, we must compute A and y by 
(517) sepai-ately for each place. 
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304 Tlic sun is iiaiiig oi sotting at the given time at the 
places iluis (lotei mined, accoiding as d- (which is the houi angle 
of the point Z) is hctweeii 180° and 360° oi hetwecii 0° and 180° 

To cleteiniiiie whether the eclipse is hegiumng or ending, we 
may have lecouise to the sign of P' (513), and it will usually be 
sufficient foi the pi*eseiit prohleni to put both ct^ and ^ 0 in 

that expiession, and then tlie eclipse is beginning oi ending 
accoiding as sin (Q — P) is negative oi positive Now, by (516), 
we find 

I sin (Q — m sm (M — E) — p sin (r — 

Hence, for points in the using oi setting limits, 

If m sin (M—E)<p siti (y — P), the eclipse is beginning, 

If m sin (ill — P) > p sin (y — P), the eclipse is ending 

305 In order to apply the preceding method of detei mining 
the rising and setting limits, it is necessaiy first to find the 
extreme times between which the time T is to be assumed, ox 
those limits of T between wliicli the solution is possible The 
two solutions given by (517) must leduce to a single one when 
the Buiface of the cone of shadow has hut a single point in 
common with the earth’s surface , — i e, in the case of tangeney of 
the cone and the teirestiial spheroid Now, the two solutions 
reduce to one only when = 0, and both values of y become M , 
hut if A = 0, the numerator of the value of sin JA must also be 
zero, and hence the points of contact are deteimined by the 
conditions 

I m — ^ =0 and I — m •+ p = 0 

or hy the conditions 

m = p I and = p ^ 

There maybe four cases of contact, two of exteiior and two of 
interioi contact The two exteiior contacts aie the first and last, 
or the hegimiing and the end of the eclipse generally , the axis of the 
shadow IS then without the earth, and therefore we must have 

for these eases m — j/a? -^ ^ == p I 

The first inteiior contact coi responds to the last point on the 
earth’s surface where the eclipse ends at sunrise ; the second, 
to the first point where it begins at sunset But these interior 
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contacts can occur only when the whole of the shadow on the 

pimcipal plane falls within the earth, and for these cases there- 
to re, we must have m = p — L ' 

beginning and end generally we have, therefore, bv 
( 515 ), ’ 

(p H- T) sin M = X 

Cp + 0 M= 2/ 

Let J be the time when these conditions are satisfied, and put 

T=T,+ t 

m which is the epoch of the eclipse tables, for which the 
values of x and y are and Then, and y^ being the mean 
hourly changes of x and y for the time we have 


Putting 


X ~ X ^-\- TX * 

y + -y' 

sin JTq — n sin JS' = x' 

n\ cos M^ — n cos IT =y* 


tlio al) 0 Ye conditions become 



(p -|- 0 -j- r . sin IT 

(y -b t) cos M = Wq cos , 71 cos IT 

whence 

(P + 0 

(p + 1) cos (M — IT) = cos — iV) 4- nr 

so that, if we put iJf ~ iV^ = we have 

sin (Mn — N) 

sin 4^ = 4 - 

p + l 

r = l±I cos 4 — ^ cos (Jf„ — N) 
n 71 ^ ° 

T=T,^r 



in wliicn cos 4' may be taken -witli either the negative or the 
positive sign; and it is evident that the first will give the 
bcginiiiug and the second the end of the eclipse generally. 

For the two interior contacts we have 


sin ^ 


sin (J 4 n — iV) 


f — l 
p — I ' 


C08 4- — ^ eos(Jf -- JV-) 

71 ^ ® 



n 
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Tliese interior contacts cannot occur when p 1 h less tlian 

sin (ifo — wliicli would give impossible values of sin 

111 these formulae we at first assume ^ = 1, and, after finding 
an approximate value of have, bj (517), in which A -■= 0, 

Y = and in the present problem M ■= N + therefore 

Y = N + ^ ( 528 ) 

with which ^ is found by (518), and the second computation of 
(521) or (522) will then give the required times. We must 
employ in (523) the two values of ^ found liy taking cos ^ with 
the positive and the negative sign; and therefore difierent values 
of p will be found for beginning and ending, so that in the 
second approximation separate computations wdll be necessary 
for the two cases. 

In the first approximation the mean values of 2/^ ^ 

may he used, or those for the middle of the eclipse. With the 
approximate values of r thus found, the true values of 
and I for the time T= Tq + ^ taken for the second 

approximation. 

After finding the corrected value of we then have also the 
true value of )" = W + 4^ for each point, and hence also the 
true value of y' hy (518), with which the latitude and longitude 
of the points will be computed hy (519). For the local apparent 
time of the phenomenon at each place we may take the value 
of d- in time, which is very nearly the sun’s hour angle. 

306. When the interior contacts exist, the rising and setting 
limits form two distinct enclosed curves on the earth’s surface. 
If we denote the times of beginning and ending generally, de- 
termined by (521), by and and the times of interior con- 
tact, determined by (522), by T/ and 7^', a series of points on 
the rising limit will be found by Art. 308, for a series of times 
assumed between and and points of the setting limit for 
times assumed between and Tg- 

When the interior contacts do not exist, the rising and setting 
limits meet and form a single curve extending through the whole 
eclipse. The form of this curve may be compared to that of the 
figure 8 much distoi’ted. A series of points upon it will be 
found by assuming times between and 

SOT, Example. — ^Let us find the ilsing and setting limits of 
the eclipse of July 18, 1860. 
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First. To find the begiimiug and ending on the earth gene 
rally, we have for the assumed epoch = 2\ page 455, 

»i„ sin JI4 = x^ = — 0.081244 a sin JV = x' = + 0.5453 

OT„ cos Jlf„ = = + 0.596075 nQosN=y'= — 0.1608 

which give 

log = 9.77930 log n = 9.75474 

= 352° 14' IQ" N= 106° 25'.8 

log wi, sin (if, — N) = M9.73938 cos (if, — JSf)— — 0.4386 

For a first approximation, takings = 1, we find, by (521), 

p -{- I = 1.5367 log sin 4 - = k9 .5528 

cos 4- = ^ 2*525 
n 

2;--^eos(i/„- iO + 2.434 

Approx, T, = 2S\909 (July 17) 

end T, = 4 .959 (July 18) 


Taking cos *4/ negative for beginning and positive for ending, 
we have then, by (518) and (523), 


4 

-ZV’4- 4 == r 

log tan Y 
log Pi 
log tan Y 
log sin / 
log sin Y 
log TP 
P 
I 

j) I 

For the above computed 

log = log n sin N 
log a/' = log n cos iV 


Beginning. 

End. 

200® 55' .4 

339® 4'.6 

307 21 .2 1 

85 30.4 

?i0.11732 1 

1.10466 

9.99873 

9.99873 

7^0.11605 

1.10339 

9.89985 

9.99865,5 

9.90032 ; 

9.99866,3 

9.99953 

9.99999 

0.99892 

0.99998 

0.53687 

0.53640 

1.53579 

1.53638 

times we further find 

9.73664 

9.73654 ■ 

W9.20538 

n9.20774 

9.75467 

9.75477 

106° 23' 50" 

106° 29' 8 
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For a second approximatiott, therefoie, recomputing (521), we 
now jB.nd 

log sin 4. 55316 n9 55269 

log cos 4- »9 97032 9 97039 

T 23"' 9098 4‘ 9587 

4 200° 56' 27" 339° 4' 68" 

JV + ^ 307 20 17 85 34 6 

and by (518) log tan / uO 11629 1 10942 

Tken, for the latitude and longitude of the points, we have, 
by (519), 

d, 21° 1' 42" 20° 59' 33" 

fi, 367 9 57 72 54 8 

^ 254 38 57 91 35 43 

— 4 = w 102 31 0 341 18 25 

a 34 38 34 4 9 46 

Therefore the eclipse begins on the earth generally on July 17, 
23» 54m 5 G-reenwich mean time, m west longitude 102° 31' 0" 
and latitude 34° 38' 34", and ends July 18, 4'‘ 57“.5 111 longitude 
341° 18^ 25" and latitude 4° 9^ 46" 

It is evident that for practical purposes the first appioximatiou, 
which gives the times within a few seconds^ is (jiiite su£S.cient, 
especially since the effect of refraction has not yet been taken 
into account (See Art 327 ) 

Secondly — W e now pass to the computation of the curve which 
contains all the points wheie the eclipse begins or ends at sun- 
rise or sunset. In the present example, this curve extends 
through the whole eclipse, since we have sin {Mq— iV') > 1 — L 
hence the required points will be found for (J-reenwich times 
assumed between July 17, 23^ 91 and July 18, 4^‘'-96 Let us take 
the series 

T, 0^ 0* 2, 0^ 4, 0* 6, 0* 8 . 4» 6, 4^^ 8 

The computation being carried on for all the points at once, the 
legular piogiession of the coriesponding numbers for the suc- 
cessive tinies furnishes at each step a veiification of its correct- 
ness To illustrate the use of the formulae, I give the computa- 
tion foi T= 2^ 0 nearly in full Tor this time, we find, from 
p 454 and p 464, 

x — m sill xir = — 0 08124 I = 0 53675 i = 2P 0' 49" 
y = m cos xli = + 0 59608 log 9 99873 
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and lienee 

M = 352® 14' 21" log m = 9.77931 m = 0.60160 

Then, by (517), taking = 1, we have 

ar. CO. log Amp 9.61863 

I = 0.13835 log 9.14098 

Z — m + 7 ) = 0.93515 log 9.97088 


X = 26° 49' log sin= i X 8.73049 

With this first approximate value of X we find the value of p for 
each of the two points, by (518), as follows : 


:± X = Y 

19° 3' 

325° 25 

log tan y 

9.53820 

9.83849 

log tan y = log tan / 

9.53693 

9.83722 

1 p. cos y' 

- eos/-^"S^ 

9.99887 

9.99914 


0.99740 

0.99802 

Repeating (517) with these values of p : 


ar. CO. log 4 mp 

9.61976 

9.61949 

log (Z + OT — p) 

9.14907 

9.14715 

log (1 — m -f p) 

9.96967 

9.96996 

log sin* i X 

8.73850 

8.73660 

dt 

+ 27° 4' 4" 

— 27° 0' 26" 

Jkf ± X ~y 

19 18 25 

325 13 55 

log tan y 

9.54448 

n9.84148 

log tan y' 

9.54321 

n9.84021 


Hence, by (519), 


A 135° 45' 4" 242° 36' 46" 

For T= 2\ (p. 455), /i, 28 31 12 28 31 12 

fjL^ — A = a, 252 46 8 145 54 27 

9 61 52 35 50 13 46 

Local app. time == »5 in time, O'* 3“.0 lO** 10™. 45 

Sunset. Sunrise. 

To find whetlier the eclipse is beginning or ending at these 
points, we have, from p. 465, and by Ait. 304, 

£ 14° 17' 

log m sin (Jf — U) n9.3538 w9.3538 

log p sin (y—E) 8.9406 ji9.8772 

Beginning. Ending. 

In the same manner are found the results given in the following 
table : 
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SOLAR ECLIPSE, July 18, 18b0 —RISING AND SETTING LIMITS 


Greenwich 

Latitude 

Long W from 
Greenwich 

Local 

App Time 



Mean 

Time 





















0 

+ 44° 

27' 

110° 

35' 

16'^ SI” 

7 

Begins 

at Sunrise 


2 

52 

34 

121 

33 

15 

59 

8 

a 

it 


4 

58 

1 

132 

21 

15 

28 

7 

u 

it 


6 

62 

10 

144 

2 

14 

53 

9 

(( 

it 


8 

65 

21 

157 

6 

14 

13 

7 

a 

it 

1 

0 

67 

36 

171 

46 

13 

27 

0 

a 

ti 


2 

68 

49 

187 

56 

12 

34 

4 

ii 

it 


4 

68 

58 

204 

56 

11 

38 

3 

a 

Sunset 


6 

67 

55 

221 

51 

10 

42 

7 

n 

it 


8 

65 

37 

237 

54 

9 

50 

5 

a 

it 

2 

0 

61 

53 

252 

46 

9 

3 

0 

it 

it 


2 

56 

16 

266 

33 

8 

19 

9 

(( 

it 


4 

48 

5 

279 

17 

7 

41 

0 

it 

it 


6 

37 

15 

290 

36 

7 

7 

7 

a 

it 


8 

25 

6 

300 

12 

6 

41 

3 

a 

(t 

s 

0 

13 

36 

308 

12 

6 

21 

3 

it 

it 


2 

+ S 

59 

315 

0 

6 

6 

1 

it 

it 


4 

-- 8 

24 

320 

50 

5 

54 

8 

it 

it 


6 

— 8 

43 

325 

53 

5 

46 

5 

it 

it 


8 

— 12 

14 

330 

17 

5 

41 

0 

it 

it 

4 

0 

— 14 

11 

334 

4 

5 

37 

8 ' 

ct 

ct 


2 

— 14 

48 

337 

19 

5 

36 

8 

it 

<t 


4 

— 14 

6 

340 

2 

5 

38 

0 

Ends 

ti 


6 

--- 11 

56 

342 

9 

5 

41 

5 

it 

it 


8 

— 7 

32 

343 

25 ; 

5 

48 

4 

it 

it 

0 

0 

+ 25 

45 

1 99 

10 

17 

17 

4 

Begins at Sunrise 


2 

20 

1 

99 

33 

17 

27 

9 

it 

it 


4 

17 

16 

101 

22 

17 

32 

6 

it 

a 


6 

16 

7 

103 

52 

17 

34 

6 

Ends 

tt 


8 

16 

17 

106 

56 

17 

34 

3 

it 

it 

1 

0 

17 

46 

no 

34 

17 

31 

8 

Lt 

ti 


2 

20 

42 

114 

50 

17 

26 

7 

it 

a 


4 

25 

17 

119 

57 

17 

18 

3 

it 

tt 


6 

31 

45 

126 

14 

17 

5 

2 

Ct 

it 



8 

40 

0 

134 

15 

16 

45 

0 

ct 

ti 

2 

0 

50 

14 

145 

54 

16 

10 

5 

ct 

tt 


2 

60 

21 

163 

47 

15 

10 

9 

it 

it 


4 

67 

27 

191 

43 

13 

31 

2 

it 

it 


6 

8 

68 

66 

55 

27 

224 

249 

18 

7 

11 

10 

32 

5 

9 

6 

it 

ie 

Sunset 

a 



CURVE OF MAXIMUM IX THE HORIZOX. 


475 


SOLAR ECLIPSE, July 18, I860.— RISING AND SETTING LIMITS.— 


Greenwicli 
Mean Time. 

Latitude. 

0 

Long. AV. from 
Greenwich. 

0) 

Local 

App. Time. 


3\0 

-f 62° 

43' 

265° 37' 

9‘ 11“.6 

Ends at Sunset. 

.2 

58 

44 

277 27 

8 

36 .3 

a 

it 

.4 

54 

42 

286 49 

8 

10 .8 

ti 

iC 

.6 

50 

35 

294 47 

7 

51 .0 

IC 

a 

.8 

46 

21 

301 53 

7 

34 .6 

(C 

(C 

4.0 

41 

55 

308 26 

7 

20 .3 

u 

u 

2 

37 

10 

314 40 

7 

7 .4 

a 

it 

.4 

31 

57 

320 43 

6 

55 .2 

u 

it 

.6 

25 

55 

326 48 

6 

42 .9 

C( 

>.£ 

.8 

18 

11 

333 18 

6 

28 .9 

a 

li 


These points being projected upon a chart (see p. 504), the 
whole curve may be accurately traced through them. It mil he 
seen that the method of assuming a series of equidistant times 
gives more points in those poi'tions of the curve where the 
curvature is greatest than in other portions, thus facilitating the 
accurate delineation of the curve. This advantage appears to 
have been overlooked by those who have preferred methods 
(such, for example, as Hansen’s) in which a series of equidistant 
latitudes is assumed. 

308. The preceding computations have been made for the 
penumbra ; but we may employ the same method to determine 
the rising and setting limits of total or annular eclipse by 
employing in the formulse the value of I for interior contacts. 
These limits, however, embrace so small a portion of the earth's 
surface that they are practically of little interest. 

Curve of hlaxvmxm. in the Horizon. 

809. To find the curve on which the maximum of the eclijpse is seen 
at sunrise or sunset. — When a point of the earth’s surface whose 
co-ordinates are rj, and ^ is not on the surface of the cone of 
shadow, but at a distance d from the axis of the cone, we have 
the conditions (485), 

d sin Q = X — $ 
d cos Q — y — yj 
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The ainoiint of obscmatioii depends upon the distance by 
wliich the place is immersed within the shadow, that is, upon the 
distance L — L being the radius of the shadow on the paralleV 
plane at the distance ^ from the piincipal plane Por the 
maximum of the eclipse, therefoie, we have the condition 

dL 

dT ~~ dT"~ 


Differentiating the above equations relatively to the time, and 
denoting the deiivatives of r, y, &c by accents, as in Art 300, 
we have 


sill Q — J cos Q 


which give 


cos Q + ^ sin Q = y' — 77' 
dT ^ 

dA 

— = (r'— e') sin § 4. cos Q 


The equation L=l — gives 

(IT 

and, therefore, 

r—zC— Qc'— e') sm Q — (y'—i]') cos $ = 0 (525:) 

or, by (510), 

P’=0 (526) 

This IS, therefore, the general condition ■which characterizes 
the maximum of the eclipse at a given time In the present 
problem we have also the condition that the sun is in the hoiizon, 
foi which we may, as in Art 303, substitute the condition Ci= 0 
Since, however, the instant of greatest obscuiation is not subject 
to any nice observation, a very piecise solution of the problem 
is quite unimportant, and we may be satisfied with the approxi- 
mate solution obtained by supposing = 0, and at the same 
time neglecting the small quantity a' in P'. The condition 
(526) will then he satisfied when in (513) we have 

sin (Q — JE7) = 0 

that IS, when 

Q = I! or Q=^ 180° -f H 
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Hence, for any given time, the conditions (524) become 

:i:: zl sin JS' = X — ? 

±: Zl cos Er=iy — -q 

which with the condition 

+ = 1 ‘ 

must determine the required points of our curve. The angle B 
is here known for the given time, being directly obtained from 
its tabulated values, but A is unknown. Putting, as in the 
preceding problem, 

m sin If = X sin f 

m cos M =y p cos y — q 

we have 

zh ^ sin -E7 = m sin ilf — p sin y 
±: A cos B = m cos M — p cos y 

whence 

0 = m sin (ilf — E') — p sin (j — E) 

±: A z=m cos (Jf — E) — p cos (j — E) 

Therefore, putting = y —B, we have 




The first of these equations will give two values of since we 
may take cos with the positive or the negative sign ; but, as 
only those places satisfy the problem which are actually imthm 
the shadow, we must have z^ < Z, or, at least, A not greater than L 
That value of ^p which would give z/ > ^ must, therefore, be 
excluded: so that in general we shall have at a given time but 
one solution. 

It will be quite accurate enough, considering the degree of 
precision above assigned, to employ in (527) a mean value of p, 
or, since p falls between />i and unity, to take log p = Jlog 
But, if we wish a more correct value, we have only to take 

y = -f" E (^528) 

and then find p as in (518) ; after which (527) must be recom- 
puted. 
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Having found the true value of by (527), and of f by (528), 
we then have / by the equation 

tan /:= tan ^ 

and the latitude and longitude of each point of the curve by (519), 
The limiting times between which the solution is possible will 
be known from the computation of the rising and setting limits, 
in which we have already employed the quantity m sin [M—E)\ 
and the present curve will be computed only for those times for 
which m sin (Jf — E) < L These limiting times are also the same 
as those for the northern and southern limiting curves, which 
will be determined in Art. 313. 


310. The degree of obscuration is usually expressed by the 
fraction of the sun’s apparent diameter which is covered by the 
moon’s disc. When the place is so far immersed in the penumbra 
as to be on the edge of the total shadow, the obscuration is total ; 
ill this case the distance of the place from the edge of the 
penumbra is equal to the absolute difterence of the radii of the 
penumbi'a and the umbra, that is, to the algebraic sum L + ii, 
Li denoting the radius of the umbra (which is, by Art. 293, 
negative) ; but in any other case the distance of the place within 
the penumbra is L — J : hence, if D denotes tlio degree of 
obscuration expressed as a fraction of the sun’s apparent 
diameter, we shall have, very nearly, 


D = 


L — A 
L + L, 


(529) 


This formula may also be used when the eclipse is annular, in 
which case is essentially positive ; and even when A is zero, 
and the eclipse consequently central, the value of D given by 
the formula will be less than unity, as it should be, since in that 
case there is no total obscuration. 

In the present problem we have 


D = ^ ( 529 *) 

l + k 

in which I and are the radii of the penumbra and umbra on 
the principal plane, as found by (488). 

Example. — ^In the eclipse of July 18, 1860, compute the curve 
on which the maximum of the eclipse is seen in the horizon. 
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111 the computation of the rising and setting limits, the 
quantity m sin {M—JE) was less than unity only from T= 0h6 
to T= i^.2: so that the present curve may be computed for the 

series of times 0\6, 0'*.8 4h0, 4h2. For an approximate 

computation we may take log^i = |log 9.9994, and employ 
only four decimal places in the logarithms throughout. 

The computation for T=^ 2'* is as follows. For this time we 
have already found (p. 473) 


Hence, by (527), 


log m 
M 
E 


M—E 
log m sin (M — E) 
logp 


9.7793 
852° 14'.4 
14 17.3 
337 57.1 
?i9.3538 
9.9994 


log sin 4, 
log cos 4 
log p cos 4 
log m cos (Jlf — E) 


n9.3544 

9.9886 

9.9880 

9.7463 


m cos (Jf — E) 
p cos 4 


+ 0.5575 
+ 0.9727 

0.4152 


Here, if cos were taken with the negative sign wo should 
find J= 1.5302, which is greater than 1. Taking it, therefore, 
with the positive sign only, we have 


4 

4 ^ E = Y 

log == 9.9987 log tan y 

log tan / 

with which we find, by (519), 

P-Y 

w 

. . ^ 
App. time = 1? in time 


— 13° 4'.3 
+ 1 13. 
8.3271 
8.3258 


176° 37'.2 
28 31.2 
211 54 
69 1 

11* 46”‘.5 
Sunset. 


To express the degree of obscuration according to (529*) we 
have, taking the mean values of I and 4 (p. 454), 



0.5366 

0.0092 

0.5274 


I — d = 0.1214 


D 


0.121 4 

0.5274 


= 0.23 


In the same manner all the following results are obtained; 
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SOLAR ECLIPSE, July 18, 1860 —CURVE OF MAXIMUM OF THE ECLIPSE 

IN THE HORIZON 





Long IV 

from 

App 

Local 

Degree of 

Greenwich 


A V 

Greenwich 

Time 


Obscuration 

Mean T 











9 


(0 





D 

0" 

6 

4- 24° 

44' 

107° 

41' 

17A 

19- 

3 

0 30 

0 

8 

37 

47 

117 

47 

16 

50 

9 

76 

1 

0 

47 

3 

127 

49 

16 

22 

8 

97 

1 

2 

54 

31 

139 

1 

15 

50 

0 

74 

1 

4 

60 

38 

152 

24 

15 

8 

5 

56 

1 

6 

65 

20 

169 

0 

14 

14 

1 

41 

1 

8 

68 

16 

189 

16 

13 

5 

0 

31 

2 

0 

69 

1 

211 

54 

11 

46 

5 

23 

2 

2 

67 

34 

233 

82 

10 

31 

9 

18 

2 

4 

64 

20 

261 

42 

9 

31 

3 

17 

2 

6 

59 

55 

266 

11 

8 

45 

3 

17 

2 

8 

54 

41 

277 

50 

8 

10 

8 

21 

3 

0 

48 

52 

287 

31 

7 

44 

0 

28 

3 

2 

42 

35 

295 

56 

7 

22 

4 

37 

3 

4 

35 

49 

303 

30 

7 

4 

1 

50 

8 

6 

28 

28 

310 

33 

6 

47 

9 

67 

3 

8 

20 

21 

317 

22 

6 

32 

6 

89 

4 

0 

+ 11 

2 

324 

15 

6 

17 

2 

87 

4 

2 

— 0 

45 

331 

14 

6 

1 

1 
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Northern and Southern Limiimg Curves 

311 To find the northern and southern limits of the eclijpse on the 
earth's surface — These limits are the carves in which aie situated 
all the points of the surface of the earth from which only a single 
contact of the discs of the sun and moon can he observed, the 
moon appearing to pass eithei wholly south oi wholly north of 
the sun They may also he defined as ciiives to which the out- 
line of the shadow is at all times m contact during its progress 
across the eaith. 

The solution of this problem is derived from the consideration 
that the simple contact is here the maximum of the eclipse, so 
that we must have, as in (526), 

P' = 0 

and consequently, by (513), 

d + P)=C/8m(§ — JP) 


(530) 
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For any given time T, therefore, we are to find that point of 
the outline of the shadow on the surface of the earth for which 
the value of Q and its corresponding ^ satisfy this equation. 
This can he eflected only indirectly, or by successive approxima- 
tions. F or this purpose, we must know at the outset an approxi- 
mate value of Q; and therefore, before proceeding any further, 
we must show how such an approximate value may be found. 

We can readily determine sufficiently narrow limits between 
which Q may be assumed. For this purpose, neglecting a' in 
(530), as well as F, which are always very small, we have, 
approximately. 


e sin (§ — jg?) =zz f/ sin Q 

The extreme values of C are C = 0 and c = 1. The first gives 
sin F) = 0, and therefore for a first limit we have 

Q= E or Q = 180° -|- E 
The second gives 


e sin(§ — E)=f8m Q 

whence 


Put 


tan (Q — J E) = 


e 4- f 

-2^tan}JS 

e~f 


tan 4 = 


e 4-/ 

•^t^tan iE 
e~f 


then the equation tan {Q — ^F) 
limits 


— tan Ip gives for our second 


or § = 180°-f 
To compute readily, put 

f . 

tan V =: — 1 

e / 

then \ (531) 

tan 4 = tan (45° v) tan i E ) 

and Q is to be assumed 


between E and J ^ -f- 4 

or between 180° + E &nd 180° + J ^ 4. a 
VoL. I.-31 -T 2 -r 
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These limits may he computed lu advance for the principal 
hours of the eclipse fiom the previously tabulated values of 
JS, and /, and an approximate value of Q may then be easily 
inferred for a given time with sufficient precision for a fiist 
appioximatioii 

When the shadow piasses wholly within the earth, theie are 
two limiting curves, northern and southern For one of these 
Q IS to be taken between JE and ^ -f- other, between 

180° 4- E and 180° + J jB + Since E is always an acute angle, 
positive oi negative, it follows that when Q is taken between 
E and JS + 4? cosine is in general positive, while it is nega- 
tive in the other case The equation rj =y — (i — ?C) Q 
shows that t] will be less in the first case and greater in the 
second, and hence the vctlues of Q between E and jEJ + belo7i(/ 
to the southern and the tallies of Q between 180° + E and 

180° +• I jE7 + belong io the northern limit 

There is only one limit, noithern or southern, when one of the 
senes of values of Q would give impossible values of lu the 
computation of the outline of the shadow by Ait 298 But when 
the rising and setting limits have been deteimined, the question 
of the existence of one oi both of the noitheiii and southeiu 
limits IS alieady settled ; for if the using and setting limits extend 
through the whole eclipse in noith latitude, only the southein 
limiting cuive of oui pieseut pioblem exists, and vice versa, 
while if the using and setting limits foim two distinct cuivcs, 
we have both a northern and southern limiting cnive, and the 
lattei must evidently connect the extreme noithem and southein 
points respective!} of the two enclosed rising and setting cnives 
In oui example of the eclipse of July 18, 1860, there exists only 
the southein limiting curve of the present problem, tlie ])enum- 
bral shadow passing over and beyond the noith pole of the eaith 
Having assumed a value of we find hy the equations (502), 
(504) and (505), and then by (509) This computed value of ^ 
and the assumed value of Q being substituted in (530), this cqua*- 
tion will be satisfied only when the true value of Q has been 
assumed To find the coirection of let us suppose that when 
the equation has been computed logaiithinically we find 

log :/ sm F)— log [a' -f e sm (Q ~~ E)'] 

If then d Q and are the corrections which Q and leqniie in 
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order to reduce x to zero, we have, by differentiating this equation, 


j^eot (Q — F) 


e cos (Q — E) 


dQ ^ 
A AZ 


a' -j- e sin (Q — JS). 

in which ^ is the reciprocal ofthe modulus of common logarithms. 

In this differential equation we may neglect a' without sensibly 
affecting the rate of approximation. If then we put 

dZ 




we shall have 
dQ 


CdQ 

Ax 


cot (Q — U) — cot (Q—ir) g 


This value of is yet to be reduced to seconds by multiplyino' 
it by cosec 1" or 206265". ® 

To ffnd y, we may take, as a sufficiently exact expression for 
computing dQ, 

dZ, 

g = — _L_ 

Z,dQ 

and by differentiating (502) (omitting the factor />„ which will 
not sensibly affect g), 

cos g sin r dp sin cos r = — Z cos Q dQ 
cos p cos Y dp — sin p sPny dy = I sin Q dQ 

whanee, by eliminating dy, 

Zsin (<2 — y) 

dQ cosyJ 

By (505) a sufficiently exact value of for our present pur- 
liose is 

Zj = cos p 

whence 

dC, ■ o dp 

— - = — sin p — 
dQ dQ 

g = le,\n p sec’ p sin {Q — y\ (-532) 

Putting, finally. 


a = cot {Q — E)~Q 0 tiiQ — F) =• 


sin ( jg — F) 
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we liave 


[ 5 ^> 

a^g 


( 534 ) 


ill wMcli 5.67664 is tlie logaritlim of ^ X 206265^'. 

Wlien the true yaliie of Q has thus been found, the corre- 
sponding latitude and longitude ou the earth s surface are found 
as in Art. 298. 


Pig. 43. 


312. The preceding solution of this problem (which is com- 
monly regarded as one of the most intricate problems in the 
theory of "eclipses) is very precise, and the successive approxi 
mations converge rapidly to the final result. Por practical pun 
poses, however, an extremelj’^ precise determination of the limit- 
ing curves of the penumbra is of little importance, since no 
valuable observations are made near these limits. I shall, tlicrC' 
fore, now show how the process maybe abridged without making 

any important sacrifice of accuracy. 
In the first place, it is to be observed 
that great precision in the angle Q 
is unnecessary. If LM^ Tig. 43, is 
the limiting curve which is tangent 
at A to the shadow whose axis is at 
(7, and if Q is in error by the cpiam 
tity ACA\ the point determined will be (nearly) A' instead of A» 
Now, although A' may be at some distance from A, it is evident 
that it will still be at a proportionally small distance from the 
limiting curve. In fact, we may admit an error of several 
minutes in the value of Q without sensibly removing the computed 
point from the curve. The equation (530), which determines 
may, therefore, without practical error he written under the 
approximate form 

e sin (Q — jE^) = Bin Q 



and in this we may employ for the value 


= cos ^ 

Hence, having found /? from (502) by employing the first assumed 
value of Q, we then have 
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whence 

tan i_ + f tan iU 

e — / cos /5 

by which a second and more correct value of Q can be found. 
This equation will be readily computed under the following form: 

f 

tan v' = — cos /9 ') 

« > (585) 

tan (§ — iE) = tan (45° + /) tan j 

The value of Q thus determined may be regarded as final, and 
we may then proceed to compute the latitude and longitude by 
the equations (502) to (508). In this approximate method, loga- 
rithms of tour decimal places will be found quite suflicient. 


313. For the computation of a series of points by the preceding 
method, it is necessary first to determine the extreme times 
between which the solution is possible. It is evident that the 
first and last points of the curve are those for which 0, and, 
consequently, Q = E, or Q = 180° -f- M It is easily seen that 
these points are also the first and last points of the cui've of 
maximum in the horizon (Art. 309), and, therefore, the limiting 
times are here the same as for that curve. If, however, we wish 
to determine these limiting times independently (that is, when 
the rising and setting limits have not been previously computed), 
the following approximative process will give them with all the 
precision necessary. 

Since Q = E, or = 180° + E, we have, at the required time, 


^ = a: qp i sin .B 
^r^ = y I COB E 



together with the condition (514), for which we may here employ 

+ f = l 

If we put f = sin y, this condition gives rj =■ cos r. "We have, 
by (512), 

V o' 

Bin E=— COB E = — 

e e 


and we may here regard e as constant. Let the required time 
be denoted by T=7;-t-r, 7; being an assumed time near the 
middle of the eclipse. Lot be the values of 6' and c' for 
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file time and denote their hourly changes by 6'' and c", then 
■\ve liaye, for the time 

= b'^T c^= C^'+C'^T 

and hence, JEJ^ being the tabulated value of JE for the time TJ,, 


b" 

sin jSJ = sin H r 

° e 


cos E : 


: cos JS'jj -f T 


If, also, 2 /o 5 the values of x and y foi the time 3^, and y 
their houily changes, we have 

X =X^+ if T 

and the eq[uation8 (536) become 

Qiny = Xq^z I sin -f | r' ip y 5" j r 

cos = ^0 q= Z cos ^0 + ^ y =F -y o'" I T 

Let 7n, My n, JV, be detei mined by the equations 
7)1 Bin if = q: I sm 

m cos M =y^ zf ? cos 

nsm N = x^ ~ 

n cos N = y' zf L. c"' 

& 

in which the upper sign is to be used for the southern and the 
lower sign for the northern limit , then, fiom the equations 

sm y = m sin if -|- n sm i\r t 
cos = m cos if -|- n cos IV t 

we derive 

sm (jr — ]V) = m sin (if — i\r) 
cos (;- — iV") = m cos (if — iV) +. Tlr 
Hence, putting y — iV'= 4, 

sin 4 = m sin (if — ]V) 

^ cos 4 ^ m cos (if — JV) 

— n n 

^ = ^0 + 

It is evident that cos 4 is to be taken with the negative sign for 
the fiist point and witk the positive sign foi the last point of 
the curve. 
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To find the latitude aud longitude of the extreme points, we 
take 7- = iVn- 4^, tan y' — tan y, and proceed by (519). 

Example. — T o find the southern limit of the eclipse of Julj 
18, 1860. 

First. To find the extreme times. — Taking = 2% we have, 

from our tables, pp. 454, 455, and pp. 464, 465, 


Xo = — 0.0812 

y„ = 4- 0.5961 
I = 0.5367 

= 14° 17' 

log e = 9.7977 


x'= + 0.5452 
y'= — 0.1610 

b"= + 0.0514 
c"= — 0.0151 


where we take mean values of x', y', &c. From these we find 
by (537), taking the upper signs in the formulae. 


log m = 9.3555 
log n == 9.7182 

Hence, by (538), 


Jlf=289° 35' 
106 28 
7 


log sin (_M — N) — w8.7354 
log sin 4 = n8.0909 
log cos 4 = 0.0000 


log cos {M — W) = ?i9.9994 
_ mcoB(Jf-i\^) ^^^,433 


COS 4 

n 


1 .913 


r=^l .480 
or r = + 2 .346 


Therefor, e, for the first and last points of the curve we have, 
respectively, the times 

T; = 2* — 1^480 = 0\520 
T^ = 2 + 2 .346 = 4 .346 


To find the latitude and longitude of the extreme points corre- 
sponding to these times, we have 



First Point. 

Last Point. 

4 

180° 42' 

— 0° 42' 

y = iV4- + 

287 10 

105 46 

log tan y 

710.5102 

nO.5492 

log = 9.9987 log tan / 

7i0.5089 

nO.5479 

d, 

21° 1'.4 

20° 59'.8 

H 

G 19.2 

63 42.7 
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Hence, by (519), 


tJt) 

102° 40' 

1 339° 30' 

9 

16 5 

[ — 14 47 


Second To find a senes of points on the cui're. — "We begin by 
computing tbe limits of Q for the bours 0\ 2'^, S'^, 4^ S'* Thus, 

for O'* we have, from the table p. 465, and by (531), 


r 

log/ 
loge 
log tan V 

V 

m 

log tan (45° -(- v) 
log tan i B 
log tan 4 
4 

iE -)- 4 


0 * 

9 3882 
9 8019 
9 5863 
21° 5' 6 
2 16 7 
0 3533 
8 5997 
8 9530 
5° rr 
7 24 4 


For the sonthem limiting curye, Q falls between E and 

ie ^ for 0^, between 4® 33' and 7*^ 24' In the same manner we 

form the othei niimbeis of the following table. 


T 

Lower limit of § 

TJppei limit of Q 

o» 

4° 33' 

7° 24' 

1 

9 22 

15 18 

2 

14 17 

23 13 

3 

19 14 

30 53 

4 

24 8 

38 4 

5 

28 55 

44 36 


The points of the curve aie to be computed foi times between 
0^ 520 and 4'' 346, and Ave shall, theiefore, assume for T the 
seiies 0\6, 8, ^ 4'^ 0, 4'^ 2, which, Avith the extreme 

points above computed, will enibiace the Avhole curve 

Instead of detei mining Q for each of these times by the 
method of Art 312, it will be sufficient to determine it for the 
Lours 1\ 2% 4'', and, hence, to infei its values foi the uitei 

veumg times Tliu^, foi T- ab^iiuiing § = 12^, which is a 



NORTHERN AND SOUTHERN LIMITS. 


489 


mean between its two limiting values, we proceed by tlie equa. 
tions (502), for which we can here use 

•sin /J sin r = « — Z sin § 
sin ^ COS/' = y — I cos Q 


as follows : 


For 21= ( X 

— 0.6266 

log cos 13 

9.7396 


+ 0.9170 

log^ 

9.5923 

1 1 

0.5368 

° e 


Assume Q 

12° 

log tan v' 

9.3319 

a-= X 

— 0.7382 

/ 

12° 7'.1 

b = y — 1 COB Q 

-f 0.3920 

IE 

4 41.2 

log a = log sin /3 sin r 

M9.8682 

logtan(45'=‘+ 

0.1894 

log b = log sin ^ cos y 

9.5933 

tan JjEJ 

8.9137 

log sin /5 

9.9221 

tan(() — hE) 

9.1031 



Q-iE 

7° 13'.5 



Q 

11 54.7 


We thus find. 


for r= P 2» 

Q = 11° 55', 22° 20', 


3» 4* 

30° 16', 32° 17'. 


From these numbers we obtain by simple interpolation sujffi- 
ciently exact values of Q for our whole sei’ies of points. And 
since it is plain from Art. 312, that even an error of half a 
degree in Q will not remove the computed point from the true 
curve by any important amount, we may be content to employ 
the following series of values as final : 


T 

Q 


T 


0».6 

8° 


1».6 

GO 

O 

0 .8 

10 


1 .8 

20 

1 .0 

12 


2 .0 

22 

1 .2 

14 


2 .2 

24 

1 .4 

16 


2 .4 

26 


T 

Q 


T 

Q 

2*6 

28° 


3^6 

31° 

2 .8 

29 


3 .8 

32 

3 .0 

30 


4 .0 

32 

3 .2 

30 


4 .2 

32 .5 

3 .4 

31 





For each time Twe now take x, y, and I, from the tables of 
the eclipse, and, with the vahie of Q for the same time, deter- 
mine the required point on the outline of the shadow by the 



490 


SOLAE ECLIPSES. 


complete equations (502) to (.508) inclusive, tlie use of wWeli has 
already been exemplified in Art. 302. Employing only four 
decimal places in the logarithms, we shall find that the curve 
may he traced through the points given in the following table: 


SOLAE ECLIPSE, July 18, I860.— SOETHEEN LIMIT. 


* Greenwich ' 

Latitude. 

Long. W. from 
Greenwich. 

Mean Time. 


0 ) 

0‘.520 

+ 16 ° 5 ' 

o 

0 

o 

0 .6 

21 32 

88 31 

0 .8 

25 6 

76 37 

1 .0 

26 36 

69 2 

1 .2 

27 IT 

63 9 

1 .4 

27 2 T 

58 14 

1 .6 

27 15 

53 57 

1 .8 

26 47 

50 9 

2 .0 

26 4 

46 43 

2 .2 

26 9 

48 83 

2 .4 

24 3 

40 34 

2.6 

22 48 

37 45 

2 .8 

21 5 

34 33 

3 .0 

19 9 

31 25 

S .2 

16 41 

27 50 

3 .4 

14 14 

24 39 

3 .6 

11 9 

20 44 . 

3 .8 

8 5 

16 55 

4 .0 

- t - 4 3 

11 46 

4 .2 

— 0 39 

5 17 

4 .346 

— 14 47 

339 30 


314. We have applied the preceding method only to the deter- 
mination of the extreme limits of the penumbra, which may be 
designated as the extreme limits of partial eclipse. The same 
method will determine the northern and southern limits of total 
or annular eclipse, by employing the value of I for the total 
shadow that is, for interior contacts. The latter are, indeed, 
more important, practically, than the former, and therefore in 
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special cases somewhat greater precision might be desired than 
has been observed in the preceding example. In any such case;, 
recourse may be had to the rigorous method of Art. 311. Since 
the limits of total or annular eclipse often include but a very 
narrow belt of the earth’s surface, extending nearly equal 
distances north and south of the curve of central eclipse, 
they may be derived, with sufficient accuracy for most purposes, 
from this curve, by a method which will be given in Art. 320. 

The curve upon which any given degree of obscuration can 
be observed may also be computed by the preceding method. It 
is only necessary to substitute J for i, and to give J a value cor- 
responding to D according to the equation (529). All the curves 
thus found begin and end upon the curve of maximum in the 
horizon. 

Curve of Central Eclipse, 

315. To find the curve of central eclipse upon the surface of the 
earth , — This curve contains all those points of the surface of the 
earth through which the axis of the cone of shadow passes. The 
problem becomes the same as that of Art. 298 upon the suppo- 
sition that the shadow is reduced to a point — that is, when 
; — 0, and, consequently, by (493), 

^ = X V = y 

Hence, putting 



the equations (502) to (508) are reduced to the following ex- 
tremely simple ones, which are rigorously exact: 

sin (3 Bin Y = X 
sin /3 cos Y = Pi 
c sin G = 
c cos Q = cos p 
cos sin d- = X 
cos <p^ cos ^ — c cos (C -f df 
sin = c sin (<7 -f- df 
^ tan a, 

tan (p = (o = 

Va-ee) 

It will be convenient to prepare the values of for the prin- 
cipal hours of the eclipse ; and then for any given time Staking 
the values of x, y^, d^, from the eclipse tables, these equations 
determine a point of the curve. 
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316. The extreme times between -which the solution is possible, 
or the beginning and end of central eclipse upon the earth, are 
found as follows. At these instants the axis of the shadow 
is tangent to the earth’s surface, and the central eclipse is 
observed at sunrise and sunset respectively. Hence, Z being the 
zenith distance of the point Z, we have cos .2^ = 0, or, by (503), 
(^ 1 = 0, whence, by (499), 

or 

yi = 1 

which is equivalent to putting sin /9 = 1, or cos ^ = 0, in the 
first two equations of (539), so that we have 

sin )- = a, cos j" = y. 

Let x' and y/ denote the mean hourly changes of x and ?/, com- 
puted by the method of Art. 296. Let the required time of 
beginning or ending be denoted by T— + r, 7), being an 
arbitrarily assumed epoch; then, if (a;) and (y^) are the values of 
X and taken for the time T^, we have for the time T, 

sin Y = (x) -f x'r 
cos = ( 2 /,) + l//r 

Let m, M, n, N, be determined by the equations 

m sin M — (x) n sin HF = od 

m cos M = (y,) a cos Az= y/ 

then, from the equations 

sin = m sin M n sin A. t 
cos Y = ni cos ilif -j- «. cos A. t 

we deduce, in the usual manner, 

sin (y — A) = ni sin (Jf — A) 
cos (y — A) = m cos ( Jf — A) -f nr 

or, putting 4, = y—JV, the solution is 

sin 4 . = TO sin ( M — A) 

^ cos 4 . TO cos (iif — A) 

„ - 


■ ( 540 ) 


(541) 
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wliere cos is to l)e taken with tlie negative sign for the 
Tjeginning and with the positive sign for the end. 

To find the latitude and longitude of the extreme points cor- 
I'esponding to these times, we have, in (539), cos ^ — 0, sin /? 1, 

and, therefore, C= 90°, c = cos r'- hence, taking ^ =iV4- 


COS (p^ sin = sin y 
cos <p^ cos ^ = — cos sin 
sin ^ 1 = cos Y cos 


tan <p = 


tan <p^ 

VO- — 


<0 = ptj ^ 


( 542 ) 


317. To find the duration of total or annular eclipse at any point of 
the curve of central eclipse . — This is readily obtained from numbers 
which occur in the previous computations. Let 7'= the time 
of central eclipse, t = the duration of total or annular eclipse, 
then 7" = T T i ^ is the time of beginning or end. Let x and 

y be the moon’s co-ordinates for the time T; S and vj those of 

the point on the earth at this time ; x', y', f', f, the hourly in- 
crements of these quantities ; then, at the time 7" we have, by 
(491), 

(I — i7) sin § = a; q: J oft — (6 h- } S't) 

(I — «C) cos <2 — 2/ =F i ft: — (rj i ft) 


But we here have r = f , y = jj, and we may put ^ = cos 

whence 

(I — i cos f) sin Q = q: (x' — ?') — 

(J — i cos /9) cos Q = ^ if — f) j 


For the values of f ' and f we have, with sufficient precision, 
since t is very small, 

f ' = / ( — y :.x 1 d 4- cos /9 cos d) 

' = g r sin d, 

Hence, by (511) and (512), we find, very nearly, 

cd — S' = e' — f cos d cos p = c' — / cos ^ 
f-f=-¥ 

If, therefore, we put 

L — l — i cos & a = d — / cos /5 (543) 
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we have 

1/ sin Q=i — L aoB Q =: ^ - 

2 ^2 


where we omit the double sigu, since it is only the numerical 
value of i that is required. Hence, we have, for finding the 
equations 


tan 



7200 X sin Q 
a 


(544) 


the last equation being multiplied by 3600, so that it now gives 
i in seconds. 

The value of cos /3 is to be taken from the computation of the 
central curve for the given time X, and Z, log log/, c', 5', from 
our eclipse tables. 


318. To find where the central eclipse occurs at noon . — In this ease 
we have, evidently, x = 0, and hence, in (539), 

sin = 2/i (545) 

by which ^ is to be found from the value of which corresponds 
to the time when r = 0. We then have C c = 1, *?? = 0, 
and therefore the required point is found by the formulae 

^1 = yj W = (546) 

In which and are taken for the time when x = 0. 


319. The formiilse (539), (545), and (546) are not only extremely 
simple, but also entirely rigorous, and have this advantage over 
the methods commonly given, that they require no repetition to 
take into account the true figure of the earth. It may ho 
observed here that the accurate computation of the central curve 
is of far greater practical importance than that of the limiting 
curves before treated of. 

The formulje (541) must be computed twice if we wish to 
obtain the times of beginning and end with the greatest pos- 
sible precision; for, these times being unknown, we shall have 
at first to employ the values of and y' for the middle of the 
eclipse, and then to take their values for the times obtained hy 
the first computation of the formula. With these new values a 
second computation will give the exact times. 
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Exampi.e. — To compute the curve of central and total eclipse 
in the eclipse of July 18, 1860. 

y 

It is convenient fi-^st to prepare the values of -- for the 

Pi 

principal hours of the eclipse, as well as its mean hourly difter- 
eiiccs. With the value log 9.99873 we form, from the values 
of y given vu the table p. 454, the following table : 


Or. T. 

Vi 

y( 

0^ 

+ 0.91972 

— 0.16095 

1 

.75896 

114 

2 

.59782 

132 

3 

.43633 

149 

4 

.27450 

166 


.11237 

182 


To find the times of beginning and end we may assume 71=-“ 2^' ; 


and for this time we have 

ix) = m sin — 0.08124 
(y^) = m oobM:= -1- 0.59782 
whence log m = 9.78054 

M=z 352° 15' 40" 


x' =: n sin N = 0.5453 

= n cos iV" = — 0.1613 
log n = 9.7548 

N= 106°28'.7 


Employing but four decimal places in the logarithms for a first 
approximation, we find, by (541), 


m cos {M — If) 
n 


= + 0t435 


cos 4 
n 




= T 1 .468 

= — 1 .033 
= + 1 .903 


Apjiroximate time of beginning = 2'* — 1».033 = 0*. 967 
“ “ end = 2 + 1 .903 = 3 .90.3 


Taking now x' and y/ for these times respectively, and re- 
peating the computation, we have 
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Beginning 

End 

oc^=n mii N 

4- 0 54531 

4- 0 54525 

cos N 

~ 0 16113 

— 0 16164 

log 71 

9 75482 

9 75489 

jsr 

106° 27' 42" 

106° 30' 45" 

m cos (If — iV") 

rir 

-f 0‘ 4349 

4- 0» 4357 

cos ^ 

— 1 4684 

4- 1 4685 

n 


T 

0 9665 

3 9042 

4 

213° 23' 12" 

326° 37' 40" 


F 01 the latitude and longitude of the points of beginning and 
end, we now take y = N + and with the values of and 
(pp 455, 464) for the above computed times, we have 



Beginning 

End 

r = ^ + 4 

319° 50' 54" 

73° 8' 25" 

d. 

21 1 15 

21 0 0 


13 1 1 

57 5 3 

vience, "by (542), 



9 

45° 36' 50" 

15° 45' 34" 

to 

126 3 8 

320 53 9 

Local App Time = ^ 

16‘ 27”* 9 

6'“ 24’” S 


For the seiies of points on the cuive we take the tunes 0, 
1* 2, F 4 . . . 3'‘.6, 8, which are embraced within the 

extreme times above found, and proceed by (539) Thus, for 
2^ 0 we have 


T 

2* 

X = Sin ^ sm X 

— 0 08124 

= sm /9 cos y 

4- 0 59782 

log sin /? 

9 78054 

log cos ^ == log c cos 0 

9 90173 

log 2 /j = log c sm 0 

9 77657 

log 6 

9 99856 

0 

36° 51' 21" 


21 0 49 
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C+d. 

57° 52' 10" 

log X = log COS sin 

«8 90977 

log c cos = log cos cos 

9 72435 

log c sm ((7 + <^i) = sin 

9 92636 

4 

351° 17' 13' 


28 31 12 

O) 

37 13 59 

9 

57 39 20 

App Time = ^ in time, 

23» 25“ 8* ! 


iFor the duration of totality at this point, we take from pji 454, 
464, 465, 

Z r= — 0 009082 6' = + 0 1532 

log 1 = 7 6608 c' = + 0 6011 

log/= 9 3883 

and hence, with log cos ^ = 9 9017 above found, we obtain, by 
(548), 

L — — 0 012734 = -1- 0 4061 

and, by (544), disregarding the negative sign of L, 
t = 211- 3 = 3’“ 31* 3 

¥or the place where the central eclipse occurs at noon, wo find 
that a: = 0 at the time T= 2'* 149, at which time we have 

+ 0 57378 
35° 0'53" 

21 0 45 

56 1 38 

56 6 57 

30 45 18 

The whole curve may be traced through the points given in the 
following table . 


{/j= sm /3 

9 
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KOLAU ECLirSE, Tuly 18, 1850 -CURVE OF CENTRAL VNU TOTAL ECLIPSE 


Greenwich 
Mean Time 

Latitude 

Long W fioni ' 
Gieonwich 

--1 

App Loc 
Tune 

al 

Dmation of 
Totality 

O'* 967 

45° 

36' 4 

126° 

3'1 ! 

1(/^ 

27”* 

9 


1 

1*5 

! 1 0 

50 

37 8 

113 

11 6 , 

17 

21 



1 1 2 

57 

16 2 

89 

14 6 1 

19 

9 

1 

2 

35 1 

1 4 

59 

29 1 

72 

52 8 , 

20 

20 

0 

2 

55 8 

! 1 6 

69 

55 1 

59 

5 2 1 

21 

.13 

7 

3 

114 

1 1 8 

59 

11 6 

47 

If) 6 I 

22 

33 

0 

3 

23 1 I 

2 0 

57 

39 3 

37 

14 0 

23 

25 

1 

3 

31 3 ; 

2 149 ' 

56 

7 0 

30 

45 3 

0 

0 

0 

3 

3 

34 7 j 

2 2 

55 

31 5 

28 

42 6 

0 

n 

2 

36 2 1 

2 4 

52 

56 0 

21 

25 1 

0 

52 

4 

3 

38 0 1 

2 6 

50 

0 9 

15 

3 9 

1 

29 

8 

3 

86 4 1 

2 8 

46 

46 3 

9 

21 8 

2 

4 

() 

3 

32 0 1 

3 0 

43 

13 6 

4 

2 2 

2 

37 

9 

3 

24 6 

3 2 

39 

20 7 

358 

47 1 

3 

10 

9 

8 

14 4 

3 4 

35 

1 6 

353 

12 5 

3 

45 

] 

3 

1 1 

3 6 

30 

1 5 

346 

35 4 

4 

23 

7 

2 

"Isl 

3 8 

23 

28 5 

336 

44 1 

5 

15 

1 

2 

18 5 

3 904 

15 

45 b 

320 

53 2 

0 

24 

8 


- 


Worihern and Soutlum Limits of Total oi Jiundar Edtpie 

320 To find the -nartlmn and southern limits of total or anmthr 
eclipse — As already remarked lu Ait 314, these limits niaj >o 
iigoroiislj determined by the method of Ait 311, by taking 
I = the ladiiis of the umbra, (« e foi interior eontacts) , but I hero 
propose to deduce them fiom the pievioiisly computed curve oi 
central eclipse This radius I is assumed to be so small that ive 
may neglect its squaie, which can seldom exceed 0003, and this 
degree of apoproximation will in the gieater number of 
suffice to deteimme points on the limits within 2' or 3', which is 

piactically quite accurate enough 

The two limiting curves of total or annulai eclipse, then, lie 
so neai to the central cnive that the value — cos for a given 
time T, already found in the computation of the lattei curve, 
mav be used foi the foimei in the appioximate equation wliicli 
rleternimes Q We can, therefore, immediately find $by (535 ), — t e 
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tan v' = — cos ^ 
e 

tan {Q-iE) = tan (45® + /) t&niE 

where/, e, and E are to be taken from the eclipse tables for the 

time T. ^ 

The co-ordinates of the point on the central curve correspond- 
ing to the time T being I = a: and = iji (Art. 315), those for 
a point on the limiting curve may be denoted by a; + da; and 
?/j -f d//i. These being substituted for f and in the equations 
(499), ive have 

dx = - (I — iQ sin Q dy,= — (I - if,) cos Q 

where in the expression for dy^ we omit the divisor as not 
appreciably changing the value of so small a term. 

Let fi, d, o) be taken from the computation of the central 
curve for the time T, and let 4- d<p^, m + dw, be the cor- 
responding values of <fi and a) for the point on the limit for 
the same time. Then, by differentiating (500), observing that 
d& = — dco, we have 

COS <p^ cos S' da> -|- sin (p^ sin S d<p^ = — dx 
cos ^jSin S do ) — sin ^^cos Sd<p^ = — H" ^C^cos d^ 

cos (p^dip^ = dy^ cos d^ -+ d^^ sin d^ 

whence, by eliminating and substituting for its value given 
by the third equation of (497), we find 

Cl cos <p^ dw = — dx (cos (p^ cos d^ + sin <p^ cos S sin 
— dy^ sin sin S 

^^^dp^ = — dx sin S sin d^ + dy^ cos S 
Hence, substituting cos ji for 

^ — (cos S sin Q sin d, + sin S cos Q) tan ^ , 

COB;? 

I — i cos /5 . ^ , 

j L sin <2 008 d^ 

cos i3 

dfp ^ (sin S sin Q sin d^ — cos S cos Q) 

' cos i? 
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These values aie yet to be divided by sin 1' to i educe them to 
minutes of arc It will be convenient to put 



sin r sm 1' 


I — i cos V 

cos /9 sm V cos /? 



In which and X will be expiessed in minutes 

We may in practice substitute df for within the limits of 
accuracy we have adopted , for we find, from the eq[iiation8 on 
p 457, 

, d<p, , 1 — eesui^ip 

dp = 1 L- = dp. ^ 

|/(1 — ee) cosVi t/(I — 


wheie the multipliei of dcp^ cannot differ more fiom unity than 
1/(1 — ee) does , — i e not more than 0.00335 so that the substitu- 
tion of one for the other ivill never produce an error of 1' so long 
as d(p^ is less than 5® 

Finally, adapting the values of dou and for logarithmic 
computation, by putting 

A sin JT = cos Q 
h cos ^ = sin Q sin 

X [A cos tan -f- sm $ cos dj 

) h sm — IT) 

The foiinulBe (547) give two values of Q dilFering ISO'^ The 
second value will evidently give the same nunreiical values of 
do) and d(p^ hut with opposite signs, and therefore we may com- 
pute the equations (549) with only the acute value of Q, and then 
the longitude and latitude of a point on one of the limits are 

o) dofy {p -j- dp 

and those of a point on the other limit are 

ij) — d{i>^ (p — dp 

The fiist of these limits will be the noitheiii in the case of 
total eclipse, hiit the southern in the case of annular eclipse, 
ob^eniiig always to take I wuth the negative sign for total ellipse, 
as It comes out hj the formula (487) and (489j 
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It IS evident that this appioxmiate method is not accuiate 
when cos ^ is veiy small, that is, near the extieme points of the 
curves, and it fails wholly for these points themselves, since 
cos ft IS then zeio and the value of X becomes infinite These 
oxtiome points, however, are determined diieetly in a veiv 
simple manner by the foimulse (536), (537), (538), eomhined with 
(519), by employing in (536) and (537) the value of I foi mteiior 
contacts, and it is with these formulae, therefore, that the eom- 
imtation of the limits of total or annular eclipse should be com 
inenced 

Example — Find the northern and southern limits of total 
eclipse m the eclipse of July 18, 1860 

First To find the extreme points — The values of b' and c' foi 
exterior contacts, from which the values of on p 465 are 
derived, differ so little from those for niter loi contacts that m 
practice, unless extieme precision is required, we may dispense 
with the computation of the latter Foi oui present example, 
tlioicforc, taking the value of E for = 2'* and the mean value 
of log e, as m the computation of the extieme points of the 
southern limit for the penumbra, p 487, together with 

Z = — 0 0091 

we find, by (537), for the northern limit, 

log m = 9 7854 M = 352° 33' 6 

log n = 9 7553 N = 106 27' 0 

and for the southern limit, 

log m = 9 7731 M = 351° 55' 0 

log n = 9 7542 N = 106 27 0 

Hence, by (538), 


Noi them Limit Southein Limit 



First Point 

Last Point 

Fust Point 

Last Point 

T 

213° 54' 3 

0'“ 976 

326° 5' 7 

3" 892 

212° 39' 0 

O'* 951 

327° 21' 0 

3'‘917 


Taking p —N+ 4'-' and the values of and /i, for these times 
i ospeef ively, with log />i== 0 9987, we find, by (518) and (519), 
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r 

320° 

21' 

3 

72° 

32' 

7 

1 319° 

6' 

0 

73° 

48 

0 ' 

log tan / 

n9 9170 


0 5012 


n9 9363 


0 5355 



21° 

1' 

2 

21° 

0' 

0 

21° 

1' 

2 

21° 

0' 

0 

& 

246 

31 

7 

96 

26 

7 

247 

26 

7 

95 

57 

7 


13 

9 

6 

56 

54 

1 

12 

47 

1 

57 

16 

6 

CO 

126 

37 

9 

820 

27 

4 

125 

20 

4 

321 

18 

9 

9 , 

46 

7 

7 

16 

21 

6 

45 

2 

8 

15 

11 

4 


Second To find a seiies of points between these extremes, by 
the aid of the curve of cential eclipse, we assume the same seiies 
of times as in the computation of that cuive, and proceed by 
(547), (548), and (549) , to illustrate the use of which I add. the 
computation for 7 = 2^ in full From the computation, p. 496, 
we have 

For r= 2* log cos /3 9 9017 

log tan 0 1970 

t? 361'" 17' 2 
21 0 8 
37 14 0 
67 39 8 


Then, by (547), By (548), 


(p 465) log L 

9 6953 

1 

— 0 009082 

e 


log 1 

w7 9682 

log cos i? 

9 9017 

log?' 

nl 4945 

log tan v' 

9 4970 

logi 

7 6608 

v' 

17° 26' 0 

log 

11971 


00 


15' 74 

lag tan (45° -f- v') 

0 2823 

V sec /3 

— 39 16 

log tan 

9 0982 

>1 

— 54.9*^ 

lagtan(g— J JJ) 

9.3805 



Q-iE 

13° 30' 3 



Q 

20 39 0 




Hence, by (549), 


log cos $ = log ^ sm } 9 9712 

logsmQ8in(i,= logi^co8^ 91020 

log h 9 9751 

S 82° 18' 2 

^ ~H 268 59 0 


d, 

O 

9 
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log A 

nl.7396 

log A 

/il.7396 

logh 

9.9751 

log/i. 

9.9751 

log cos — H) 

W8.2490 

log sill 0? H) 

n9.9999 

log tan <p^ 

0.1970 

log d(p 

1.7146 

log (1) 

0.1607 

d<p 

+ 51'.83 

log A 

mI.7396 



log sin Q cos cl^ 

9.5175 



log (2) 

wl.25'71 



(1) 

4- 1'.45 



(2) 

— 18 .08 



do) 

- 16 .63 




Hence, for the time r'= 2\ we have the two points, 



N. Limit. 

S. Limit. 

o> zb do) 

36° 57.'4 

37° 30'.6 

<P it d(p 

58 31.1 

56 47.5 


SOLAR ECLIPSE, July 18, 1860. 


JtTorihern Limit of Toted Edi^u. 


Gr. T. 

Latitude. 

Longitude, j 

Q 1 

i 

0\976 

46° 

8' 

126° 

38' 

1 .0 

50 

18 

116 

27 

1 .2 

57 

47 

90 

57 

1 .4 

60 

13 

74 

0 

1 .6 

60 

46 

59 

40 

1 .8 

60 

4 

47 

23 

2 .0 

58 

31 

36 

57 

2 .2 

56 

21 

28 

9 

2 .4 

53 

43 

20 

40 

2 .6 

50 

43 

14 

12 

2 .8 

47 

24 

8 

44 

3 .0 

43 

47 

3 

1 

3 .2 

39 

49 

357 

43 

3 .4 

35 

25 

352 

6 

3 .0 

30 

18 

345 

23 

3 .8 

23 

31 

385 

8 

3 .892 

16 

22 

320 

27 


Southern Limit of Total Eclipse. 


Gr. T. 

Latitude. 

Longitude. 

0) 

0*.951 

45° 

3' 

125° 

20' 

1 .0 

50 

57 

109 

56 

1 .2 

56 

45 

87 

33 

1 .4 

58 

45 

71 

46 

1 .6 

59 

4 

58 

31 

1 .8 

58 

19 

47 

11 

2 .0 

56 

48 

37 

31 

2 .2 

54 

42 

29 

16 

2 .4 

52 

11 

22 

10 

2 .6 

49 

19 

15 

56 

2 .8 

46 

9 

10 

39 

3 .0 

42 

41 

5 

3 

3 .2 

88 

52 

359 

51 

3 .4 

34 

38 

354 

20 

3 .6 

29 

45 

347 

48 i 

3 .8 

23 

26 

338 

20 

3 .917 

15 

11 

321 

19 
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821 The curves above computed are all exhibited m the fol- 
lowiug chart 



lor the constructioa of such chaits, on even a much larger 
scale, the degree of aceuiacy with which our computations 
have been made is fai greatei than is necessary, and many 
ahridgmeiits may be made which will leadily occui to the 
skilful computer 


For a ^apbic method of constructing eclipse charts^ see a paper by Mr 

h\l\cey right, Proceedings of the Vm Association for the Adv of Science, 8tli 
meeting (1834), p 35 
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Prediction of a Solar Eclipse for a Given Place. 

322. To compute the time of the occurrence of a given phase of a 
solar eclipse for a given place . — The given phase is expressed hy a 
given value of A, and we are to find the time when this value 
and the co-ordinates of the given place satisfy the conditions 
(485). This can only be done by successive approximations. 

Let it be proposed to find the time of beginning or ending of 
the eclipse at the place. The phase is then A — I — i^, and we 
must satisfy the equations (491). Let I), be an assuined time, 
and T— r the required time. Let x, y, x', y', d, I, log i, be 
taken from the eclipse tables (p. 454) for the time T^. Assuming 
that X and y vary uniformly, their values at the time T are 
X -f- x'z and y -|- y'r. The co-ordinates of the place at the time 
are found by (483) or (483*), in which y is the sidereal time 
at the place. Putting 

■d- z=z II — a = — (O 


in wliicli (0 is the west longitude of the place and jjl^ may be taken 
from the table (p. 455) for the time the formulae become 

^ sin .5 = /) sin ^ cos sin 'I 

A = p cos cos yj =A sin (^B — d) > (550; 

C=Acos(j5 — d) j 

Let f ly' denote the hourly increments of f and r / ; then, assuming 
that these increments also are uniform, the values of the co-ordi- 
■ nates at the time T are ? + f 'r and jy + ^y'r. The values of f ' 
and rj' are found by the formulae (p. 462) 

— ij! p cos / cos d- 
yf = fjL^ sin d — d'^ 

in which //' and d' are the hourly changes of p. and d multiplied 
by sin 1". The rate of approximation will not be sensibly 
affected by omitting the small term and the formulae for 6' 
and r/ may then be written as follows : 


Put 


A cos B yj^ = sin d (551) 

L = l — i^ 


then, neglecting the variation of this quantity in the first ap- 
proximation, the conditions (491) become, for the time 

L miQ = X — f + {x^ — <*') T 
JS cos ^ + (2/' — r 
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Let the auxiliaries m, n, and JV'he determined by 
tions 

m sin Jf = a: — ^ n sin iV" = a?' — 

m cos M = 1 / — 7^ n COB N = y^ — 7}' 


the eqiia- 
I (552) 


then, from the equations 


Jv sin § = m Bin. M n sm N r 
Z cos Q = m COB M n cos N t 

we deduce 

Z sm {Q — N) ~ m sin (If — iV^) 

Z cos ($ — N) = m cos (If — J^) + nr 


Hence, putting ^ = Q — fV, we have 

rn sm (If — W) 

sm 4 / = 

Z 

X cos 4- m cos (ilf — iV) 

^ n n 

by wliieh r is found Since the first of these equations does not 
determine the sign of cos the latter may be taken with either 
the positive or the negative sign We thus obtain two value? 

of T~ Tq + r, tlie first given by the negative sign of — 

Vit 

being the time of beginning, and the second given by the posn 
tive sign being the time of ending of the eclipse at the place. 

For a second approximation, let each of the ^computed times 
(or two times nearly equal to them) be taken as the assumed 
time Tq, and compute the equations (550), (551), (552), (553) for 
beginning and end separately. 

The first approximation may he in eiroi several minutes, hut 
the second will always be correct within a few seconds, and, 
therefore, quite as accurate as can be required, for a perfect 
prediction cannot be attamed in the present state of the EpJie- 
mendes 

The formula for r may also be expressed as follows 



sin (Jf — JST — 4) 

71 sm 4 

which in the second approximation will be more convenient 
tlian the foimei expression, hut when sin is ^ery small it Will 
not be bO pieeise. 
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If we put 

t = the local mean time ,of beginning or end, 

we have 

t--- T — Cl. 

323. The prediction for a given place being made for the 
purpose of preparing to observe the eclipse, it is necessaiy also 
to know the point of the sun’s limb at which the first contact is 
to take place, in order to direct the attention to that point. This 
is given at once by the value of 

Q = JV + 

which is the angular distance of the point of contact reckoned 
from the north point of the sun’s limb towards the east (Art. 295). 

The simplest method of distinguishing the point of contact on 
the sun’s limb is (as Bessel suggested) by a thread in the eye-piece 
of the telescope, arranged so that it can he revolved and made, 
tangent to the sun’s limb at the point. The observer then, by a 
slow motion of the instrument, keeps the limb very neaily in 
contact ufith the thread until the eclipse begins. The position 
of the thread is indicated by a small graduated circle on the rim 
of the eye-piece, as in the common position micrometer. 

This method is applicable whatever may be the kind of 
mounting of the telescope. hTevertheless, if the instrument is 
arranged with motion in altitude and azimuth, it will be conve- 
nient to know the angle of the point of contact from the vertex 
of the sun’s limb, which is that point of the limb w^hich is nearest 
to the zenith- The distance of the vertex from the north point 
of the limb is equal to the parallactic angle which being here 
denoted by y, is found, according to Art. 15, by the formulse, 

p sin Y = cos <p sin d- 
p cos Y = sin (p cos d — cos o sin d cos 

•(where we have put p for sin ^ and for the sun’s hour angle). 
As y is not required with very great accuracy, we may here take 
[see (494)] 

p sin Y = ^ IP Y =^'0 

iu which f and ij are the values of the co-ordinates of the place 
at the instant of contact. But, if 6 and rj denote the values at the 
time 2),, we must take 

sin r = > -f 


P cos Y z= -q tj' T 


(554) 
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in which we employ the values of ?, r/, and r fmnished by 

the last approximation We then have 


Angular distance of the point of contact from 
the vertex towards the east, 


1 = 


— r 


(555) 


324 To find the instant of maximum obscuration for a given place^ 
and the degiee of obscuration — At the instant of gieatest obscura- 
tion the distance A of the axis of the shadow fiom the place of 
observation is a minimum * If we denote the leqiiired time by 
T^=Tq+ Tj, the equations of Ait 322 determine for a given 
value of A if we substitute A for L Denoting the value of 
Q — fQj. this case by we have, therefore, 


A sin r=z m sin ( Jf — A) 

A cos 4 ^ = m cos (M — A) + nr^ 

the sum of the squares of which gives 


A^= m^siu^ {M — A) + [m cos (Jf — A) -f nrj» 

Since m and Mzio, computed for the time and N is sensibly 
constant, the teim m?m^{M — A) is constant, and therefore A 
is a mmimum when the last term is zero, that is, when 


m cos (if — A) 
- 


(556) 


which quantity is already known fiom the computation of (653). 
We have, also, 

^ = ±: m sin (J/ _ A) = ± sm 4 (557) 

m which the sign is to be so taken as to make A positive. The 
degree of obscuration is then given by the formula (Art 310), 


2 ) = 


L — d 

i + A 


in whmh D is expiessed in fiactional parts of the sun’s diamete 
A Q-rs the la dii of the penumbia and umbra (tb 

small r*"~n£ ** Maximum, as in Art 309, but we heie neglect tl 

tbecondiUon5?b) P'- 0 

' approximation is sufficient lu practice 
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latter being negative) for tlie place of observation. [From (-*88) 
we find, by putting Bec/= 1, 


and hence 


i + i^=2(i- A') 
D 


C558) 

2 (i _ A) 

in which k = 0.2723. 

If we neglect the augmentation of the moon’s diameter, or, 
which is equivalent, the small difierenee between L and I, and 
put 


I 




we have 


2(l-k) 

X) = e q: £ sin 4 


(5591 


where the lower sign is to be used when sin ij/ is negative, so 
that D is always the numencal difference of e and s sin tJ/. In this 
form £ may be computed for the eclipse generally, and 4^ will be 
derived from the computation for the penumbra for the given 
place. A preference should be given to the value of 4 found 
from the computation for the time nearest to that of greatest 
obscuration, which is usually that used in the first approximation 
of Art. 322. 


Example.— Find the time of beginning and end, &e., of the 
eclipse of July 18, 1860, at Cambridge, Mass. 

The latitude and longitude are 

y = 42° 22' 49" ^ = 71° 7' 25" 

For this latitude we find, by the aid of Table III., or by the 
formulae (87), 

log p sin f' = 9.82644 log p cos / = 9.86912 

With the aid of the chart, p. 504, we estimate the time of the 
middle of the eclipse at Cambridge to be not far from 1'*. Hence, 
taking T^= 1'* for our first approximation, we take for this time, 
from the eclipse tables, p. 454, 

x = — 0.6266 x'= + 0.5453 

y = -I- 0. 7567 y'=—0 . 1605 

d= 20°67'.4 iiy= 13° 31 '.2 


I = 0.5368 
log i = 7.66287 
Xogfx'zzz 9.41799 
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Hence, by (550) and (551), 

/Zj 6) = == 302° 23' 8 

B= 59 24 6 

^ = — 0 6246 
^ = -f 0 4844 
-{- 0 1038 
= — 0 0585 


log^r=: 9 7863 

0 0028 

X = 2— 0 5340 


and, by (552) and (553), 


m sm 31 = x — ^ =z — 0 0020 
7W cos if = y — 0 2723 
log w = 9 4350 


31= 359° 34' 7 

31 ~ N= 25G 34 1 

log sin 4 = 7i9 6955 

log cos 4 ~ 9 9387 


n sin. N =x ' — f '= 0 4415 

7icosiV = y' — 7}' = 0 1020 

log ?i = 9 G562 

103° 0' 6 

_ {M— N) ^ 

n ~ 

4' ^ 1 02 1 

n 

— 0 883 
^ 1 or 1 103 

Appioximate time of beginning =0* 117 
“ “ end =2 163 


Talong tlien for a second approximation T^ = 12 foi ’begin- 

ning, and Tq= 2^ 16 for end, we shall find* 



Beginning 

End 


0* 12 

2" 16 

X 

— 1 10642 

-1- 0 00601 

y 

+ 0 89783 

-1- 0 57034 

X* 

+ 0 54528 

-1- 0 54530 


— 0 16015 

— 016090 

d 

20° 67' 45" 

20° 56' 58" 


0 19 8 

30 55 13 

1 

0 53686 

0 53673 


289° ir 43" 

319° 47' 48" 


— 0 69868 

— 047755 


+ 0 53915 

-f 042423 

log C 

9 66935 

9 88504 


+ 0 06368 

+ 0 14793 

V 

— 0 06544 

— 0 04470 


* The values of a:' and y' here employed are not those given in the table p 455, 
but their actual values for the time T,, as given lu the table of a:' and on p 
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Beginning. 

End. 

k 

0.00215 

0.00353 

L 

0.53471 

0.53820 

m sin M 

— 0.40774 

+■ 0.48356 

m cos M 

+ 0.35868 

+ 0.14611 

log m 

9.73484 

9.70342 

M 

811^^ 20 ' 16" 

73° 11 ' 15" 

n sin N' 

+ 0.48160 

+ 0.39737 

n cos JST 

— 0.09471 

— 0.11620 

log n 

9.69093 

9.61702 

jsr 

1010 p 32" 

106° 18' 0 " 

X — 

210 12 44 

826 58 15 

4 

210 44 0 

828 49 56 

M—N— 4 , 

— 31' 16" 

~ 1° 56' 41" 

T 

-f- 0^0197 

+ 0^0800 


0M397 

2 .2400 


0 ^ 8 ^" 23" 

2 * 14 w 24* 

(Jj 

4 44 80 

4 44 30 

Local time, t\ 

19 28 63 

21 29 54 

1 

July 17. 

July 17. 

Anglo of E^t.of Coniaet from \ 



North Pt. of the sun = > 

311° 51' 82" 

75° 7' 56" 





A, tliinl approximatioii, commencing with tlie last computed 
times, changes tlioiii by only a fraction of a seeoncL 

[l\) tiud the angular distance of the point of contact from the 
mriex of the sun’s Ihiib, we have from the second apiproximation, 


by (55*4) and (555), 


^ = p sin y 

7^'r = p COS^ 

r 

Anglo from Yortex = Q — r 


Beginning. 

End. 

— 0.6974 

— 0.4658 

+ 0.5379 

+ 0.4206 

307 ° 38'.8 

312 ° 4'.5 

4 12.7 

123 3 .4 


The time of greatest obscuration is best found from the fr^t 
approximation, which gives, by (556), 
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T,= P 

n ' ' 

r, =z i» 140 

_ 1» 8“ 24' 

<0 = 4 44 30 

local time of max obscur =t~ 23 54 

Fop the amount of gieatest obscuration ive have, also, from 
the first approximation, bj' (557) and (558), 

log Z = 9 7275 
log sin 4 = »9 6955 
log J 9.4230 
J = 0 2649 
7 — = 0 2691 

0 514 


7 = 0 5340 
1 = 0 2723 
L — k = 0 2617 
2(7 — A) = 0 5234 


D: 


0 2691 
0 5234 


Or, by (559), taking as constant the value of e found by employ 
mg the mean value I = 0 5367, i e 


we have 


£ = 1 015 

e sin 4 — 0 503 

7 = 0 512 


which IS quite accurate enough 


325 Prediction foi a given jfilace by the method of the A.7iieriean 
Pphmiens — This method is based upon a transformation, of 
Bessel’s formula suggested by T. IIesey Saiford, Jr , and, with 
the aid of the extended tables m the Ephemeris, is somewhat 
more convenient than the preceding The fundamental equa- 
tion (490) gives, by tiansposition, 

{x - sy (I -i: tan/y — {y — r^y 
the second member of which may be resolved into the factors 


or, by (494), 


b =(Z_ctan/)-l-(y— ,) 
c = (J — c tan/) — (y — 


b = l-\-y — ^ sin f (cos d bm ct tan /) 

-|- fi cos p' (sm d — cos d tan /) cos 

= t — y -(- /> sin p' (cos d — sin tan /) 

— p cos p' (sm d -j- cos Z tan /) cos & 
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K we put 


A=x B = l + y 

B = cos ^ s^c/ 

F = cos d — sin cZ tan / = cos (d 4- /) / 

^ = sin — cos d tan/ = sin {d — -/) sec/ 
jff = sin cZ + cos tan/ = sin (tZ + /) sec/ 


all of wMcli are independent of tlie place of observation and are 
given in the Epbemeris for eacb solar eclipse, for successive 
times at the Washington meridian, we shall then have to com- 
pute for the place 

a = ^ f — /> cos sin "I 

1= B — ^ /o sin + G p cos cos > (560) 

c = -^ 0 + iO sin — jff /? cos cos j 

and the fundamental equation becomes 

a — i/bc 


We have here, as before, # = — oj ; and the value of is 

also given in the Ephemeris for the Washington meridian. 

If now for any assumed time we take from the Ephemeris 
the values of these auxiliaries, an^ after computing a, 6, and c 
by (560), find that a differs from y'bc, the assumed time requires 
to be corrected; and the correction is found by the following 
process. Put 

m =z ■\/hc^ 

a', b'j m'= the changes of a, b, m, in one second, 

T — the required correction of the assumed time^ 


then at the time of beginning or ending of the eclipse we must 
have 

a -|- a'r = 771 -j- 


whence 


m — a 
a' — w! 


To find a' we have, by differentiating tbe value of a and de- 
noting the derivatives by accents, 

a':=z A' — p! p cos cos 


VoL. L— 33 


(561) 
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ill ■wliicli // denotes tlio cliaiige oi in one second, and is the 
same as the p! ot oui foimer method divided by 3600 

To find m' ve have, following the same notation, and neglect- 
ing the small changes of JS, G, -BT, and^, 

j5'= 

U == B' — fi! G p co% (f’ sm ■h' 
d = — O' 4- fi' II p cos f' sin // 

Since / IS small, we may in these appioxiniatc expressions put 
G = and hence 

U= — d= B'— p' GpcoB (p' sm 


ISTow, fiom the foininla — 6c, we derive 
2 mwf = cd + bd= (c — b) V 



which, if we assume 

UniQ = J, = ^ = ^ (562) 

^ \b m b 

becomes 

ni' = — b' cot Q 
and therefore r is found hy the formula 

^ ^ ^ - (563) 

a' 4- b' cot Q 

The Ephemeris gives also the values of JL', -B', and C', which 
aie the changes of JB, and C m one second These changes 
being veiy small, the unit adopted in expiessmg them is 000001 , 
so that the above value of r, as also the value of in (561), 
must be multiplied by 10® The formulae (560-563) then agree 
with those given m the explanation appended to the Ephemeris 
It IS easily seen that Q heie denotes the same angle as u> the 
preceding articles ; for we have at the instant of contact 


tan Q = 


y 2 ??i X — ^ 

m' b — c y — 7) 


Examples of the application of this method are given in every 
volume of the American Epliemeiis. 
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326, Tlie preceding aiticles embrace all tliat is important in 
relation to the prediction of solar eclipses. Since absolute rigor 
is not required in mere predictions, I have thus far said nothing 
of the eftect of refraction, which, though extremely small, must 
be treated of before we proceed to the application of observed 
eclipses, where the greatest possible degree of precision is to be 
sought. 

CORRECTION FOR ATMOSPHERIC REFRACTION IN ECLIPSES. 

327. That the refraction varies for bodies at different distances 
from the earth has already been noticed in Art. 106 ; but the 
difference is so small that it is disregarded in all problems in 
which the absolute position of a single body is considered. 
Here, however, where two points at very different distances from 
the earth are observed in apparent contact, it is worth while to 
inquire how far the difference in question may affect our results. 

Let SMDA, Tig. 44, be the path 
of the ray of light from the sun’s 
limb to the observer at A, which 
touches the moon’s limb at 3f; SMB 
the straight line which coincides with 
this path between Sf and but when 
produced intersects the vertical line 
of the observer in B, It is evident 
that the observer at A sees an ap- 
parent contact of the limbs at the 
instant when an observer at B would 
see a true contact if there were no 
refraction. Hence, if we substitute 
the point B for the point A in the 
formula of the eclipse, we shall fully take into account the effect 
of refraction. 

For the purpose of determining the position of the point .5, 
whoso distance from A is very small, it will suffice to regard the 
earth as a sphei'e with the radius p = CA. It is one of the pro- 
perties of tlie path of a ray of light in the atmosphere that the 
product qfxsin i is constant (Art. 108), q denoting the normal to 
any infinitesimal stratum of the atmosphere at the point in which 
the ray intersects the stratum, p the index of refraction of that 
stratum, and i the angle which the ray makes with the normal. 


Fig. 44. 




SOLA.R ECLIPSES 


510 

If, then, //q, denote the valuer of 5 ?, />«, and i foi the point JL, 
we ha^e, as in the equation (149), 

qjx sin % = pfx^ sin 

in wliicli Z' is the apparent zenith distance of the point ilf, and 
fiQ IS the index of refraction of the air at the ohser\or 

Now, let ns consider the noimal q to he diawn to a point D of 
the lay where the refractive power of the air is zero, that is, to 
a point in the rectilineal portion of the path where [i = l Then 
onr equation becomes 

q sin i ~ piXq sin 

in which q= CD, 1 = MDF= CDB Putting ^ = the true 
zenith distance of M = MDV, and 5 = the height of D above 
the surface of the earth = AB, the triangle CDB gives 

(p s) BinZ = q sm i 

which with the preceding equation gives 

1 I (-564^ 

P Sin Z 

In order to snhstitnte the point B foi the point A in our com- 
putation of an eclipse, we have only to wiite p b for p in the 

equations (483), or /? |l -f -^^foi p Therefore, when we have 

computed the values of log log and log C by those equa- 
tions in their present form, we shall meiely have to coriect them 

by adding to each the value of log ^ 1 + — | This logarithm 

may be computed by (564) for a mean value of (= 1 0002800) 
and for given \ allies of Z For Z we may take the true zenith 
distance of the point Z (Art. 289), determined by a and it But 
by the last equation of (483) we have so nearly cos Z = ^ that 
m the table computed by (564) we may make log ^ argu- 
ment, as in the following tahle, which I have deduced fi oni that 
of Bessel {Asiron, ITnUrsuchungen, Yol II p. 240). 
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log f 

Correction of logs, 
of V, C- 

8.5 

0.0000446 

8.4 

.0000525 

8.3 

.0000602 

8.2 

.0000672 

8.1 

.0000734 

8.0 

0.0000788 

7.9 

.0000835 

7.8 

.0000875 

7.7 

.0000909 

7.6 

.0000937 

7.4 

0.0000978 

7.2 

.0001006 

7.0 

.0001023 

6.5 

.0001044 

6.0 

.0001051 

00 

0.0001054 


log f 

Correction of logs, 
of f, n, 

0.0 

0.0000000 

9.9 

.0000001 

9.8 

.0000002 

9.7 

.0000005 

9.6 

.0000008 

9.5 

0.0000014 

9.4 

.0000023 

9.3 

.0000035 

9.2 

.0000054 

9.1 

.0000081 

9.0 

0.0000119 

8.9 

.0000167 

8.8 

.0000225 

8.7 

.0000292 

8.6 

.0000367 

8.5 

0.0000446 


The numbers in this table correspond to that state of the at- 
mosphere for which the refraction table (Table II.) is computed; 
that is, for the case in which the factors /? and y of that table are 
each = 1. Tor any other case the tabular logarithm is to be 
varied in proportion to ^ and y. 

It is evident from this table that the effect of refraction will 
mostly be very small, for so long as the zenith distance of the 
moon is less than 70" we have log C > 9-53, and the tabular 
correction less than .000001. From the zenith distance 70 to 
90" the correction increases rapidly, and should not be neglected. 

CORRECTION FOR THE HEIGHT OF THE OBSERVER ABOVE THE 
LEVEL OF THE SEA. 

328. If 5 ' is the height of the observer above the level of the 
sea, it is only necessary to put p + s' for p in the general formulae 
of the eclipse ; and this will be accomplished by adding to log f, 

log rj, and log C the value of log (1 + which is {M being 

the modulus of common logarithms) 

But s' is always so small in comparison with f> that we may 
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neglect all l3tit the first teini of this formula, and hence, by 
taking a mean yalue of p (for latitude 45°) and supposing to 
be expressed in English feet^ we find 

Correction of log f, log ly, log ^ = 0 00000002079 / (565) 

For example, if the point of observation is 1000 feet above 
the level of the sea, we must mciease the logaiithms of fjj 
and by 0 0000208 

If IS expressedm meii es^ the collection becomes 0 000000064 5^ 

APPLICATION OP OBSERVED ECLIPSES TO THE DETERMINATION OE TER- 
RESTRIAL LONGITUDES AND THE CORRECTION OF THE ELEMENTS 
OP THE COMPUTATION 

329. To find the longitude of a place f om the observation of an 
eclipse of the sun — The observation gives simply the local times 
of the contacts of the discs of the sun and moon in the case of 
paitial eclipse, two exterior contacts only, iii the case of total or 
annular eclipse, also two interior contacts 
let 

to = the west longitude of the place, 
t = the local mean time of an obseived contact, 

= the coi responding local sideieal time 

The conveision of i into p requires an approximate knowledge 
of the longitude, which we may always suppose the obseivei to 
possess, at least with sufficient piecision for tins pm pose 

Let Tq he the adopted epoch fiom which the values of x and y 
are computed (Art 296), and let 

rCjj, = the values of x and y at the time 

af, f = then mean hourly changes foi the time ^ -f ai , 

then, if we also put 

Tz=t ^ VO (566) 

the values of x and y at the time t (which is the time at the 
first meridian when the contact was observed) are 

^0 + y, + 

The values of x' and to be employed in these expressions 
may be taken for the time t -h w obtained by employing the 
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approximate value of ca, and will be sufficiently precise unless 
the longitude is very greatly in error. 

The quantities I and i change so slowly that their values 
taken for the approximate time t + co will not differ sensibly 
from the true ones. For the same reasoii, the quantities n and d 
taken for this time will be sufficiently precise : so that, the latitude 
being given, the co-ordinates ?, rj, C of the place of observation 
may be correctly found by the formulae (483). Since, then, at 
the instant of contact the equation (490) or (491) must be exactly 
satisfied, we have, putting 1/ = ? — ?C, 

Xsin Q = a-o — f -l-a;'T ) (-5073 

LcosQ = y,—y) + y''^ J 

in which r is the only unknown quantity. Let the auxiliaries 
jrt, M, n, Nhe determined by the equations 

m sin M = f ^ N = x ) (568) 

m cos If = 1 / 0 — ’J nco&N=y’ ) 

then, from the equations 

i sin Q = m sin M n sin N . r 
i cos $ = w cos M -f w cos iV . T 

by putting 4. = ^ — iV, we obtain 

. m sin (M — N) 

sin 4- = 

L cos 4 mco8(Jf — N) 

“ n n 

m sin (M — JSf — 4) 
n sin 4 

where the second form for r will be the more convenient except 
when sin 4 is very small. As in the similar formulae (553), the 
angle 4 must be so taken that L cos 4 shall be negative for 
first contacts and positive for last contacts, remembering that in 
the case of total eclipse L is a negative quantity. 

Having found r, the longitude becomes known by (566), which 

(570) 



gives 


= Tp — t -\- T 
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If tlie observed local time is sideieal, let //^jbe the sidereal 
time at the first meridian, corresponding to TJj, then, r being 
reduced to sidereal seconds, we shall have 

(^ = Mo — + T 

and this process will be free from the theoretical inaccuracy' 
arising from employing an approximate longitude in converting 
/z into t 

The unit of r in (569) is one mean houi , but, if we write 

^ hL cos ^ hni cos(Jf — N) 

n n 

^ m s]n(ilf — N — 4/) 

n sin 4 * 

we shall find r in mean or sidereal seconds, accoiding as we take 
h = 3600, or h = 3609 856 

330. The rule given in the preceding article for deteimining 
the sign of cos a]/ (which is that usually' given by writeis on this 
subject) IS not without exception in tlieoiy, although in practice 
It will be applicable in all cases where the obseivations are 
suitable for finding the longitude with precision, and, were an 
exceptional case to occur in practice, a knowledge of the appioxi- 
mate longitude would remove all doubt as to the sign of the teim 
-5 cos 4 -D . - , 

— ~ — . ±}nt it IS IS easy to deduce the mathematical condition 
for this case 

At the instant of contact, the quantity 

(.T, - e + 

is equal to At the next following instant, when r becomes 
r + z^T, it is less or greatei than accoidmg as the eclipse is 
t^giiining or ending. If then we regard as sensibly constant, 
t e differential coefficient of this quantity relatively to the time 
must be negative for first and positive for last contacts The 
half of this coefficient is 

(X„ - I + j/r) ex' - ^0 + 

f a-nd V are denoted by and Y), or, by 

(567), putting iV + 4 for Ih y ^ 

L [Bin (.Y -f (i,'_ t'j ^ 
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Computing and rj' laj the formulie (551), or, in this case, hy 
— j/p coa cos (/■ — ci) ij' = ^ ^ sin c2 

and putting 

ji'sin JV''=5c' — n' cos iV'' = / — V 


the above expression becomes 

Z i\! cos (N — iV' 4^) 

Hence, when L is positive, that is, for exterior contacts and 
interior contacts in annular eclipse, 4/ must he so taken that 
cos (JV— JS' + 1 ^) shall be negative for first and positive for last 
contact. That is, for frst contact mvsi be taken betioeen 
jV' — JV+90° rad iV'— iV+ 270°; and for last contact between 
JV 4- 90° and N'—N— 90°. Tor total eclipse, invert these 
conditions. 

In Art. 322, we have N = iV', and hence the rule given tor 
the case there considered is always correct. 


331. To investigate the correction of the bngitude found from an 
observed sohr eclipse, for errors in the dements of the computation. 

Let 

na;, Ay, Aii = the corrections of x, y, andJ/, respectively, 
for errors of the Epkemeris, 

= tlio corrections of ^ and 7} for errors in p and 
AT = the resulting correction of t. 

The relation between these corrections, supposing them very 
small, will be obtained by difierentiating the values of -L sin Q 
and L cos Q of the preceding article, by which we obtain 

Ai sin e + A COS^AtS = AX — Af + x'at 
aL cos 6 — J/ sin Qa^ = Ay — ai) + y'Ar 

where ax and Ay, being taken to denote the corrections of 
a; _ a; 4- x't and y = 1 / 0 + include the corrections of t' and y'. 
Substituting in these equations n sin N for x' and n cos N for 
y', and eliminating aQ, we find 

Ai = (ax — Af) sin § + (Ay — Ai)) cos $ + M cos (Q — iV) . at 
and substituting for Q its value iV + 4? 


. sin (iV+ 4) , , , ^ cos (A-f- 4) , aZ 

(ax; Af) ’’ HCOS4 n cos + 
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or 

At =L — ^ (AX Sin Ay cos N) + i ( — AL cosiV'4" siniV) tan 4 

+ i (a^ sin JV-j- ~ N Arj sm iV) tan 4 

/i 


+ 


aX sec 4 
n 


(571) 


which IS at once the collection of r and of the longitude, since 
we have, by (570), A^t> at 


832 In this expiession foi at, the coriections aj, ajj^ &c have 
particular values belonging to the gnen iiistant of obseivation 
01 to the given place In oidei to leiidei it available toi deter- 
mining the collections ot the oiigmal elenients of computation, 
we must endeavor to lediice it to a function of quantities winch 
are constant duiing the whole eclipse and independent ot the 
place of observation Foi this piiipose, let us fust consider 
those paits of at which involve ax and aij For any time T l, at 
the hrst meiidian, we have 


X = n sm N — T^) 

, y = yo+^^ cos X(T^ — T^) 

whence 

X sm iV' + y cos ^ = x^ sm N cos iV -f ^ C — ^ 0 ) 

— X cos iY + y sm N = — x^ cos N -f y^ sm iY 

The last of these expiessions, being independent of the time, is 
constant If we denote it by x , that is, put 

z = — Xocos i\r -f sm N= — X cos N ^ y sm iY (572) 

we shall find from the two expiessions 

XX -f yy = XX + [X(, sm iY + cos iV' + n ( (^73) 


^This equation shows that the quantity i/xx + yy, which is the 
distance of the axis of the shadow fiom the centre of the oaith, 
can never be less than the constant x, and it attains this minimum 
value when the second term vanishes, that is, when 

x,siniV+y^co8iVr+ n(T,-- T,) = 0 
and hence when 

— (X, sm ]Sr+ Vo pos iV) 




(574) 
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whicli formula, therefore, gives tMtme T, of nearest appmich oi 
the axis of the shadow to the centre of the earth, while (672, 
gives the value of the distance of the axis from the centre of the 
earth at this time. Bj the introduction of the auxiliary CLuauti- 
tles T. and x, we can express the corrections involving xa: and ny 
in their simplest form ; for we have now, for the time of ohser- 
vation t + 

sin if + y cos sin if y„cos N + n{t ^ ai— T,) 

=: n(t 

and if and ax are tlie corrections of and oc on 

account of errors in the elements, we have 


An sin if Ay cos Jf= — nATj-f (t + — r,) AW | 

— Ar cos Jf -(- Ay sin if = ak J 


These expressions reduce those parts of Ar which involve ax ana 
Ay to functions of a T„ a», and ax, which may he regarded as 

constant quantities for the same eclipse. . » 

We proceed to consider those parts of at which involve a? 
and AT. These corrections we shall regard as depending only 
upon the correction of the eccentricity of the terrestrial meridian; 
for the latitude itself may always be supposed to he correct, 
since it is easily obtained with all the precision required for the 
calculation of an eclipse; the values of a and depend chiefly 
on the sun’s place, which we assume to he correctly given in the 
Ephemeris; and y is derived directly from observation. Now, 
we have (Art. 82), e being the eccentricity of the meridian. 


, COS <p 

p cos (p = — — . « ^ 

^ ^ 6esin*^p) 

whence, by difierentiatiou, 


p sin (p^ = 


(1 — ee) sin y 
l/(l — ee sin^si)) 


A . P cos <P 
Lee 


= p cos (p- 


pp sin* <p^ 

2 (1 — eey 


A . p sin <p 


p sin (p ' 


pp sin* 


p sin <p' 
1 — ee 




p sin 
\ — ee 


or, putting 


Aee 
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A p COS <p* 

Aee 


= cos (p^ 


A p sm <p^ , « 

— = sin 9 

Aee 


From the values 


(576) 


^ =z= cos sm {[j. — a) 

rj zz=: p sm p' cos d — p cos sin d cos (/t — a) 

we deduce 

—=i^^-r]—^C08d 
Aee Aee 

and hence 


A? sm iV-f- At; cos iV= J/5/? ( sm W+ ^ cos N) Aee ~ ^ cos e? cos iV Aec 

— A^ cos A" + At; sm iV= (— ^ cos iV-f ;; sm iV) A^e — /? cos sm iV" Aee 

The values of ? and 57 may be put under the forms 


^ = Xq— (x^ — ^) = Xq — m sm M 
y)=y, — = y^—mco^M 


oy which the second members of the preceding expressions are 
changed respectively into 

i I iV-f y^jCosiV — m cos (if — iV)] Aee — p cos d cos N" Aee 

and J [— XoCosiV-j- N m sin (if — iV)] Aee — /? cos d sin JST Aee 

01 , by (574) and (572), into 


i PP [« (^0 ^1) — ^ cos (if — iV)] Aee — p cos d cos iV“ Aee 
i PP L X m sm (M — JV)] Aee — /3 cos d sin JV Aee 


or, again, by (569) and (570), into 

i PP [n (t -j- 0) — — Xj cos 4 ^] Aee — /? cos d cos 2 ^ Aee 

i PP i X + Z- sm 4^] Aee — p cos d sm iV Aee 

Hence, that part of at which depends upon Aee is equal to 

^ [«{*+“- ^i) - * tan 4, _£ sec 4] Aee - /? rf cos (iVT + 4) 

n cos 4* 

When these substitutions are made m (571), we have 


A7=.au = Aa 7’,+ Atan 4 ^*-A(i + 

■^^p?3[««4-o-7',)-»tan4,--Xsec 


Ati , _ , AL 

Tj) 1 - ?i sec 4 

n n 


4 ] _ Aee (677) 

cos 4 J 


cos 4 
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where iyc have multiplied hy h to reduce to seconds The imit 
is either one second of mean or one ^ 

according as t is iu mean or sidereal time. It t , 

take h = 3600; if the latter, h = 3610. 

3.S3 The transformations of the preceding article have led us 
to an expression in which the corrections aT„ ax, ah, and Ace arc 
all constants for the earth generally, and which, therefor j ha^e 
the same values in all the equations of 
the observations iu various places. But a still further rans 
ation is necessary if we wish the equation to express the rela- 
tion between the longitude and the corrections of the Ephemeris, 
so that we may finally be enabled not only to correct the longn 

tudes, but also the Ephemeris. 

Since aT,, ax, a 71 are constant for the whole eclipse, we cai 
determine them for any assumed time, as the time itselt f 
tills time we have 


oc sin + y cos N — 0 
— X cos -AT” ~1- y sin N — ^ 

A.r sin iV" -f- Ai/ cos N = ^ 

A;r cos JV ^ ^y sin iY = ah 

The general values of x and y (482) may be thus expressed: 
^ w- ^ 

,T = — y — 

sinjr 

where 


(578) 


sinTt 


X: 


: COS 5 sin (a - a) Y= sin dcosd- cos 3 sin d cos (a -a) 


From these we deduce 


_ 

~ sinx “ ^ tan n 


_ aT Ag 

sin K y tan g 


whence 


Att . 


..... W4-t/cos W) 

Ax sm iST + A3/ cos JV . ~ ^ ^ tan tt 


. ... — AJUcosW- 1- Al^siaiV ^ ^ ^ ^ — 

_Aa:coaW-f Ay sin W= 4- cos iv yo 7 

and for the time Z) these become, according to (578), 

A JT sin iV -b A F cos N 




sm g 


— AXeosJV-f AFsinJF .. ng 

— iinT' tang 
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Again, by difleientiating the values of X and F, we have 

aX = cos d cos (a — a) A(a — a) — sin d Bill (a — O) 
aY — [cos <5 cos C? -I- ^ sill d cos (a — a)] Ad 

— [sill S 8111 d -|- COS d co&d cos (a — ^)] Acl 
-f- cos ^5 sin d Bill (a — a) A(a — a) 

But for tlie time of neaiest appioacb we may take a == a and 
put cos (5 — d) = 1, whence 

aX = cos d A(a — a) aT= a(S — d) 

so that 

— nA T — ^ ^ -f cos JY A(d — d) 

^ sin TT 

— cos X cos A(a — a^A-smJY A(d—d) att 

sm TT tan tt 



To find A 92 , which depends upon the corrections of x' and 3/', 
we ohseive that and regarded as derivatives of x and are 
of the form 

__L ' — ^ 1 

dT simt ^ dT sm-jr 


But-^^and-^^ depend upon the changes of the moon's right 

ascension and declination, which for the brief duration of an 
eclipse are correctly given m the Ephemeris* The errors of r' 
and 3/', therefoie, depend upon those of t: so that if we write 


x' 


a 

sin TT 



SlUTT 


and regard a and 6 as correct, we find 


ax' = 


tan r 


— 2/' 


Art 

tanrr 


b rom the equations n sin JY= n cos iV = y', we have 


An sm JSf n aJY cos JY = ax' = — n sm JY 


Att 

tan^r 


AH COS X n aX sm X =? Ay' •=. — ji cos N • 


Att 

tan TT 
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whence, by eliminating 

(580) 

n tan it 

Since A(a — a), A(rJ — A;r will in practice be expressed in 
seconds of arc, we should substitute for them a (ct c/) sin 1 , 
— d) sin V\ A>T sin V' in the above expressions ; but if we at 
the same time put t: sin 1" for sin tv and tan tt, the factor sin 1" 
will disappear. 

To develop aL, we may neglect the error of the small term 
and assume aL~aL We have from (486) and (488), ^ by 

neglecting the small term k sin and putting^ = 1^ z= ? 
the following approximate expression for I : 


which gives 


sin JT 
f sin TT 


dz k 


aL = aI = 


All 

r'r. 


dz a/i 



Alt 

TT 


(581) 


Substituting the values of ax, and aZ given hy (579), 
(580), and (581), in (577), and putting 


— Jl 

JWr 

the formula becomes, finally, 

Au~ — V [ sin W cos <y. A(a — a) + W. A((5 — c?)] 

p cos N cos <1. A(a — «) + sin iV.A(t5' — <?)] tao 4* 



: TrAk 


sec 4 


4- (i{ + w — Tj) --- 3c tan 4 — ~ sec 4 J Att 

4 ” /3/3 [w (^ -|- w — Tj) — X tan 4 — L sec 4 ] — 


/3 cos d cos (iV-f 4)“ 
cos 4 


TrAee 

(582) 


where the negative sign of TtAk is to be used for interior contacts. 
It is easily seen that tta/c represents very nearly the correction 


The angle -Vis independent of errors in tt, since tan 
have taken AiV = 0. 


V = -r : so that we might 
0 
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of the moon’s apparent senudiameter, and -y- that of the sun’s 

semidiametei , and that rz/^ee is the coirectioii of the assumed 
reduction of the paiallaxfoi the latitude 90° 


334 Discussion of the equations of condition for the cornetion of 
the longitude and of the elements of the comjputation — The longitude 
o) found by the equation (570), (Art 329), requiies the correction 
AO) of (582) If, for bievity, we put 

Y= sin A” cos d A(a — o') cos NaQS — 

^ = — cos iV' cos d A{a — a) -f- SlU N A(d — i) } 

and 

cd = the true longitude, 


we haye the equation of condition 

w' z=: 0 ) A.O) = (o — w tan 4 ^ “1“ &c (^584) 

If the eclipse has been observed at several places, we can foim 
as many such equations as theie are contacts obseived If the 
observations are complete at all the places, we can, foi the most 
part, eliminate fiom these equations the unknown coirections of 
the elements, and determine the relative longitudes of the several 
places, and if the absolute longitude of one of the places is 
known, that of each place will also be detei mined. 

I shall at fiist consider only the terms involving y and The 
quantity vj is a constant for all the places of observation, and 
combines with w, so that it cannot be determined unless the 
longitude of at least one of the places is known If then we put 

Q = co' ^ vy a = v tan 4 

the equations of condition will assume the form 


Q — — CO = 0 

sake of completeness, that the four contacts 
of a total or annular eclipse have been observed at any one place, 
and that the values of the longitude found from the several con- 
tacts by Art 329 are cij, o)^ "We then have the four equa- 
tions 

[1] ^ — Oij = 0 

m 0 ,^ = 0 

f3] Q ^3 7^ Olg == 0 

[4] 2 — 
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wheic the numeials may he assumed to express the oidei in 
nliicli tlie contacts aie ohseived, [1] and [4] being exteiioi, and 
[2J and [8] iiiteiioi In a paitial eclipse we should have hut the 
1st and 4th of these equations 

Since exteiior contacts cannot (in most cases) be observed ivith 
as much precision as iiiteiioi ones, let us assign different weights 
to the observations, and denote them by Pi, p^, Pt, respectively 
Combining the four equations accoidmg to the method of least 
squaies, we foim the two normal equations 

[p ] — [pn ] ’» — [p«» ] = 0 

[pa] Q — [p««] — [pa«u] = 0 

whole the lectangulai brackets aie used as symbols of summa- 
tion Fiom these, by elmiinatmg ii, and putting 


we find 


P.? + 0 = 0 


( 585 ) 


fiom which the value of & would he determined with the weight 
JP But the computation of Q under this form is inconvenient 
By developing the quantities P and Q, obseivmg that [paa] = 


p — Pi Pi (“i — + jPi Pa ("i — "3)^ + i’l f 1 (<^i — 

Pi +;’s +/’3 +Pi 

I P,.P!,(ai- + Pi Pi («i — + P3 Pi ("3 — 

Pi^-Pi+Pi-^ Pi 

„ ^1 Pi (fli — Qj) (*^1 ~ ‘■'2) + Pi Pi (“1 — ^3) (‘^i~ “3) + Pi Pi (‘‘i ”'■») (“i “i l 

^ ~ Pi + P2 + Ps + Pi 

Pi Pa (“2 — "3) (“j — “3) ~ 1 ~ P2 Pi {‘'2 — ‘^i) — ^4) PaPj ("3 "4) (*^3 ~ '^ i) 

~ Pi-\-P 2 +P3 +Pi 


These forms show that if we subtiaet each of the equations [1], 
[2], [3] from each of those that follow it in the group, wheieby 
we obtain the six equations 

(Pi — Ua) ^ — "s = 

(a, — aj) iS» + to, — *>3 = 0 

(«! — a j -f = 0 

(«3 — «3) + "a — "s = 0 

(“a — a J 4 - <«a — = 0 

(^3 — aj 4 - <«3 — <«* = 0 


VoL I — 14 
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m 

and cimibuK' (howc m\ «‘(iuati()UH according to tlu* luctkod of 
least sqnau's, taking then winghta to lie roRpootivcly 

,&c 

I JU H- /d I- i>, t\ i>x \ Pi \ lU 

we sliiill aviive at the same jtiniil eciuntioii (585) aaky the direct 
liKX'css, with the adeaiitagc ol avoiding the nmltiphcatiou of the 
large uuudiein w,, w„, &e 

Hnppose that at another ]ila<‘e hut three contacts have been 
ohserved, the true longitude heiiig m'\ and the computed longi- 
tudes <i>,, Wj, and that, having put iJ' - cd" -\ vy, we have 
toriued the throe oipmtioini 

[5] Q' — - Uj — <tf, — 0 with the weight 

[0] fl'- .9 0 “ “ A 

[7] Q' — rty .9 - ^ 0 “ “ A 

The subtraction of each of the tirst two from those which follot 
gives the three equations 

C^S — «a) !> + ", — "6 “ 0 
(a, - o,) .9 d wj - w, = 0 

(Hj — ily) '9 -)- "ii — "j =■ 0 

of winch the weights will bo i eBpoetively, aeooinling to the abov 
ioims, 

PiP> P,Pr Pr 

Ps +P,-^ Pi + J’u -I P, Pi HA -H Pr 

and the combination of these three equations, aecordiug 
weights, will give a iiormal oipiution of the form 

P59d 

which gives a value of with the weight Ph 

Now, suppose that this method applied to all the observatio 
at all the places has given us the series ot equations in 9-, 

P.9 d- <? = 0 
P .9 -p §' =■ 0 
P'',9 -p ()"= 0,&c , 

then, since P, P', P", &e are the weights of these several deb 
imnations, the final normal equation tor detennimug deriv 
troin all the observations, is 

[P] .9 d- [(?] = 0 
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tluit is, it is simply tlic sum of all the individual equations in 
formed for the places severally. 

The same reasoning is applieahlo to any of the terms whiclx 
follow the term in & in (584) ; so that if we suppose all the terms 
to be retained, this process gives an equation in for each place, 
in which besides the term P& there will be terms in aIT, &c., 
and from all the equations, by addition, a final normal equation 
(still called the equation in ??) as before. In the same manner, 
final normal equations in aA:, ajS, &c. will be formed. Thus we 
shall obtain five normal equations involving the five unknown 
quantities aA, A-ff, att, which are then determined by 
solving the equations in the usual manner. But, unless the 
eclipse has been obseiwed at qfiaces widely distant in longitude, 
it will not be possible to determine satisfactorily the value of 
A;r, much less that of a^ 6. It will be advisable to retain these 
terms in our equations, however, in order to show what effect an 
error in tt or ce may produce upon the resulting longitudes. 

When e?, &c. have been found, we find &c. from the 

equations [1], [2] .... [5], [6] .... The final value of Q will be 
the mean of its values [1 — 4] taken with regard to the weights ; 
and so of &c. Hence we shall know the several differences 
of longitude 

— - w" = «>' — &c. 

If one of the longitudes, as for instance (o\ is previously 
known, we have 

vy = — cu^ 


and hence all the longitudes become known. 

Finally, from the values of y and d the corrections of the 
Fphemeris in light ascension and declination are obtained by 
the formulae 


cos dA(a — a) = sin iV. y — cos JV . 
a(<5 — d) = cos W. y 4* sin P' ■ 


} 


(586) 


335. Wheii only two places of observation are considered, one 
of wMcli is known, it will be sufficiently accurate to deduce 
aud from the observations at tbe known place (disrcgardin 
the other corrections), and to employ their values in finding the 
longitude of the other place. 
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33(3 AVIiloii < 2 fO()(l nioiidiaii ()l>sorvationB oftlio moon me avail” 

o 

al)le, taken ncai tkc time oi tlic oolipfeo, the (|iiantitieB ^(a — a\ 
l[8 — d) [tor ^vliick Ave may take b.[a — a'), a(o — <?')]], ma-^ ke 
toiinrl fioni them. The teims in y and ina^ then he diieetly 
computed hy (583) and applied to tlie conipnted longitude , after 
which the disens&ion of the equations of oouditioii may AVitli 
ad^antagc he extended to the lemaining teims 

337 Befoie proceeding to give an example of the computation 
liy the pieeediiig method, it Avill be ivell to rocapitnlate the 
necessaiy foiinulce, and to give the equations of condition a 
practical form 

I The geiieial elements of the eclipse, rq rf, Z, log a, 
are supposed to have been computed and tabulated as in Art 207» 

II. The latitude of the place being f , tlio logarithms of f) cos 
and p sm <f' are found hy the aid of oui Table III , oi hy the 
foimulae (87). 

The mean local time i of an obseived contact being 
find the coriesponding local sideieal time /i , also the time M- (o 
at the fust nieiidiaii, employing the appioximate xalue ot the 
longitude (o 

[If the obseived time is the sideieal time //, the time fj. -h at 
the first meiidian, converted into mean time, will give the 
appioximate value of t + 

Tor the time t + co take a, c/, Z, and log^ from the ecdix)se 
tables, and compute the co-ordinates of the place and the ladius 
of the shadow hy the formulae 

A sm B = p ^i\\ f' ^ = p cos sm (ja — cc} 

Aqo^B = p cos f'eos (/jt — d) — A hin^B — d) 

Ij = 1 — iX C = A cos QB — d') 

‘When log is small, add to log |, log and log ^ 'the correc- 
tion for refi action, from the table on p 51T 

ni Tor the assumed epoch ^t the first meiidian (l>eing the 
epoch fiom which the mean hourly changes and ?/' are undv- 
oned), take the A’'aliies of x and y from the eedipse t<d>lc8, 
denoting them hy Xq and j/o Aho the mean houily changes 
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and y' for the time i + co. Compute the auxiliaries m, M, &c. 
by the formulae* 

ro sin M = Xff — ? ^ ^ — •'*" 

m<iO^M=y, — rt nc.QBN=y’ 

m sin (M — N) 
sin 4; = 


where i> is (in general) to he so taken that L cos 4- shall he 

negative for a first and positive for a last contact (hut in certain 

exceptional cases of rare occurrence see Art. 330). 

11 hen AT\ 

h L cos 4' Am cos(Jf — A) 


01 ', when sin 4/ is not very small. 


hm sin (ilf — N — 4) 
n sin 4/ 


If the local mean time t was observed, take h — 8600 in these 
formulffi, and then the (uncorrected) longitude is found hy the 


equation 


CO = TJ, — t r 


If the local sidereal time y ■was oheei'vcd, take h = 3609.856, 
in the preceding formulae ; then, /io being the sidereal time at the 
first meridian corresponding to Tq, we have 


<t) — fig — M ^ 

The longitudes thus found will he the true ones only when 
all the elements of the computation are correct. 

IV. To form the equations of condition for the correction of 
these longitudes, when the eclipse has been observed at a suffi- 
cient number of places, compute the time of nearest approach, 
and the minimum distance x, by the formulae 


T. = Tg — — (Xg sin N+yg cos iY) 

71/ 

* = — COS N + y^ sin JST 


The values of N’ and log n being nearly constant, it will be expedient, where 
many observations are to be reduced, to compute them for the several integral hours 
at the first meridian, and to deduce their values for any given time by simple 
interpolation. 
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Take tz for tlie time and compute the logarithm of 

, _ A. 

nic 

the same value of h being used here as before. 

For each observation at each place compute the coefficient? 
V tan V sec and 

E=vn(t o) — — XV tan 4 p- v sec 4 

Y TZ 

where the unit of ^ + co — 3^ is one mean hour, 

JP = lvn{t 4- ^ -71) - X. tan 4 -- L sec 4 ] - ^ os /cos (AT -+ 4). 

cos 4 

ia wHcli 


M == 959".788 log H = 2.98218 

. p sin 

^ - ^0 = 9.99709 

Then, oj' denoting the true longitude, the equation of condition is 

0 )'= « — -y. y -f i;tan4.i9- zfci i; sec 4. r A/c -f- V sec 4 .^^-+ jS^Att -f tt Aee 

i, 

where the negative sign of the term sec 'v// . tta/c is to be used 
for interior contacts. 

The discussion of the equations thus formed maj then be 
carried out^y Art. 334; taking as the unknown quantities 

Y, TiAfcy — A;r, and TZAee. 


Example.— Phid the longitude of Washington from the fol- 
lowing observations of the solar eclipse of July 28, 1851: 

■At y^asJiingion (partial eclipse) : 

Beginning of eclipse, July 27, 19* 21^ 31*.2 M.T. 

20 50 38,0 


At ICdntgsberg (total eclipse): 

Beginniiig of eclipse, 
Begiiming of total obse., 
End of total obscuration. 
End of eclipse, 


Jaly 28, 3 38 10.8 


a 

C£ 


4 S8 67.6 
4 41 54,2 
'' 5 38 32 .9 ■ 


it 

£i 


U 
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For these places we have given — 

Lat. (p I^ong. 6) 

Washington, + 38° 58' 39".25 + 8- 11^2 

Konigsberg, 54 42 50 .4 — 1 22 0 .4 

The longitudes are reckoned from Greenwich. That of 
Konigsherg will he assumed as correct, while that of Washington 
will he regarded as an approximate value which it is proposed 
to correct by these observations. 

I. The mean Greenwich time of conjunction of the sun and 
moon in right ascension being, July 28, 2'" 21”^ 2*. 6, the general 
eclipse tables will be constructed for the Greenwich hours 0^, 

2% 3\ 4^ and 5^^ of July 28. For these times we find the follow- 
ing quantities from the Nautical Almanac : 


For the Moon.* 


Greenwich mean 
time. 

a 

6 

TT 

July 28, 0* 

125° 40' 6".75 

+ 20° 3'30".00 

60' 27".30 

1 

126 19 9’ .41 

19 58 9 .36 

28 .41 

2 

126 58 10 .80 

19 52 39 .99 

29 .49 

3 

127 37 10 .82 

19 47 1 .92 

30 .54 

4 

128 16 9 .37 

19 41 15 .21 

31 .56 

5 

128 55 6 .36 

19 35 19 .89 

32 .56 


For the Sun, 


Greenwich mean 
time. 

oI 

d' 

log r' 

July 28, O'* 

127° 6' 5".25 

+ 19° 5' 24".70 

0.006578 

1 

8 32 .63 

4 50 .23 

76 

2 

10 59 .99 

4 15 .74 

74 

3 

13 27 .34 

3 41 .21 

72 

4 

15 54 .67 

3 6 .64 

70 

5 

18 21 .99 

2 32 .05 

67 


* The moon’s a and c5 in the Nuut Aim. are directly computed only for every noon 
and midnight and interpolated for eoch hour. I have not used these interpolated 
values, but have interpolated anew to fiftli differences. The moon’s parallax has 
been diminished by 0".3 according to Mr. Adams’s Table in the Appendix to tho 
Naut. Aim. for 1856. 
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Witli these values we form the following tables, as in Art. 297 : 



a 

d 

Exterior Contacts. 

Interior Contacts. 

1 

log 1 

1 

log i 

c* 

1 

2 

a 

4 

5 

127° 6' ir".22 
8 39 .61 
11 1 .78 
13 24.03 
15 46 .27 
18 8 .60 

19® 5' 16". 66 

4 42 .76 

4 8 .96 
a S5 .14 

3 1 .SO 

2 27 .46 

0.53404C 

4023 

3973 

3899 

3801 

3679 

7.C63244 

46 

47 
49 

51 

63 

■— 0.011771 
11796 
11844 
11917 
12016 
12137 

7.661131 

32 

34 

36 

38 

40 



ae 

Ax 

Aa 

A* 

y 


Aa 

Aa 

0* 

1 

2 

3 

4 

5 

— 1.338900 

— 0.769366 

— 0.199775 
-f- 0.869815 

4- 0.939350 
+ 1.608766 

-}- 0.569534 
.569591 
.569590 
.569536 
.569416 

+ 57 
— 1 
— 55 
—119 

—58 
— 54 
—64 

-f 0.968589 
.885569 
.802185 
.718449 
.634370 
.549950 

— 0.083020 
.083384 
.083736 
.084079 
.084420 

—864 

—352 

-843 

—341 

+ 12! 
H- it 
+ ^ 


Hence the mean changes x' and y', for the epoch % = 2'* (ac- 
cording to the method of Art. 296), and the corresponding values 
of N and log n, are as follows : 



x' 

y’ 

N 

log n 

0* 

1 

^0=2 

3 

4 

5 

-f 0.569563 
591 
600 
590 
563 
514 

— 0.083202 
3384 
3662 
3736 
3908 
4078 

98° 18' 39".7 

19 42 .7 

20 45 .3 

21 47 .5 

22 50 .0 

23 52 .7 

9.760126 

168 

194 

205 

203 

186 


f ®o“P^itation for Hdnigsberg, where both exterior 

iiQA contacts were observed, will serve to illustrate tho 

se of the preceding formulae in every practical case. 

For f = 54° 42' 50".4 we find 


log /> sin /= 9.909898 


log p cos 9.762639 


§4 at Greenwich mean noon, duly 28, was 

putatiou of f ' The com- 


'ji and L will be as follows: 
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Ist Ext. Cont. 

1st Int. Cont. 

2d Int. Cont. 

2d. Ext. Cont. 

t 

38«' 10».8 

4^ 38’" 57^6 

4A 4im 54».2 

5* 32*. 9 

t -j~ w 

2 16 10.4 

3 16 57.2 

3 19 53.8 

4 16 32.5 

fl 

12 0 46 .44 

13 1 43 .22 

13 4 40 .31 

14 1 28.31 

fi (in arc) 

180° 11' 36". 6 

195° 25' 48".3 

196° 10' 4".7 

210° 22' 4".r 

For i 4" ® 

127 11 40 .1 

127 14 4 .2 

127 14 11 .2 

127 16 25 .6 

“ d 

19 3 59 .8 

19 3 25 .6 

19 3 23 .9 

19 2 52 .0 

fz — a 

52 59 56 .5 

68 11 44 .1 

68 55 53 .5 

83 5 39 .1 

log sin {/z — a) 

9.902343 

9.967762 

9.969952 

9.996838 

log cos {/z — a) 

9.779473 

9.569889 

9.555679 

9.080040 

logf 

9.664982 

9.730401 

9.732591 

9.759477 


+ 0,462362 

+ 0.537528 

-f 0.540244 

-f 0.574748 

log A sin B 

9.909898 

9.909898 

9.909898 

9.909898 

log A cos B 

9.542112 

9.332528 

9.318318 

8.842679 

B 

66° 47' 32".2 

75° 10' 40". 4 

75° 38' 5". 9 

85° 6'14".3 

B — d 

47 43 32 .4 

56 7 14 .8 

56 34 42 .0 

66 3 22 .3 

log A 

9.946544 

9.924595 

9.923693 

9.911486 

log sin [B — d) 

9.869192 

9.919191 

9.921499 

9.960919 

log cos [B — d) 

9.827809 

9.746201 

9.740991 

9.608355 

log 7 

9.815736 

9.843786 

9.845192 

9.872405 

V 

+ 0.654239 

+ 0.697888 

+ 0.700152 

4- 0.745427 

!og C 

9.774353 

9.670796 

9.664684 

9.519841 

For t + w, log i 

7.663248 

7.661137 

7.661137 

7.663252 

u u 1 

+ 0.533966 

— 0.011940 

— 0.011944 

-f 0.533772 


-f 0.002739 

-f 0.002148 

-j- 0.002117 

4- 0.001524 

L 

+ 0.531217 

— 0.014088 

— 0.014061 

4~ 0.532248 


III. The epoch of the table of x' and being %= 2^^ we have 
for this time 


:::= __ 0.199775 ^0 = + 0.802185 


with which we proceed to find the values of co. 


m sin M =Xq — f 

0.662137, 

— 0.737303 

— 0.740019 

m cos 31 = ?/o — n 

4- 0.147946 

4- 0.104297 

4- 0.102033 

log m sin iT 

n9. 820948 

7i9. 867646 

W9.869242 

log 7n cos if 

9.170107 

9.018272 

9.008741 

3f 

282° 35' 42". 8 

278° 3' 5".4 

277° 51' 1".5 

log m 

9.831527 

9.871949 

9.873331 

For i 4* ^ 

98° 21' 2".l 

98° 22' 5".l 

98° 22' 8".2 

“ log n 

9.760198 

9.760206 

9.760206 

M— N 

184° 14' 40".7 

179° 41' 0".3 

179° 28' 53".3 

log sin {M — N) 

7i8.8G9321 

7.742368 

7.956643 


— 0.774523 
-f 0.056758 
?i9.889035 
8.754027 
274° 11' 28".3 
9.890198 
98° 23' 7". 3 
9.760200 
175° 48' 21 ".0 
8.864135 
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log is 

9.725272 

w8. 148840 

«8. 148010 

9.726114 

log sin ^ 

n8.975576 

n9.465463 

«9.681958 

9.028219 


ISS" 25' 27". 7 

3430 4 / QnQ 

208° 44' 14".0 

6 *^ 7^ 33". 2 


358 49 1 3 .0 

196 39 51 .7 

330 44 39 .3 

169 40 47 .8 

log sin (if— iV~_ 4 ) 
h = 3600, log h 

n8.813626 

3.556303 

n9. 457526 

>19.689061 

9.253208 

log r 

2.965682 

3.060100 j 

3.67C521 

3.911290 

r 

4- 0*15’"24*.O 

-f lM6™12*.o! 

-1- in9"> 8*.l 

-f 2n5«^52'.5 

t 

— 1 38 10 .8 

— 2 38 57.61 

— 2 41 54.2 

— 3 38 32 ,9 


— 1 22 46 .8 

— 1 22 45. ej 

— 1 22 46.1 

— 1 22 40 .4 


of condition . — To find and x, ■we have foi 

log = »9.3006 AT = 98° 20' 7 

whence log. = 9.7603 


sin i\r 

- = +0.3434 


n 

y^oosN 


= 4 - 0-2023 
: 2\5457 


7z= 3630" 
log ^= log 

1 — «e 


-X^COS JV: 


■0.0290 logJT =2.9822 


+ J/„ sin JV = + 0.7938 log f = 0.0066 
* = + 0.7648 log X = 3.5699 

log * = 9.8885 log — = 9.4157 

f 7C 


= 9.9128 


log V = log — == 0.2362 

° ^ me 


With tKese constants prepared, we readily form the coefficients 
ol the equations of condition as follows : 



1st Ext. Cont. 

Ist Int. Cont. 

1 2d Int. Cont. 

2d Ext. Cont. 

log tan 4 
log sec 4 

V tan 4 

V sec 4 

8.9775 

nO.0019 
-1- 0.163 
— 1.730 

W9.4848 

0.0194 

1 — 0.526 
-4- 1.801 

9.7390 
>i0.0571 
+ 0.944 
— 1.964 

9.0307 

0.0025 
-f 0.185 
-f 1.733 

t + a - T, 

log (< - 1 - U _ Ti) 

— 0*.2762 
n9.4412 

4 0*.7355 
9.8666 

-f 0‘.7860 
9.8954 

4- 1^7300 
0.2380 

vn(t-i- c — T^) 

— » V tan 

TT 

— 0.2739 

— 0.1251 

-f 0.7295 

4- 0.4023 

-|- 0.7795 
— 8.7223 

+ 1.7155 
— 0.1414 

~ p;; " sec .}, j -I- 0.4o06 

— 0.4691 

-t- 0.5117 

^ 0.4512 

£J ; 

-f 0-0516 1 

+ 0.6627 

-f- 0.5689 

4- 1-1229 
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let Ext. Cont. 

Ist lut. Cont. 

2d Int. Cont. 

2d Ext. Cont 

vn{t Q — 

— 0.2739 

+ 0.7295 

+ 0.7795 

+ 1.7155 

— XV tan -4 

— 0.1251 

+ 0.4023 

— 0.7223 

— 0.1414 

iy V sec 4^ 

+ 0.9192 

+ 0.0254 

— 0.0276 

— 0.9222 


+ 0.6202 

+ 1.1572 

- 1 - 0.0296 

+ 0.6519 

log 

9.7162 

0.0634 

8.4713 

9.8142 

log i/3/? 

9.5246 




log 1 st part of 7^ 

9.2408 

9.6880 

7.9959 

9.3388 

W+4 

283® 46'.2 

81® 21'.8 

307® 4'. 9 

104® 28'. 3 

log cos {N + 4 ,) 

9.3766 

9.1766 

9.7803 

n9.3978 

log { — vp cos d sec 4 ,) 

0.1264 

710.1439 

0.1816 

n0.1270 

log 2d part of F 

9.6030 

7Z9.3205 

9.9619 

9.5248 

1st part of F 

+ 0.1741 

+ 0.3873 

+ 0.0099 

+ 0.2182 

2d “ F 

+ 0.3184 

— 0.2092 

+ 0.9160 

+ 0.3349 

F 

+ 0.4925 

+ 0.1781 

+ 0.9259 

+ 0.5531 


Putting co^ + ~ a ^ we have, therefore, for the four Koiiigs- 

berg observations, the equations 


1 ^. 


1 


(A) 


2 

2 

1 


Q = — 22"»46'.84-0.163t^ — 1.730;rAA: — 1.730— + 0.052 Att 4- 0.493 ttA^# 

t' 

G=— 1 22 45.6 — 0.526 —1.801 +1.801 +0.663 +0.178 

0 = — 1 22 46.1+0.944 +1.9G4 —1.964 +0.569 +0.926 

fil=— 1 22 40.4 + 0.185 +1.733 +1.733 +1.123 +0.553 


wliere we have annexed a column for the weight giving 
interior contacts double weight. 

A similar computation for the two observations at Washington 
gives the following equations, in which ii^= + vy, co'' de- 
noting the true longitude of Washington: 


(B) 


P 

1 

1 


ir = 5A 7^ 29*.9 + 1.660 — 2.392;^A^- — 2.392 — — 2.681 Att + 0.722 TrAee 

r' 

7 21.9 — 2.406 + 2.959 +2.959 +0,509 — 1.323 


More observations would be necessary in order to determine 
nil the corrections ; but I shall retain all the terms in order to 
illustrate the general method. Subtracting each of the Konigs- 
berg equations from each of those which follow it, we obtain the 
six equations. 
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P 


lA'j 


1 

2 
3 


1 

3 


0== + 1' 2 — 0 689i? — 00ri7rAA;+ 3 531— 4- 0 611 Att — 0 315tA€« 


0 — . 40 / 4 ^ ^S1 4' 3 694 
0 = 4 6 4 4 0 022 4 3 463 
0 = — 0 6 4 1 470 4 3 765 

0 = 45 2 40711 43534 
0 = 4 5 7 — 0 759 — 0 231 


r 


— 0 234 

4 0 517 

4 0 433 

4 3 463 

4 1 071 

4 0 060 

— 8 765 

— 0 094 

4 0 748 

— 0 068 

4 0 460 

4 0 375 

4 8 697 

4 0 564 

— 0 373 


wliere the "weiglit in each case is the quotient obtained by 
dmding the product of the two "vv eights of the equations whose 
difleience is taken, by the sum of the weights of the four 
original equations (Art 834) 

The same method, applied in the case of the two W ashington • 
eqnatioiis, gives the single equation 


(B') 


0 = — 8' 0 — 4 066 + 6 851 ttAA -f 5 351 + 3 190 Arr — 2 055 -n-Ate 


From the equations (A') and (B') are formed the following 
final equations, haviiig regard to then weights, in the usual 
manner 


0= q- 15 495 + 10 426 4 

0 = — 12 443 — 5 300 
0=^— 8191 — 16 377 
0 = — 9 371 — 6 609 
0 = + 7 951 + 6 281 


5 300 'ttAJc • 


- . A/f 

16 3/ i 

r ' 


C 609 Ax 


4 34 506 
4 6135 
4 10 040 
— 2 575 


4 6 135 
4 34 506 
4 10 740 
— 8 214 


4 10 040 
4 10 740 
4 5 672 
— 3 316 


4 5 281 xAee 

— 2 575 

— 8 214 
— - 3 31C 
4 2 675 


As we cannot expect a satisfactoiy determination of ajt and /tacc 
from these observations, we disregaid the last tivo equations, 

and then, solving the first thiee, we obtain ??, and in 
terms of ajt and Kii.ee, as follows 


^ — 4" 36 + 0.375 A5i — 0 525 KAee 

rAi = + 0 02 — 0.216 att — 0 004 jrAee 

~p~ ^ — 0.095 att — 0 010 TTAee 

These values substituted in the equations (A) give 

fl = — 1» 22“ 44* 38 + 0 651 att + 0 432 TrAee 

= — 1 22 46 64 + 0 684 + 0 443 

^= — 1 22 46 58 +0 685 + 0442 

= — 1 22 44 34 + 0 653 + 0 432 
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tlio mean of wliicli, giving the second and third donhle ■weight, is 
ffl = — 1* 22™ 45*.86 + 0.674 + 0.439 Ticket 

The equations (B) become 

^ _ 5* 7»> 26‘.99 — 1.314 Ar — 0.116 *Aee 
5 7 27.03 — 1.314 — 0,101 

the mean of which is 


(B") 0!=. 5* 7™ 27'.01 — 1.314 att — 0.109 rAee 

ITo'w, if we assume the longitude of Kdnigsberg to be well 
determined, we have 

a = ui' vy — — V' 22”* 0*.4 + vy 


which, -with the equation (A"), gives 

V)/ — — 46*.46 -{- 0.674 att -|- ,0.439 rrAee 
Hence, by (B "), the true longitude of Washington is 

u>"=: SI' yy — S'* 8* 12”.47 — 1.988 Ai — 0.548 -Ki^ee 


If the longitude of Washington were also previously well estab- 
lished, this last equation would give us a condition for deter- 
mining the correction of the moon’s parallax. Thus, if we adopt 
tu"=5'* 8”* 12*.34, which results from the U. S. Coast Survey 
Chronometrie Expeditions of 1849, ’50, ’51, and ’55, this equation 


gives 

whence 


0 = 4- 0.13 — 1.988 Air — 0.548 irAce 
Anr = -f 0''.07 — 0.276 rAce 


The probable value of Ace, according to Bessel, is within 
± 0.0001, so that the last term cannot here exceed 0".10. If, 
therefore, the above observations are reliable and the supposed 
longitudes exact, the probable correction of the parallax indi- 
cafed scarcely exceeds 0".l, a quantity too small to be established 
by so small a number of observations. Nevertheless, the example 
proves both that the adopted parallax is very nearly perfect, and 
that a large number of observations at various well determined 
places in the two hemispheres may furnish a good determination 
of the correction which it yet requires. 
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are found bv ’^ 586 ^+ 07 ^ cleteimination of and 

, round by (586) to be (putting- a' foi a and d' fot d) 


A(a ■ 
A(5 . 


-a'j: 


28" 42 -f- 0 469 att + 0 187 TtAee 
0 48 -f- 0 314 att — 0 556 -rrAee 


of 'L‘ wTrr" ’'■■* ‘ha 

o'l.io S „r« r* »“ the d,te of th.s 

'mpvoved ^ Ephemendes have been greatly 
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Pig 4j 


oji^ whetha nedi a gnen o^Mm of the moon and sun 
« Imm echpse will occur -Tbe solution of this piob- 
eni IS similai to that of Ait 287, except that for 
ae sun s semidiametei theie must be substituted the 
apparent semidiameter of tlie eaith’s shadow at the 
ifetanee of the moon, and also that the appaient 
t is anee of the centies of the moon and the shadow 

earfh’^^^i parallax, since when the 

eaith shadow falls upon the moon an eclipse occuis 
to an observeis who have the moon above their 
nf fh T. 45, IS the sun’s centre, that 

shadoi semidiameter of the earth’s 

shadow at the moon, we have 

Apparent semidiameter of the total 
shadow = LUM 

= BLE~EVL 
= BLE — (AE8 —EAV)' 

= s'+t:' 

Iwre we employ the same notation as in Art 287. 

niei eases the apparenrb eaith’s atmosphere 

fift .etb part » so th at v-e tokf 

This fractional increase of the breadth a-p +h n I — 

jV and bj M4YER as i Beer and \r*TiT 4 * shadow was given by Lambert as 
of eclipses of lunar spots in the verv fa ^ number of observations 

MonU nacA d«L December 26, 1883 See 

I®® BO 1)e "^OHAKN Heineioh Madi.br,’’ 
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App. eemid. of shadow = — (,_5'+;r') (587) 

50 

ill order that a lunar eclipse may happen, ire must have, 
therefore, instead of (477), 

51 

/3cos J'< — (tt — s'+ 7r') + s (588) 

or, taking a mean value of 1', as in Art. 287, 

< [1^ (” — s' + + sj X 1.00472 

Employing mean values in the small fractional part, we have 

[S X = 16" 

and the condition becomes 


- s'-!- + s + 16" (589) 

If in this we substitute the greatest values of 7 t, 7 t\ and s, an d 
the least value of s', the limit 

/? < 63' 53" 

is the gi-eatest limit of the moon’s latitude at the time of opposi- 
tion for which an eclipse can occur. 

If we substitute the least values of tt, tt', and s, and the greatest 
value of s', the limit 

< 52' 4" 

is the least limit for which an eclipse can fail to occur. 

Hence, a lunar eclipse is certain if at full moon B < 52' 4" 
impossible if ^ > 63' 53", and doubtful between these limits. The 
doubtful cases can be examined by (589), or still more exactly 
by (588), employing the actual values of ;r, k', s, s', at the time 
and computing I' by (475). ’ 

These limits are for the total shadow. For the penumbra we 
have 

App. seinid. of penumbra = (tt -|- a' -|- *') 


(590) 



544 


lunar eclipses. 


so tliat tlie condition (588) may be employed to determine 
whether any portion of the penumbra will pass oyer the moon, 
hj snhstitntiiig 5 ' for — 3 '. It will be worth while to make 
this examination only -when it has been found that the total 
shadow does not fall uj^on the moon. 


339. To find the time when a given phase of a lunar eclipse will 
rig. 46 . occur. — The solution of this problem may be 

derived from the general formula given for 
solar eclipses, by interchanging the moon and 
\ earth and regarding the lunar eclipse as an 

\ eclipse of the sun seen from the moon ; hut the 

\ following direct investigation is even more 

/^'j\ simple. 

I d — Y — jj/ \ Let >§', Pig. 46, he the point of the celestial 
sphere which is opposite the sun, or the appan 
exit geocentric position of tlie centre of the 
earth s shadow; the geocentric place of the centre of the 
moon ; P , the north pole. If we put 


we have 


a = the right ascension of the moon, 
a' = the right ascension of the point JS, 
= R A. of the sun -|- 180°, 

^ = the declination of the moon, 
d' = the declination of the sun, 

§ = the angle PSM, 

T = SM, 

— the declination of S, 


and the triangle PS3T gives 


sin X sin Q=z cos 
sin P cos Q = eos 


sin (a — a') 

'sin ^ -f sin cos d cos (a, 


a') 


} (59L 


The eclipse begins or ends when the arc is exactly equal to 

apparent semidiameters of the moon and the 

■ 1 1 ^ ^ shadow ‘will differ a little from a 

To+o + ^ ^ ^ spheroid; bnt it will he sufficiently acen- 

for thA the earth as a sphere with a mean radius, or that 

to substituting forTiin 

SvhTf latitude 45°, which 

may he found by the formula 
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n-j = [9.99929] it ( 592 ) 

m 

where the factor in brackets is given by its logarithm. 

Hence the first and last contacts of the moon with the pe- 
numbra occur when we have 


51 


(“i + + ”') + s 


(593) 


For the first and last contacts with the total shadow, 

51 


For the first and second internal contacts with the penumbra, 

51 

For the first and second internal contacts with the total shadow, 
or the beginning and end of total eclipse, 

r 51 ^ 


The solution of our problem consists in finding the time at 
which the equations (591) are satisfied when the proper value of 
L is substituted in them. A very precise computation would, 
hoAvever, he superfluous, as the contacts cannot be observed with 
accuracy, on account of the indefinite character of the outline 
both of the penumbra and of the total shadow. It will be suffi- 
cient to write for (591) the following approximate formulse, easily 
deduced from them: ■ 

i sin Q = (o — a') cos S 

L cosg = a -1- 5'- sin2asinH(a-a') 

sin 1" 

Let us put 

e == ^ ^ i (a — a') 

sin 1" 

X z=z (^a — a') COS d 

y=d + d'~ e 

of, 2 /'= the hourly increase of x and y , 
then, if the values of x and y are computed for several 

VoL. I.— 35 


1 


(597) 


(598) 


successive 
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hours neai the time of full moon^ we shall also have and 
from then differences , and if and /o denote the values of x 
and 3 / for an assumed epoch near the time of opposition, we 
shall have for the required time of contact T— To + '^ die 
equations 

L sm Q = x't 

L COB Q = y, +fr 

from which r is obtained by the piocess already frequently 
employed in the pieceding problems. Thus, computing the 
auxiliaries r/i, if, by the equations 

u sin M — ^ 71 sm JST — 

m cos M= n cos JV = y' 

we shall have 

msm(if — If) 

sin 4 - z=r 1 

Z 

Z cos 4 m cos (M — N) 

n n 

T=T,+ t 

in which we take cos 4^ with the negative sign for the first contact 
and with the positive sign for the last contact. 

The angle § = is veiy iieaily the supplement of the 

angle PMjS^ Fig 46 , fiom which we infer that the angle of 2 ^osh 
ilon of the point of contact reckoned on the 7 )ioon's Innbfrom the north 
yomt of the limb toimrds the east = 180° + i\^+ 4 

The time of gieatest ohseuiation is found as in Ait 324, to be 

(601) 

which IS also the middle of the eclipse 
The least distance of the centres of the shadow and of the 
moon being denoted by we have, as in Art 324, 

A = ±2 771 sm (if — N) (602) 

the sign being taken so that A shall be positive. If then we put 

Z = the magnitude of the eclipse, the moon’s diameter being 
unity, 
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ill which the value of L for total shadow from (594) to he 
employed. 

The small coiToetiou s in (598) may usually he omitted, but 
its value may be taken at once from the following table : 


Value of f. 


i] 

P 

1 

^ J 


0 " 

1000 " 

2000 " 

3000 " 

4000 " 

5000 " 

0000 " 

0 ° 

0 '^ 

0 " 

0 " 

0 " 

0 " 

0 " 

0 " 

5 

0 

0 

1 

2 

3 

5 

8 

10 

0 

0 

2 

4 

7 

10 

15 

15 

0 

1 

2 

6 

10 

15 

22 ! 

20 

0 

1 

3 

7 

13 

19 

00 

CM 

25 

0 

1 

4 

8 

15 

23 

33 1 

30 

0 

1 

4 

9 

17 

26 

38 } 


The quantity s has the same sign as « 5 , and is to be subtracted 
algebraically from <5 -|- 


Example. — Compute the lunar eclipse of April 19, 1856. The 
Greenwich mean time of full moon is April 19, 21 ^' 5 ™. 5 . We 
therefore compute the co-ordinates z and y for the Greenwich 
times April 19, 18'*, 21'*, 24'*. 



18'* 

21^* 

24^^ 

D R. A. =01 

13'*46“86*.62 

13'‘52»* 9. 81 

13* 57”* 45*. 12 

O R.A. + 180*= = a' 

13 52 52.98 

13 53 20.93 

13 53 48.88 

a — oJ 

— 6 16 .36 

— 1 11.12 

+ 3 56 .24 

a — a' (in arc) 

— 5645" 

— 1067" 

+ 3544" 

1 

D JDcel. = a 

— 11 ° 27' 0".2 

— 12 ° 6'43".7 

—12° 46' 5".5 

0 “ =5' 

+11 35 49 .4 

+11 38' 22 .8 

+11 40 56 .6 

— e 

+ 13 . 

0 . 

+ 6 . 

y 

+ ■ 542" 

— 1701" 

CQ 

0 

CO 

1 

log (a — a') 

K3.75166 

n3.02816 

3.54949 

log cos d 

9.99127 

9.99022 

9.98913 

log X 

?t3.74293 

n3.01838 

3.53862 
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lleiice u'e liave the ioIloAviiig table; 


18" 

21 

24 

X 

Diff. 

= 3x’ 


y 

Diff. 

= 3a(' 


— 5533" 

— 1043 
+ 8456 

+ 4490 
+ 4499 

+ = + 1498 

+ 542" 

— 1701 

— 3903 

— 2243 

2202 

r-{ 

l> 

1 

II 


To find L, WQ haFG, hj (598) aud (594), 

r. = 54' 32" Xj = 3267" 

/= 957 

^ 

"^1 — s' + x' = 2319 
C^l — s' + Tt') r= 46 
s= 891 
Jj for shadow = 3256 


TT, + s' + x' = 4233" 
o + s' + jt') = 85 

s= 891 


L for penumbra = 5209 
Assuming the time %=z 2P, we proceed by (599) and (600) : 

= - 1043 a/=«smJ\r +1498 

y, = mcosif -1701 2 /'==acosJ\r _ 741 

M 210® Sl'.O jyr 116" 19 .2 

2-SOOO logn 8.2230 


-cos (ir — iv^) = -l_ 0MO8 
T„= 21 


— Time of middle of eclipse = 21 .108 



Shadow. 

Penumbra. 

log sin 4 

9.7855 

9.5815 

Jj cos 4 



n 

+ +.542 

=F 2».881 

T, 

21 .108 

21 .108 

Beginning 

19.566 ~ 

18 .227 

End 

22 .650 

23 .989 


For the magnitude of the eclipse, we have, by (602) and (603) ; 
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m sin (M — JST) = J = 1987" 
i = 3256 
Z — A = 1269 
2s = 1782 


D: 


1269 

1782 


= 0.71 


For the position of the points of contact with the shadow, we 
iiave, from the above value of log sin \p for shadow, taking cos 
as negative for first and positive for second contact, 



1st Contact. 

2d Contact. 

4 

142° 24' 

37° 36' 

N 

116 19 

116 19 

180°-)- A-f + 

78 43 

333 55 


and hence 

1st contact is 79° from north point of limb towards the east, 

2d 26° « « « « . ^est. 

The times of the several contacts for any meridian are obtained 
from the times above found by subtracting the west longitude of 
"that meridian. 


OCCULTATIONS OP FIXED STARS. 

840. The occultation of a fixed star by the moon may be 
treated as a simple ease of a solar eclipse, in which the sun is 
removed to so great a distance that its parallax and semidiameter 
may be put equal to zero. The cone of shadow then becomes 
a cylinder, and the ■point Z of Art. 289 is nothing more than 
the position of the star, so that the co-ordinates of the moon at 
anytime are found by the formulae (482) by regarding a and cf 
SIS the right ascension and declination of the ^star. In like 
manner the eo-ordiuates of the place of observation will be found 
153" (483). The radius of the shadow is constant and equal to h, 
■which is, therefore, to be substituted for L = I — in (490) and 
(491). The co-ordinates z and C will not be required unless we 
compute the latter for the purpose of taking into account the 
effect of refraction according to Art. 327. 

For the eonvenieiice of the computer I shall here recapitulate 
tlio formulae I’oqnired in the practical applications, making the 
modifications just inchcated, 
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S41 To find the longitwJe firom an observed occultation of a star bn 
mZT of Alt 329, we proceed as 

nnii approximately, the time of conjunction of the moon 

ft ^ ^^‘"‘koned at the til st meridian Take 

om e phemeris, for foui consecutive integral houis, tv o 
following the time of conjunction, the moon’s 
to ascension (a), decimation (<?), and horizontal paiallax(ff) 
lake a so from the most reliable source the star’s light ascension 
(a') and decimation (S'). 

the formul^ ^kese hours compute the co-oidiiiates x andy by 

^ _ cos S si n (a — o') 
sm X 

y = (^ ~ I?') COS^ i(a — o') -f sm - 4 - < 5 ') sin^ J (o — »') 


sm X 


their hourly 

been computed ^ instants for which r and y have 

or em^sion nf sidereal time of an observed immersion 

lono-itude / m ^ ^ whose latitude is g>, and west 

dm^es of^b/ "®"^’®®P®°<3ing local mean time The eo-oi 
he place are to be computed by the formula 


■A Sin J5 = ^ Sin 
^ cos ^ ^ cos / cos Qj. — a') 


$ = p cos (p^ sin — a') 
— A sin — d*) 

^ = A cos (B — S') 

refraction correction for 

^®®koned at the hist 
vaiy pioportionally witb ^ and y may be considered to 

l’o;the assnmTd tfmrLw rb ^ 

h\ J”,, and %j and also'tbn r values of z and y (denoting them 
••>anis ,a. 3fi &c by the fmnLj the aux^ 



LONGITUDE. 551 

mBmM=x^ — ^ ns.\nN=x' 

m cos M ~ — y n cos JV = y' 

mBm(M — N') 

sin 4, =: 2 log ^ = 9.435000* 

where 4. is (in general) to be so taken that cos 4^ shall be nega- 
tive for immersion and positive for emersion (but in certain 
exceptional cases of rare occurrence, and of but little use in 
finding the longitude, see Art. 330). Then 

^ M cos 4. kni cos (Jlf — JV) 

n n 

01’, when sin is not veiy small, 

^ Am sin (Jf — iV — 4) 

n sin 4. 

If the local mean time t was observed, take h = 3600 in these, 
formal®, and then the longitude will be found by 

o> = t T 

But if the local sidereal time ft was observed, take A = 3609.856 
in the preceding formal® ; then, being the sidereal time at the 
first meridian corresponding to T^, 

<0 — — ,x -\- z 

The longitude thus found will be affected by the errors of the 
Ephemeris. 

IV. To form the equations of condition for correcting the 
longitude for errors of the Ephemeris when the occultation has 
been observed at more than one place, compute the auxiliaries 

Tj = — (Xf! sin iV -)- cos i\A) 

X = — COS N -\-y^ sin iV 

— A 

nx 

the same value of h being used as before. 

* According to Ocbemaks {Astron. Nach., Vol. LI., p. 30), we should use for oocul- 
tations k = 0.27264, or log k = 9.435590, which amounts to taking the moon’, 
apparent semidiameter about 1".25 greater in occultation, s than in solar eclipses. 
But it IS only for the reduction of isolated observations that we need an exact value 
since, when we have a number of observations, the correction of whatever value of 
h we may use will be obtained by the solution of our eriuations of condition. 
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Then, for each observation at each place, compute the coeffi- 
cients V tan 4'> ^ sec and 


jEJ = vn (f -f- (o — Tj^) — xv tan 4 

where to is the approximate longitude and the unit of 1-4- co — T. 
is one mean hour, and also 

-rr 1 , m x 7 1 V /? COS ^ ' COS CiV* + 4) 

jP = + — Tj — ;>cytan4 — A'vsec^] cost ^ 

in which 

/3 = log (1 — ee) = 9.99709 

Then, oj' denoting the true longitude, 

w'= to — vy* -f- y tan 4 . -j- y sec 4 • 4 " * TcLee 

in which x ^ the signification 

Y = sin N cos <5 A(a — a') 4 - cos N a(<5 — ^5') 

^=: — COSiV^ cos d A(a — a') + sin N — d') 

The discussion of the equations of condition thus formed may 
then be carried out precisely as in Art. 334, taking ttaA:, att, 
and 71 Me as the unknown quantities. 

Example. — The occultation of Aldebaran^ April 15, 1850, was 
observed at Cambridge, Mass., and Konigsberg, as follows :* 

At Cambridge^ <p — 42'=’ 22' 48".6, w = 44”" 30*. 

Immersion, 2^ 1”" 52*.45 Mean time. 

Emersion, 3 1 38 .35 

At Konigsberg, g> = 54° 42' 50".4, to =z — 22”" 0*.4 

Immersion, lO'^ 57”" 48*.66 Sidereal time. 

Emersion, 11 47 47 .60 “ 

I. The G-reenwich mean time of conjunction of the moon and 
star was about 7^" 30'"", and hence we take our data from the 
Nautical Almanac as follows : 


* Astronomical Journal, Vol. I., pp. 139 and 175. 
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1850 April 16. 

a 

6 

TT 

6"^ 

65° 56' 21".16 

-1-16° 40' 0".05 

58' 55".22 

7 

66 32 32 .06 

16 46 30 .53 

58 55 .87 

8 

67 8 46 .02 

16 52 54 .77 

58 56 .49 

9 

67 45 3 .02 

16 59 12 .76 

58 57 .10 


The position of Aldebaran for the same date was 


a'= C6° 49' 33".9 + 16° 12' 1".7 

Hence, by I. of the preceding article, we form the following 
table : 


Gr. T. 

Z 

z' 

y 


6 * 

— 0.86519 

-h 0.58849 

-h 0.47664 

-f 0.10871 

7 

— 0.27671 

47 

.58531 

63 

8 

-h 0.31176 

42 

.69390 

56 

9 

-1- 0.90014 

32 

.80243 

48 


II. The sidereal time of Greenwich Mean Noon, April 15, 
1860, was 1* 33''‘ 8'. 96. "With this number, converting the 
Ktinigsberg times into mean times for the sake of uniformity, we 
find 



Cambridge. 

Kbnigsberg. 


Immersion. 

Emersion. 

Immersion. 

Emersion. 

t 

2* pn 52^45 

3* 38'. 36 

O'* 23"* 15'. 64 

lO'^ 13"* 11'.38 

t " 1 ” 0} 

6 46 22.46 

7 46 8.36 

8 1 16.24 

8 51 10.98 

y 

64° 2' 2". 56 

69® 0' 58".35 

164® 25' 64". 90 

176® 56' 64".00 

/jL — a' 

347 12 28.65 

2 11 24.46 

97 36 21 .00 

no 7 20 .10 

log p sin (f 

9.826441 


9.909898 


log p cos (f)' 

9.869121 


9.762039 


log f 

n9.214324 

8.461362 

9.758801 

9,735287 

logl? 

9.646066 

9.641159 

9.904038 

9.922175 

logi: 

9.944427 

9.952794 

9.185091 

8.549725 


The value of log has been found in order to find the correc- 
tion for refraction. This correction is here quite sensible in the 
case of the K()nigsl>erg observations which were made at a great 





554 


OCCULTATIONS OF FIXED STARS. 


zenitli distance. By the table on p. 517, we find that the loga 
rithms of c and tj must be increased by 0.000006 for immersion, 
and by 0.000041 for emersion. Ajpplying these corrections, the 
values of the co-ordinates are as follows : 


— 0.16380 

+ 0.02827 

4- 0.67386 

+ 0.54366 

+• 0.44266 

-]- 0.43768 

-f 0.80175 

-f. 0.83602 


TTT. Assuming convenient times not far from t + m, wc ' ave 


Assumed 

6\8 

7A8 

8^.0 

8^85 

^0 

— 0.39440 

+ 0.19406 

-+• 0.31176 

0.81188 

2/0 

+ 0.56358 

+ 0.67218 

+ 0.69390 

+ 0.78615 

aip — f = m sin M 

— 0.23460 

+ 0.16579 

— 0.26210 

4 - 0.26822 

— ;; = m COS M 

-f 0.12092 

+ 0.23450 

— 0.10785 

— 0.04987 

M 

297° 40' 16".6 

35° 15' 36".l 

247° 38' 1".0 

100° 31' 57".7 

log m 

9.415608 

9.458164 

9.452433 

9.435871 

a;'= n. sin N" 

+ 0.58847 

4- 0.58843 

4 - 0.58842 

+ 0.58836 

^'=71 cosiV' 

+ 0.10865 

+ 0.10857 

+ 0.10856 

+ 0.10849 

N 

79° 32' 21".l 

79° 32' 45". 8 

79° 32' 48".5 

79° 33' 8 ". 5 

4 

216 11 35.9 

312 33 59 .0 

167 35 28 .5 

21 1 28 .1 

{h = 3600) r 

— 89*. 74 

128*.82 

— 68 *. 63 

— 3*. 52 

CO 

4* 44*'* 37*. 81 

4 /i 44 m i2».83 

1*22*" 7*. 01 

1 * 22*** 4*. 90 


lY. Bor the equations of condition, taking To— 7'*.8, 

T, = 7*2772 TT = 3536" 

X = + 0 .6258 log V 0.2308 

and putting 

lu, = the true longitude of Cambridge, 
u)/= “ “ Konigsberg, 

we find, neglecting terms in nee, 

Wj =1^ 4* 44” 37*.81 — vy 1.245 t!> — 2.108 Tti^k — 1.293 ajt 

i 0 ^= 4 44 12 .83 — vy — 1.852 ^ -h 2.515 + 1.6C0 att 

oj/ = — 1 22 7 .01 — V)' — 0.374 .9i — 1.742 ittxk -f 0.991 att 

a./ = — 1 22 14 .90 —vy-^ 0.654 -|- 1.822 rrA/i + 1.195 ATT 

whence the two equations « 

0 = -h 24*.98 -f- 3.097 ^ — 4.623 xaA — 2.953 att 
0 = H- 7 .89 — 1.028 — 3.564 ttaA — 0.204 att 

If we determine t? and jtaA: in terms of a^t, these equations give 

= — 3".33 -t- 0.607 ATT 
tta/c 3 .17 — 0,232 ATT 
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and then we find 

a., = 4* 44«‘ 26'.98 —vy — 0.048 

ml= — l 22 11.29 + 1.169 Arr 

Assuming <o/= — P 22“ 0*.4 as well determined, tlie last equa- 
tion gives 

vy = — 10*.89 1.169 Aff 

wMch substituted in tbe value of Wj gives 

= 4^ 44“ 37'.87 — 1.217 att 

Finally, adopting the correction of tbe parallax for this date as 
given in Mr. Adams’s table (Appendix to tbe JSTautical Almanac 
for 1856), = 5".l, tbis last value becomes 

— 4* 44“ 81'.66 

wbicb agrees almost perfectly with tbe longitude of Cambridge 
found by tbe cbronometric expeditions, wbicb is 4'* 44“ 31‘.95. 
With tbe same value of att we find 

y = — 2".90 & = — 0".23 xA/i = + 1".99 

and bence, by (586), the corrections of the Ephemeris on this 
date, according to these observations, are 

A(a, —a!) = — 2".93 a(5 — 5') = — 0".77 

Tbe value n-A/c = + 1".99 gives a/c = 0.00056, and bence the 
corrected value k = 0.27227 + 0.00056 = 0.27283, which is not 
very difierent from Oudemans’s value. (See p. 551). 

342. 'Wben a number of occultations have been observed at a 
place for the determination of its longitude, it will usually be 
found that but few of the same occultations have been observed 
at other places. If, then, we were to depend altogether upon 
eorrespondinfj observations at other places, we should lose the 
greater part of our own. In order to employ all our data, we 
may in such case find for each date the corrections of the moon’s 
place from meridian observations (see Art. 235), and, employing 
the corrected right ascension and declination in the computation 
of X and y, our equations of condition udll involve only terms in 
7 :a/c and ^ 7 ^. The value of A;r will, however, be different on 
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diffei’ent dates, and, tlierefore, if we wisli to retain this term, we 
must introduce in its stead the correction of the mean parallax 
which is the constant of parallax in the lunar tables. If this 
constant is denoted by n^, we shall haye, very nearly, 

TT 

ATT = — Att^ 

where n is the parallax for the given date. The equations of 
condition will then be of the form 

a)^r==: m ^ h . ATTq 

where 

a = v sec 4 h = — U 

^0 

In Peirce’s Lunar Tables, now employed in the construction of 
our Ephemeris, ;ro= 3422". 06. 

343. The passage of the moon through a well determined 
group of stars, such as the Fleiadcs, aftbrds a peculiarly favorable 
opportunity for determining the correction of the moon’s semi- 
diameter as well as of the moon’s relative place, of the relative 
positions of the stars themselves, and also (if observations are 
made at distant but well determined places) of the parallax. 
Prof. Peirce has arranged the formulae of computation, with a 
view to this special application, for the use of the TJ. S. Coast 
Survey. See Proceedings of the American Association for the 
Adv. of Science, 9th meetingj p. 97. 

344. When an isolated observation of either an immersion or 
an emersion is to be computed, with no corresponding observa- 
tions at other places, it will not be necessary to compute the 
values of x and y for a number of hours. It will be sulWcient to 
compute them for the time t + co (t being the observed local 
mean time, and co the assumed longitude) ; and, as the correction 
of this time will always be small, the hourly changes may be 
found with sufficient precision by the approximate formulae, 
easily deduced from (482), 
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•vvliere da and cW denote the hourly iucreawe of a nnd d respect- 
ively. 

345. To predict an ocadtaiion of a given star hy the moon for a 
given place on the earth . — We here suppose that it is already known 
that the star is to be occulted at the given place on a certain 
date, and that we wish to determine approximately the time of 
immersion and emersion in order to be prepared to observe it. 
The limiting parallels of latitude between which the occultation 
can be observed will be determined in the next article. 

For a precise computation we i>rocced by Art. 322, making 
the modifications indicated in Art. 340. 

But, for a sufficient approximation in preparing for the obser- 
vation, the process may bo abridged by assuming that the moon’s 
right ascension and declination vary uniformly during the time 
of occultation, and neglecting the small variation of the parallax. 
It is then no longer necessary to compute the co-ordinates x and 
y directly for several different times at the first meridian, but 
only for any one assumed time, and then to deduce their values 
for any other time by means of their uniform changes. It will 
be most simple to find them for the time of true conjunction of 
the moon and star in right ascension, which is readily obtained 
hy the aid of the hourly Ephemeris of the moon. Let this time 
be denoted by W e have at this time x — 0, and the value of 
y will be found with sufficient accuracy by the formula 

S—8' 

y. = —;r 

in which d, n, are the moon’s declination and horizontal parallax 
at the time %, and d' is the star’s declination. 

Let Att (in seconds of arc) and Ad here denote the hourly 
changes of the moon’s right ascension and declination for the 
time 2j,. Then we have, nearly. 


Let Tj be any assumed time (which, in a first approximation, 
may be the time 2), itself). Then the values of the co-ordinates 
at this time are 


x = x'{T,-T,) 


2/ = 2/o + 
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and to find the time [T] of contact of the star and the moon's 
limh, we shall, according to Art. 322, have the following forniulpe : 

■O' = /Jij — — 0) 

in wliicli /Ji^h tlie sidereal time at the first meridian corresponding 
to a' is the star’s right ascension, and co is the longitude* 

-4 sin jB = ^ sin ^ = P cos sin 

A cos B — p cos (p' cos 75 = sin 

/ = 54148 sin 1" = // A cos B 

log //= 9.41916 Iff z=z p! ^ sin 

m %in AI = X — c n sin JSf ^ x' — 

m cos AI = y — ri n cos JST — y' — r]' 

sin + = log k = 9.43500 

k cos 4 / mcos (iif — N) 

^ n n 

T=T, + t 

where taken so that cos 4 ' shall be negative for 

immersion and positive for emersion. 

For a second approximation, we take T as the assumed time 
1\ and rej)eat the comxDutation for immersion and emersion 
separately. The new value of d- for this second approximation 
will be most readily found by adding the sidereal equivalent of 
T (converted into arc) to its former value. 

It is more especially desirable to know the true time of 
emersion, and the angle of position of the point of reappearance 
of the star. Since this angle in solar eclipses w^as reckoned on 
the sun’s limb, while here it must be reckoned on the moon’s, 
it will be equal to 180 + ^: so that, taking the value of 4 from 
the last approximation, we shall have 

Angle of pt. of contact from the ) - TVr _L i 

north pt. of the moon’s limb j ' 4 

For the angle from the vertex of the moon’s limh, we find hy 
the equations 

jp sin ^ ^ -p p cos y z=: 7j 
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wliej’C 6, 6', 5j', r are to be taken from the last approximation ; 

and then 

Angle of pt. of contact from ) _ -i oao i aT _L i 
the vertex of the moon’s limb j • “r 4' T 

If the computation in any case gives sin (ilf — iV) > we 
have the impossible value sin4^> 1, which shows that the star is 
not occulted at the given place. If we wish to know how far 
the star is from the moon’s limb at the time of nearest approach, 
we have (Art. 324) 

J = m sin (M — N) 

the sign being taken so that A shall be positive. This is the 
linear distance of the moon’s centre from the line drawn from 
the place of observation to the star,' and therefore the angular 
distance as seen from the earth is tiA, The apparent semidiameter 
of the moon is tt/.:, and hence the apparent distance of the star 
from the moon’s limb is tt (z/— /,:).* 

Example. — Find the times of immersion and emersion in the 
occultation of Aldebamn, April 15, 1850, at Cambridge, Mass. 

The elements of this occultation have been found on p. 553, 
with wliich an accurate computation may be made by the 
niethod of Art. 322 ; but, according to the preceding approximate 
method, we proceed as follows. The Greenwich time when the 
moon’s right ascension was equal to that of the star is found, 
from the values of a on p. 553, to be 

T, = 7M7 7'* 28”» 12*. 

For this time we have 

Aa = + 2174" ^ 16^ 49' 31".l 

cd + 384 d'= 16 12 1 .7 

7rr= 3536 (5 — (5'=+ 2249" 

whence, by the above formute, 

= + 0.6360 a*'=: + 0.5886 y'= + 0.1086 

Then the computation for Cambridge, (p = 42° 22' 49", 
CO = 4'* 44''" 30", will be as follows. For the first approximation, 
we assume !Z\= and hence we have 


* More exactly, allowing for the augmentation of the moon’s semidiameter, it if 
TT ( j — h) (1 -f- ( sin tt), where we have ^ = A cos (i? — 6'). 
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T, = 7* 28“ 12*. 

Sid. time Gr. noon — 1 33 9 .0 

Eeduction for = 1 13 .6 

^t^=~'9 '2 34.6 
a'= 4 27 18.3 

— = h 60 46.3 


= 357° 4r.6 


witli which we find the following results : 


X = 0. 

y = 

+ 0.6360 

e — 0.0298 

^ = 

+ 0.4377 

m sin if = -f 0.0298 

m cos if = 

+ 0.1983 

M= 8‘^82'.4 

log m = 

9.3021 

x'= + 0.5886 

y'= 

+ 0.1086 

^ 0.1940 


— 0.0022 

n sin iV == -[■ 0.8946 

ncosN = 

+ 0.1108 

74^ 19'.1 

log n = 

9.6127 

log sin 4 = 7 i9.8395 

log cos 4 = 

9.8590 

... «icos(J(f- 

^ cos 4 

=F 0*.4801 

n 

71 


For immersion. 

For emersion. 

r _ 0^6491 

T = + 0\3111 

T^= 7 .4700 


7 .4700 

6.8209 

T = 

7 .7811 

T = 6^ 49”* 15' 

T = 

7* 46“ 52* 

o 

CO 

II 

3 

W = 

4 44 30 

Local time = 2 4 45 

Local time = 

3 2 22 

Tliese times are nearly correct enough ; hut, for a more accurate 


time of emersion, we now assume 2^= 7^.7811, with which we 
find 

x = x'CT^— T,) = -i- 0.1831 J/' (7, — T,} = + 0.0338 

2/0 — "f" 0-6360 
2/ = + 0.6698 

and to find the new value of d- we have r = -1- 0\3111 = 18™ 40*, 
the sidereal equivalent of which is 18“ 43*.l, or in arc 4° 40'. 8. 
This, added to the above value of ■&, gives the corrected value 
■d- — 2° 22'.4. Eepeating the computation with these new values 
of X, y, and <?, we find 
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4 = 317^ 22' 
i\r= 74 55 
180 

212 17 
Y= 3 SB 
208 34 

The star reappears at 212° 17' \ 
from the north point, or 208° 34' / 
from the vertex, of the moon's f 
limb. ] 

This time agrees within 21"' with the actually observed time of 
emersion (given on p. 552). The principal part of the difference 
is due to the error of the Ephemeris on this date. 

846. To find the limiting 'parallels of latitude on the earth for a 
given occuUation. — The limiting curves within which the occulta- 
tion of a given star is visible may be found by the general 
method given for solar eclipses, Art. 311, which, of course, may 
be much abridged in such an aj)plication. But, on account of 
the great number of stars which may be occulted, it is not pos- 
sible to make even this abridged computation for all of them. 
The extreme parallels of latitude are, however, found by very 
simple formuhe, and may be used for each star. 

For a point on the limiting curve, the least value of J in Art. 
324 is in a solar eclipse = i, but in an occultation it is = L 
Hence we have, by (557), the condition 

±: m sin {M — A) = h 

or, restoring the values of m sin il!f= x — , m cos M=y — 

(x — f ) cos N — (y — rj) sin iSf ± k 

The angle N is here determined by the equations (552) ; but, for 
an approximate determination of the limits quite sufficient for 
our present purpose, we may neglect the changes of 6 and yj, and 
take 

n sin N = x' n cos N = f 

Let Xo and be the values of x and y for the assumed epoch 
To ; then for any time T= Tq + r we have 

rr = n sin A . T 2 / = j/o + n cos JSf . r 

VoL. 1—36 


m cos {M — A ) 


0\5082 


/:cos4/ 


T,- 

T-. 


+ 0 .4901 


Local time 


- 0 .0181 
7 .7811 

7 .7630 
7*. 45.. 47. 

3 1 17 
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wliich. reduce the aboTe coDdition to 

cos N — yj) Bin N = ± k 

By the last equation of (500), we have, by neglecting the com- 
pressioii of the earth, 

sin ^ =7] cos d' ^ sin d' 

in which 

C = 1/(1 --- - r /0 

and wo are now to determine the maximum and minimum values 
of which fulfil these conditions. Let us put 

a = — c cos N 7} Bin N 
b = c sin N 7) cos JSF 

from which follow 

$ = — a cos iV^ 4- 6 sin iV 

rj = a sin iV' ^ cosiV" 

C = |/(1 - - ^‘0 

Then we also have, by our first condition, 

a == — cos iV' + ^0 sin ±; /: 

which is a constant quantity, since we may here assume and j/' 
to be constant. 

Since we have c^-\- 1 , we can assume y and £ so as to 

satisfy the equations 

cosy = a 
sin y cos £ == 6 
sin sin £ = C 

in which sin y maybe restricted to positive values. The formula 
for <p thus becomes 

sin (p = cos y sin N cos < 5 ' -|- sin y cos £ cos N cos Y ^ 

which may be put under a more simple form by assuming /9 and 
L so as to satisfy the conditions 

sin yS — sin i\r cos o' 
cos /? cos A == cos N cos 
cos ^ sin A =: sin d* 

in which cos ^ may be restricted to positive values. 
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W” e thus obtain 

sin = sin cos y + cos ^ sin y cos (X — e) 

in which (p and e are the only A^ariables. Since cos /9 sin y is 
positive, this value of sin ^ is a maximum when cos (A — e) = 1 
or ^ — £ == 0 ; and a minimum when cos (A — e) ~ — 1, or 
/ — e = 180°. Hence we have, for the Mmit% sin cp == sin(/3 ± y\ 
that is 

for the northern limit, <p = ^ y 
for the southern limit, <p =z ^ — y 

One of the points thus determined may, however, be upon 
that side of the earth which is farthest from the moon, since we 
have not restricted the sign of C, and our general equations 
express the condition that the point of observation lies in a line 
drawn from the star tangent to the moon’s limb, which line 
intersects the surface of the earth in two points, for one of which 
^ is positive and for the other negative. But, taking only with 
the positive sign, we must also have sin £ positive. For the 
northern limit, therefore, when A = £, sin X must be positive, 
whicli, according to the equation cos/9 sin X = sin d', can be the 
case only when d' is positive. Hence the formula ip — ^ y 
gives the most northern limit of visibility only when the star is 
in north declination. For similar I'easons, the formula <p = i9 — y 
gives tlie southern limit only when the star is in south declina- 
tion. The second limit of visibility in each case must evidently 
be one of the points in which the general northern or southern 
limiting curve meets the rising and setting limits, — namely, the 
points where C ™ 0, and consequently, also, sin £ = 0, cos £ ± 1, 

which conditions reduce the general formula for sin <p to the 
following : 

sin <p = (siniV* cos y dz cosiV sin y) cos d' = sin (N ±: y) cos <'5^ 

If COS N is taken Avith the positive sign only, the upper sign in 
this equation will give the most northern limit to be used when 
tlie southern limit has been found by the formula ^ /9 — y ; and 

the lower sign will give the southern limit to be used when the 
northern limit has been found by the formula ^ ~ /9 + y. 

Finally, since the epoch is arbitrary, we may assume for it 
the time of true conjunction in riglit ascension when Xo — 0, and 
we shall then have 

a = cos y =. sin JSf dz k 
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The above discussion leads to the following simple arrangement 
of the formulae 


cos sin N dz 0.2723 

sin /5 = siniV' cos 

COS ^2 = ^ ^ 0.2723 

sin <p^z=z sin {N q:: co^J' 


(r<180-) \ 

(/ 5 < 90 -) / 

( 604 -) 

(iV^< 90°) ) 


in which the upper or the lower signs are to be used, according 
as the declination of the star is north or south. When the 
declination is north, will be the northern limit and <f.^ the 
southern; and the reverse when the declination is south. The 
angle Wis here supposed to be less than 90°, and is found bj 
the formula 

tan N = — 

y 

always considering as well as x' to be positive. 

When the cylindrical shadow extends beyond the earth, north 
or south, we shall obtain imaginary values for or 
following obvious precepts must then be observed : 

1st. When cos y^ is imaginary, the occultation is visible beyond 
the pole which is elevated above the principal plane of reference, 
and, therefore, we must put for the extreme limit 5^^= + 90°, or 
<Pi = — 90°, according to the sign of d\ 

2d. When cos y^ is imaginary, the value of (p^ will be the lati- 
tude of that point of the (great circle) intersection of the prin- 
cipal plane and the earth’s surface which lies nearest the depressed 
pole; that is, we must take ^3— ^^”■90°, or (p^^= d' 90°, 
according as o' is positive or negative. 

It is also to be observed that the numerical value of <p^ 
obtained by the formula (p^ = ^ ± y^ may exceed 90°, in which 
case the true value is either (p^= 180°— (/3 ± y^, or <p^= — 180° 
•- (/3 zb since these values have the same sine. 


Example. — Find the limiting parallels of latitude for the 
occultation of Aldebaran, April 15, 1850. 

We have found, page 559, for this occultation, 

y,= + 0.6360 a-' 0.5886 y' = 0.1086 

Hence, with d'= 16° 12', we find 
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iV== 79® 33' 

y. sin iV" — 4- 0.6255 
k = 0.2723 

cos Y^ = 0.8978 

cos 0.3532 

Y, = 69° 19' 

i\r_ Y^ 10 14 


log sin ;3 = 9.9751 
/S ^ 70° 47' 
r, = 26 8 

/3 -)- J'l — 96 55 
= 83 5 

y>a= 9 49 


It is hardly necessary to ohsei've that the occnltation is not 
visible at all the places included between the extreme latitudes 
thus found, since the true limiting curves do not coincide with 
the parallels of latitude, but cut the meridians at various angles, 
as is illustrated by the southern limit in our diagram of a solar 
eclipse, p. 504. Unless a place is considerably within the 
assigned limits, it may, therefore, be necessary in many cases to 
make a special computation, by the method of Art. 345, to deter- 
mine whether the occultation can be observed. 


OCCULTATIONS OP PLANETS BY THE MOON. 

847. If the disc of a planet were always a circle, and fully 
illuminated, its occultation by the moon might be computed by 
the general method used for solar eclipses by merely substituting 
the parallax and seniidiameter of the planet for those of the sun ; 
and this is the method which has generally been prescribed by 
writers on this subject. But with the telescopes now in use, 
and especially with the aid of the electro-chronograph, it is 
possible to observe the instants of contact with the planet’s limb 
to such a degree of accuracy that it appears to be worth while 
to take into account the true figure of the visible illuminated 
portion of the planet. Moi’cover, the investigation of this true 
figure possesses an intrinsic interest which justifies entering upon 
it here somewhat at length. 

In order to embrace at once all cases, I shall consider tlie 
planet as a spheroidal body which even wlien fully illumi- 
nated presents an elliptical outline, and rvhen partially illumi- 
nated presents an outline composed of two ellipses, of which 
one is the boundary of the spheroid and the other is the limit of 
illumination on the side of the planet towards the observer. I 
begin with the determination of the first of these ellipses. 
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348. To find the, apparent form of the disc of a spheroidal planets — 
Let us first express the apparent place of any j)oint of the 
surface of the planet, hy referring it to three planes perpen- 
dicular to each other, of which the plane of xy coincides with the 
plane of the pfianet’s equator, while the axis of 2 : coincides with 
the axis of rotation. In this system, let 

x^x/jZ = the co-ordinates of the point on th^ surface of the 
planet, 

C = those of the observer. 

Straight lines drawn from the observer to the centre of the 
planet and to the point on its surface determine their apjiareut 
places on the celestial sphere. If these places are referred to 
the great circle which corresponds to the planet’s equator, and 
if we put 

A, A' = the geocentric longitudes of the apparent places of the 
planet’s centre and the point on its surface, reckoned 
from the axis of x, in the great circle of the planet’s 
equator, 

/5’,/5' = the latitudes of these places referred to the great 
circle of the planet’s equator, 

/>, f = the distances of the centre of the planet and the point 
on its surface from the observer, 


we shall have (Arts. 32 aad 33)t 


p COS /? cos A = — ^ 

1 

P cos sin X = — 71 

} (605J 

sin == — C 

J 

cos /3' cos A' = (c — ^ 

1 

/ cos/?' sin X ~ y — rj 

V (606) 

p' sin = z — C 

J 


* The method of inTestigation here adopted, so far as relates to the apparent form of 
the disc, is chiefly derived from Bessbi, Astronomische Untersuchumjen, Vol. L Art. VL 
f The group (606) may be deduced by supposing for a moment that the position 
of the observer is referred to a system of planes parallel to the first, but having its 
origin at the point on the surface of the planet. The co-ordinates in this system are 
eo^ual to those in the first increased respectively by a;, y, and 2 . The negative sign 
in the second members of both groups results from the consideration that the longi- 
tude of the observer as seen from the planet is 180° -f A, or 180° -j- X\ and his» 
latitude, — /?, or — Compare Art. 98. 
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Now, let 0 and 0, Fig. 47, be tbc apparent 
places of tlie planet’s centre and the point on its 
surface, pi'ojectcd upon the celestial sphere; Q 
the pole of the planet’s equator; P the pole of the 
earth’s equator ; and let 

S'— the apparent distance of C from 0 = the arc 

00 , 

p’ — the position angle of (7 reckoned at 0, from 
the declination circle OP towards the cast, 

= POC, 

p = the position angle of the pole of the planet 
= POQ; 

then, in the triangle QOC, wc have 

sin s' sin (p' — p) = cos ;3' sin (A' — A) 
sin s' cos (p' — p) = cos /9 sin ,S'— sin cos /J' cos (A' — A) 

Multiplying these by p', and substituting the expressions (605) 
and (606), we obtain 



p’ sin s' sin (p' — p) = — x sin A p cos A 

p' sin s' cos (p' — p) = — a- sin ;9 cos A — p sin fi sin A -j- cos 

or, since s' is very small and //sins' or p's' diffens insensibly 
from p sin s' or ps', 

ps' sin (p' — p) = — .■?; sin A 4- p cos A ) 

ps' cos (p' — p) = — -v sin /? cos A — p sin /9 sin A 2 cos /9 / ' 


These equations apply to any point on the surface of the planet. 
If we apply them to those points in which the visual line of tlie 
observer is iangeni to that surfiice, they will determine the curve 
which forms the apparent disc. The equation of an ellipsoid of 
revolution whose axes are a and l>, of which b is the axis of 
revolution, is 


, i/y 1 


( 608 ) 


and the equation of a tangent line passing through the point 
whose co-ordinates are f, 3j, and i) is 


1 = ^ 4 .^ 4 .!£ 

aa aa bb 


( 609 ) 


The distances ?, g, and Q are very great in cornpari.son with x, 
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y, and z. If we divide (609) by /?, the quotients ^5 j will be 

OC 1/ z 1 

of tlie same order as p ~j p but the quotient ^ will be inappre- 


ciable in relation to the quotients — ? — , Performing; this 

aa aa bo ^ 

division, therefore, and substituting the values of f and from 
(605), we may write for the equation of the tangent line 


X cos ^ cos X 
aa 


y cos (5 sin >l 2 : sin 
aa ' 


hh 


( 610 ) 


If the curve AGB^ Fig. 47, is referred to rectangular axes 
passing through the apparent centre 0 of the planet, one of 
which is in the direction of the pole of the planet, and if u and 
r denote the co-ordinates, of any point of the curve, so that 

u =s! sin (p' — jp) 

V == s' cos (p' — p) 

the equations (607) and (610) will enable us to determine x, y, 
and z in terms of u and v. Putting 



aa 


the three equations become 


pu = — rr sin A -f- y cos X 
pv = — (xoosX + y sin X) sin ^ cos IS 

0 = (x cos ^ + y sin X) (1 — ee) cos /? + sin 

from which we derive 


~ a; sin 1 4- y cos A = 

— X cos X — y X = pv — 

1 — ee cos^ jS 

(1 — ee) cos 3 
z = pv L 

1 — ee cos^ 

Substituting these values in (608) and putting 
a 

$ ~ — tne greatest apparent semidiameter of the planet, 

c = i/(l — ee cos®/9) 
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we find 

ss = ww + ™ (611) 

which is the equation of the outline of the planet as projected 
upon the celestial sphere, or upon a plane passed through the 
centre of the planet at right angles to the line of vision. It 
represents an ellipse whose axes are 25 and 25 |/(1 ee cos^/9), 
e being the eccentricity of the planet’s meridians. The minor 
axis {OB^ Fig. 47) lies in the direction of the great circle drawn 
to the pole of the planet’s equator. 

We next proceed to determine what portion of this ellipse is 
illuminated and visible from the earth. 

349. To find the apparent curve of illiimmation of a planefs surface . — - 
If the sun be regarded as a point (which will produce no sensible 
error in this problem), the curve of illumination of the planet, as 
seen from the sm^ can be determined by conditions quite similar 
to those employed in the preceding problem; for we have only 
to substitute the co-ordinates expressing the sun’s position with 
reference to the planet, instead of those of the observer. If, 
therefore, we put 

B — the heliocentric longitude and latitude of the centre 
of the planet referred to the great circle of the 
planet’s equator, 

the equation of the tangent line from the sun to the planet, 
being of the same form as (610), will be 

. a; cos ^ cos 4 , ?/cosj5sinyl , ;?8in^ 

0 = ^ d. — ((312) 

aa aa bb y J 


If each point which satisfies this condition be projected upon 
the celestial sphere by a line from the observer on the earth, and 
ii and V again denote the co-ordinates of the projected curve, we 
have here, also, to satisfy the equations 


pu = — X sin A 4“ i/ ^ 

pv = — (x cos X -\- y sin X) sin /S' - cos ft 



in which X and /8 have the same signification as in the preceding 
article. The values of x, y, and 2 :, determined by the three 
equations (612), (613), being substituted in tlie equation ol‘ the 
ellipsoid, we obtain the relation between it and i\ or the equation 
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of the required curve of illumination as seen from the earth. In 
order to facilitate the substitution, let us put 

x^z= — a? sin A + y cos A 

y^z=z X cos X y sin A 

from which follow 

x= — Xi sin A -j- yi cos A 
y = Xi cos A -{- sin A 

At the same time, let us introduce the auxiliaries /9i and 
dependent upon /9 and B by the assumed relations 

1 

- cos A = cos /9 
9 


- Sin = 7 sin ^ 

9 ^ 

Then the three equations become 

0 = cos sin (d — A) -j- cos cos (d 

^gpv = — y^ sin A + ^ 2 : cos A 
from which we derive 

Xi= pu 

— — py^ cQa y5^ cos sin (d — A) — | iOi; sin 

z = — pu sin cos B^ sin (d — X.) -}-^gpv cos cos (d — A) 

where, for brevity, Nis put for sin sin + cos cos jB^ cos (J — a). 

Before substituting these expressions in the equation of the 
ellipsoid, it will be well to consider the geometrical signification 
of the quantities /9^ and By If we draw straight lines from the 
centre of the planet to the earth and to the sun, the latitudes of 
the points in which these lines intersect the surface of the planet 
will be /? and B. If these points be projected upon the surface 
of a sphere circumscribed about the ellipsoid, by perpendiculars 
to its equator, the latitudes of the projected points will be and 
J5^; and g and (xwill be the corresponding radii of the ellipsoid. 
If now these projected points are referred to the celestial sphere, 
by lines from the planet’s centre, they will form with the pole Q 
of the planet’s equator a spherical triangle QOS, in which the 


--X) + ~zsixi B, 


a 


cos^i= cos 


~ sinjBi== 7 sin^ 
G b 


(6141 
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angle Q will be — X; and tlie sides including this angle will 
be 90° — QO^ 90° — -Bi = QS- Denoting the angle at 0 by 
and the side OS by V, we shall have 

cos V = sin y9i sin Bi + cos cos Bi cos (A — A) 
sin V cos w = cos /9i sin B^ — sin /Sj cos B^ cos (d — A) > (615) 
sin F sin w; = cos sin (A — A) j 

in which V is very nearly the angular distance between the sun 
and the earth as seen from the planet. 

This triangle also gives 

sin B^ == cos F sin (3^ -|- sin F cos (3^ cos iv 
cos B^ cos (d — A) = cos F cos — sin F sin f3^ cos lo 
cos B^ sin (i — A) = sin F sin to 

By these equations the above expressions for and ^ are 

reduced to 

cosF.;:t‘jL= cos F 

cos V. y^ = — pu sin F sin w cos 

— ^ 9 F sin + sin F cos 13^ cos w) 
cos = — pii sin F sin lo sin /9j 

+ gpv (cos F cos — sin F sin /?j cos w) 

Substituting these in (608), observing that xx + yy = x^x^ + y^y^^ 
we have 


cos2F~ = 'wwcos2F 
PP 


r (X (X "I 

-f (u sin ID j^gv cos ^b) sin F sin i3^ — - ~ gv cos F cos i3^ 

Developing the squares in the second member, and putting s for 

and also 
p' 

we shall find 


c = ]/(l — ee cos^ /?) = 


ag 


ss 


I sin . , cos 

= I u cos IV — V — I - 1 • M/ sin ID -|- V • - — I sec^ v (616) 
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which is the required equation of the curve of illumination, as 
seen from the earth, projected upon the celestial sphere. It 
represents an ellipse whose centre is at the origin hut whose 
axes are, in general, inclined to the axes of co-ordinates, and, 
consequently, to the axes of the ellipse of equation (611). The 
equation (611) is only the particular case of (616) which corre- 
sponds to 0, or the case of full illumination. 


Fig. 48. 



S50. "We have yet to determine what portions of the apparent 

disc are hounded hy the two curves 
respectively. If ABA’B\ Fig. 48, 
is the ellipse of (611), which I shall 
call first ellipse^ and CBG'I)^ that 
of (616), which I shall distinguish as 
the second ellipse, the visible outline 
of the planet is composed of one- 
half the first and one-half the second 
curve, and these halves either begin or end at the points (7 and 
(7', which are the common points of tangency of the two curves. 
These points satisfy both equations; and, therefore, putting iq and 
for the co-ordinates of either point, and subtracting (611) from 
(616), we find 

0 =^^1 sin w -h ^ tan^F 

which is satisfied, in general, by taking 


cos w 

tq sin w -)- = 0 


Denoting the position angle corresponding to I’l, by we 
have Ui— Si sm{pi — p), Vi= Si oo^{pi—p)» Substituting these 
values, and also putting 

cos W? 

q sm u\ = sin w q cos iv^ = — - — (ol i ) 

the preceding condition becomes 

q Sj cos (^p^ — jp — w^) = 0 

whence 

-f- iq qz 90° C^IB) 

which expresses the position angles of both (7 and (7h If wm 
draw the arc ODO', Fig. 48, making the angle jBOO^= and 
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take 00 tlie point O' will be nearly tlie position of tbo 
planet as seen from the sxin, and the arc V will be the ineasiirc 
of the angular distance between the sun and the earth as viewed 
from the planet. If we assume sin w to be positive in equations 
(615), as we are at liberty to do, the arc "F will be reckoned from 
the planet eastward from 0° to 360°. Now, so long asF'is loss 
than 180°, the west limb will evidently be the full limb, and 
when V is greater than 180°, the east limb will be the full limb. 
Hence we infer that a point whose given ijosition angle is 'p' is 
on the east limb when 

y > + u\ — 90° and < -f 90° 

but on the west limb when 

p' < p + R’l — 90° and > p + -f 90° 

'WhenF >90° and < 270°, the planet is crescent; but when 
F> 270° and < 90°, it is gibbous. In the case of a crescent 
planet there are two points, one on the full and the other on the 
crescent limb, corresponding to the same position angle : heiuio 
in observations of a crescent planet the point of ol)scrvation on 
the limb will not be sufficiently determined l)y the position 
angle alone ; it will be necessary for the observer to distinguish 
the crescent from the full limb in his recoi-d. 

351. In order to apply the preceding theory, it is necessary to 
find the quantities p^ /9, .B, A. The diredion of the axis of ir 

in Art. 348 was left indeterminate, and may be assumed at 
pleasm^e, but it is most convenient to lot it pass through the 
ascending node of the planet’s e(|uator on the equinoctial, so that 
X and A will be reckoned from this node. The position of the 
node must, therefore, be knowm, and this we derive from the 
researches of physical astronomers. If we put 

n = the longitude of the ascending node of the planet’s 
equator on the equinoctial, 

i = the inclination of the planet’s equator to the equi- 
noctial, 

we have at any given time /, for the planets Jupiter and Saturn, 
the only ones whose figures are scnsil)ly spheroidal, 



5T4 


OCCULT \TIONS OF PLANLT.s 


For Jupiter 


n = 357° 56' 25" + 3" 59 1850j 

25° 25' 49" + 0" 66 (t — 1850) 


Pot Satin n ( ^ = 125° 13' 54" + 128" 76 a — 1850) + 0" 0605 (^ — 1850)^ 
1 7°10'10"— 15"08(f — 1850) + 0" 0035 (]t~1850)' 


111 winch t IS expiesscd in years * 

The values foi Satin n apply either to its equator or the iings, 
which aie sensibly in the same plane 
If now we put 


a', 5'= the right ascension and declination of the planet, 


we can convert a' and d' into X and /9 by Art 23 , we bhall 
meiely have to substitute in (29) or (31) a' — n foi a, o' toi d, 
and i foi e The angle is heie the position angle of the pole 
of the planet reckoned fiom the decimation circle of the phinet 
towards the east, but in Art 25 the angle vj is the position 
angle reckoned towards the west, and, therefoie, we shall have 
to put ij* == 360° — p in (33) Hence we obtain the following 
foimulse for A, andp 


/sin F = tan^' 

/ COSjP = sm (a' — 7 l ) 

tan i3 = sin X tan (^F — i) 
tan F^= tan i sm (a' — 7 i) 


/' sm X = cos (^F — 0 
/' CuS X =r cos F cot (a' — n) 


tan p== 


sin F' cot (of — n') 
cos (F'—d') 


(619) 


To find A and jB, we avail oui selves of the heliocentric longi 
tude and latitude of the planets given in the Biitish Almanac, 
and as these quantities aie refeired to the ecliptic, while A and 
jB aie referied to the planet’s equatoi, we must know the rela- 
tive position of these ciicles Putting 

]Sf'= the longitude of the node of the planet’s equator on 
the ecliptic, 

/'= the inclination of the planet’s equator to the ecliptic^ 
iV^^the aic of the planet’s equatoi between the equi- 
noctial and the ecliptic, 


* These values I have deduced from the data given m D^moiseau’s Tables J^clvp-' 
tiqiies des Satellites de Jupiter ^ Pans, 18S6, and Bessel’s Aestimmung dei Lage und 
Groshe des Saiurns-Ringes und der Ftgur und Orosse des Saturns, Astronom Nach , Vol 
XII p 167 
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we deduce from the data of Bessel and Damoiseau, for a given 
year t, 

/- iV'= 335° 40' 46"+ 49".80 (t — 1860) 

ForJupiterJ I'= 2° 8'51"+ 0".43(t — 1850) 

( iV = 336° 33' 18"+ 46".55 (<—1850) 

I" 1 67° 3 r 52"+ 40".62 (< — 1850) 

For Saturn, j /'= 28° 10' 27"— 0".35(< — 1850) 

43°3r34"— 86".75(<— 1850) — 0".0625(< — 1850)> 

and these values for Saturn also apply to the rings. 

Finally, if we put 

■4', i?'=tUe lioliocentrie longitude and latitude of the 
planet, referred to the ecliptic, 

the formulae (29) or (31) will servo to convert A’ — N' and B' 
into A — N and B ; and they become 

K sin M .= tan 5' K' sin (i— iV) = cos (Jlf — J' ) \ 

Zeos71i'=sin(4'— i\r') /rcos(d— iV')z= cos if cot (yl'—iV" ) f (•( 520 ) 

tan B = sin (i — JF) tan (if — J') j 

352. The preceding complete theory admits of several abridg- 
ments in its application to the different planets, varying accordiiig 
to the features peculiar to each. 

Jupiter . — The inclination of Jupiter’s equator to the ecliptic is 
so small that the quantity 0 — ^/(l — cos^ /?) never diff’ers 
sensibly from \/{l — ee), which, according to Struve’s meaHure.s, 
is 0.92723. I shall, therefore, use as a constant the value 
log c = 9.9672. Again, on account of tlic small iuelinatious both 
of Jupiter’s equator and of his orbit to the ecliptic, the angle w 
never dilFers much from 90°, and, since thi.s angle is requii'ed 
only in computing the gibbo.sity of the planet (which never 
exceeds 0".5), it is plain that wc may take w — 90°, and that V 
may be found with snfHcnent accuracy by the formula 

V=A — X 

or, indeed, by the formula 

V= A' — X' (621) 

in which A' and X' are, respectively, the heliocentric and geo- 
centric longitudes of the planet, the former being taken directly 
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from the Biitish Almanac, and the latter computed from the geo- 
centiic light ascension and declination hy Art 23. so that tor 
this planet the ec[uations (615), (610), (620) will he dispensec 
with, except only the last two equations of (619), which irill be 


requned in finding j). i j. • 

Saturn— The inclination of Satnrn’s equator to the ecliptic is 
ovei 28°, and theiefore the quantity c = i/(l — eecos |3) will 
have sensihly different values at different times. The value ot^ 
— 8 IS, however, given in the table for Saturn s Ring in om 
Ephemeiides (where it is usually denoted by 1) The va iie o ea 
is 0 1865, 01 log ee = 9 2706. The gibbosity of Satuin is alto- 
gether insensible; so that we shall have occasion to use onl;) the 
equation (611), or in any formula that may be derived 
moie general equation (616) we shall have to putv - 
angle p IS also given m the table for the ring 

Saturn’s Bing —The ring may he lieie regarded as an ellipsoid 
of revolution whose minor axis = 0 Hence we have on y o 
make e 1 in om formulse to obtain the equation of its elliptical 
outline This gives c = i/(l - cos' ^) = sin which value being 
substituted in (611), we have at once the reqnned equation, 
while the position of the ellipse is given at once hy the angle p 


fiom the table above refeired to. 

Mars, Venus, and Mercury —These planets may he regarded as 
spherical in the computation of then occultations, and we shall, 
therefore, have to considei only their crescent and gibbous 
phases To adapt our foiniulie to the ease of a spherical boc y, 
we have only to put e - 0, oi c = 1 Since m this case we are 
concerned only with the appaieut figure of a partially illuminate 
spherical body, we may, for the convenience of computation, 
assume any point as the pole of the planet, and it wi c inos 
imtnial to assume the point which is the pole of the great circle 
wliose pluiie passes tliiougli tlie suu, tlie eurtli, and t le aiie 
The diiectioii of tins polo is evidently tlic 
same as that of the line joining the cusps 
of the paihally illuminated disc This makes 
/ \ j3=0, R = 0, in (615), and, consequently, 

/ \ V=A — }i But, as the adopted equator of 

\ "As. / planet is here a variable plane, we can 
\ / no longer use the form (620) for finding A 

Xx' A very simple and direct process for finding 
^ V offers itself Let E, S, 0, Fig 49, repie- 


0 
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sent the centres of the earth, the sun, and the planet; S'O'O", 
the great circle of the celestial sphere whose plane passes through 
the three bodies ; S' and O', the geocentric places of the sun and 
the planet; 0", the heliocentric place of the planet. Then O'O" 
is the arc heretofore denoted by V, and, in the intinite sphere, is 
the measure of the angle O' 00" = SOE. Putting theny=0'0", 
Y = S' O', and also 

JR' = SO — the heliocentric distance of the planet, 

B = SB1= “ “ “ earth. 


we have 

sin F = — sm y 
JR' 

We might find V directly from the three known sides of the 
triangle SOU; but, as we have yet to find and y comes out at 
the same time with p in a very simple manner, it will be prefer- 
able to employ the above form. 

To find p and let O', 0", Fig. 50, be the three places 
above referred to, and P the pole of 
the equinoctial. Draw O^Q perpen- 
dicular to the great circle S' O'O". 

This perpendicular passes through the 
adopted pole of the planet, and we 
have P0'Q=p^ or PO' a 8" == 90° — jp, 
ahd S'P'=y. Hence, denoting by d' 
and D the declination of the planet 
and the sun, and by a' and A their 
right ascensions respectively, the spherical triangle PS'O' gives 

cos Y = sin d' sin B + cos o' cos B cos (a' 
sin Y sm p= cos d' sin B — sin d' cos B cos (a' 
sin ^ cos J9 = cos B sin (a — A) 

Hence, introducing an auxiliary to facilitate the computation, 
both p and y will be found by the following formulae : 

tan F = tan B sec (a — A) 
tan p = cot (a' — A) sin (P — d') sec F 
. tt- F sin (a' — A) cos B 
E' cosp 

In this method of finding F we do not determine whether it is 

VoL. L>-37 




Fig. 50. 

Q 
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gioatei 01 less than 00° This is of no iinpoitancc in eomiiutiiig 
an actual obseivation, hut only in puduiinr/ the phase of the 
planet, whether descent oi gibbous Foi the latter puipose we 
must have lecouise to the tiiangle SUJO of Fig 40, the three 
sides of which are given in the Ephemeiis 

The value of Fbeing found, the equation (61G) will be used to 
deteiniine the apparent outline aftei substituting c = 1 and 
w = 90°, wheieby it becomes 

s^-= sec* V 

The value of s in our equations is supposed to be given It 
Will bo most conveniont to deduce it fiom the appa/rent senii- 
diainetei of the planet when at a distance from the earth ecpial 
to the earth’s mean distance fiom the sun, wdiich is the unit 
employed in expressing their geocentiic distances in the JKphe- 
nieiis Thus, denoting the mean semidiameter by 5o, and the 
geocentric distance by r', we have (Art. 128) 



and Sq may be taken from the following table 


(624) 



«0 

Mercury 



3" 

34 

Venls 



8 

55 

Mars 



5 

05 

Jupiter 



99 

70 

Saturn 



81 

36 

Saturn’s Rings 





Outer semi-major axis 

of outer 

ring 

187 

56 

Inner “ “ 

it 

ti 

165 

07 

Outer “ “ 

inner 

a 

161 

27 

Inner “ “ 

(( 


124 

75 


Authority 


Le Verrieb, Theoiy of Me) ciuy 
Peirce, Am JEphemerts 

it ti u 

Struve, Astr Nach , No 189 
Bessel, Nach , No 275 


(( it it 

r Struve, iVacA ,No 189, 
I reduced to agree with Bes- 
I sel’s measures of the outer 
I diameter of the outer ring 


353 To find the longitude of a ])lace fiom the observed contact of 
(lie moon's limb with the limb of a planet — In tlie following investi- 
gation, it is assumed that the quantities p^ w, c, are known for 
the time of the occultatioii They may he computed by the 
above methods for the time of conjunction of the moon and 
planet, and regarded as constant for the same occultation over 
the earth in general 
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Let 0, Fig. 51, be the apparent centre of the planet, and C 
the poitxt of contact of its limb with 
that of the moon. Let Olfhe drawn 
from 0 towards the moon’s centre, in- 
tersecting the moon’s limb in i). Since 
the apparent semidiameter of any of 
the planets is never greater than 31", 
it is evident that no appreciable error 
can result from our assuming that the 
small portion CD of the moon’s limb 
coincides sensibly with the common 
tangent to the two bodies drawn at C. 

If, then, the planet were a spherical 
body with the radius CD, the observed 
time of contact would not be changed. We may, therefore, 
reduce the occultation of a planet to the general case of eclipse 
of one spherical body by another, by substituting the perpen- 
dicular OD for the radius of the disc of the eclipsed body. Let 
s" denote this perpendicular; let OA and OQ be the axes of u 
and V respectively, to which the curve of illumination is referred 
by the equation (616); and let & be the angle QOD which the 
perpendicular 5 " makes with the axis of v. The equation of the 
tangent line CD referred to these axes is 



u sin ^ ^ V a 0 ^ = 5 " 

We have also in the curve 

— =r — tun 
du 

Differentiating the equation (616), therefore, wo have 


( 625 ) 




COS w ■ 


V sm w\l 
--- I ^ cos la + 

;)(sn 


tan sin to ^ 
c I 


. I . . V COB w \ I . tan // cos iv \ 

+ 1 w sm w — 1 1 sm iv — | sec^ F = 0 


By means of this equation, together with (616) and (625), we can 
eliminate ?< and v, and thus obtain the relation between s and s". 
To abbreviate, put 


X = u cos w — 
y == sin 4- 


V sm w 

c 

V COBW 


c 
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(626) 


c' sint^' = cos == COB 

c 

then the three equations become 

X cos (^' — w) — y sin (/)>' — w) sec=^ F == 0 

a;* -f- sec® F = s’* 

X sin 0^' — 'lo) y ^ 


From the first and second of these we find 

s sin — w) 

^ FC^ — 

$ cos ( Jh' — id) cos®F 
^ ~~ y\l — cos®(-»y — 10 ) sin®F] 

which substituted in the third give 

s" = S CC'FCl '^0 


Hence, if we put 
we have 


sin X = cos 0'/ — w) sin F 
s" z=z s.cc' cos 


((i27) 


We have seen (Art. 352) that in all practical cases we may take 
to = 90®, and, therefore, instead of (626) aud (627) we tuay 
employ the following : 

tan 

tan >9' = 

c 

smx = e.m^'smV ^ 

s sin cos X 
^ sin 


If the occultation of a cusp of Venus or Mercuiy is observed, 
we have at once 5 " = 5 cos?? (for the axis of v coincides with 
the line joining the cusps), and we do not require F. 

The value of is to be substituted in (486) for the apparent 
semidiameter of the eclipsed body. In that formula, M denotes 
the apparent semidiameter at the distance unity : therefore, we 
must now substitute the value 


sin H—r' sin s" 
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or, by (624) and (628), 

sin H = 


sin 5(, sin & cos / 
sin 


(629) 


Since / is here very small, we may put tan / = sin /, and the 
formula for L (488) becomes 


L = iz — 0 sin/ ± k 


Hence, putting 


we have 


rg 

L = iz-0 ± k' 

rg 


(630) 

(631) 


When the angle t? is known, therefore, the preceding formuhe 
will determine L, with which the computation will be carried 
out in precisely the same form as in the case of a solar eclipse. 
Art. 329. To find &, let OF, Fig. 51, be drawn in the direction 
of the pole of the equinoctial; then we have FOQ =p, and, 
denoting POM by Q, 

^ — Q — P 

and Q has here the same signification as in the general equations 
(567), as shown in Art. 295 : so that when N and 4' have been 
found by (568) and (569), we have Q—JV+4'>or 

,9=]V+^—p (632) 


But to compute 4' hy (569) we must know L, and this involves 
H, whieh depends upon ■&. The problem can, therefore, be 
solved only by successive approximations; but this is a very 
slight objection in the present case, since the only formula to be 
repeated are those for L and 4', and the second approximation 
will mostly be final. It can only bo in a case such as the occul- 
tation of Saturn’s ring, where the outline of the eclipsed body is 
very elliptical, and especially when the contact occurs near the 
northern or southern limb of the moon, that it may be necessary 
(for extreme accuracy) to compute IT a second time and, conse- 
quently, 4' a third time. 

The formula (029) is adapted to tlie general case of an ellip- 
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soidal "body paitially illuminated, the point of contact being on 
the defective limb When the point of contact is on the full 
limb, we have only to putF’^ 0, and the foimula becomes 

( 688 ) 

sm 

and for the full limb of a spherical planet (Venus, Mercury, and 
Mars) we have 11= 

In the first approximation we may take L = ±: k 

354. Sometimes it may not be known fiom the recoid of the 
observation whether the point of contact is on the full oi the 
defective limb of the planet This might be cletei mined by the 
method of Art 350 , but, since that method supposes the position 
angle to be given, which we do not heic employ, the following 
more direct and simple piocess may be used In that article the 
common point of tangency of the two cuives of the full and 
defective limbs was detei mined by the condition 

, cos w . 

u, sm w + V. = 0 

^ ^ c 

in which and denotes the co-ordinates of the point of tan- 
gency In the notation of Ait 853 this is simply = 0 , and 
since we have 

s cos — w) cos^ V 

l/[l — cos^(j \ — w) sm^F] 

it follows that we must have 

cos — w;) = 0 or = w; zp 90® 

Hence, when, as in our present application, we take w == 90^, we 
have 

= 0 or = 180® 

Hence a point is to be regarded as on the east limb for values of 
between 0® and 180®, and on the west limb for lalues of d between 180® 
and 360®, and (Ait 350) the east or the west limb is defective aceoui^ 
mg a^V is between 0® and 180® or between 180® and 360® 

But, since sin d' and sm d have the same sign, we deduce from 
this a still moie simple lule , for we have sm ^ = sm sm V, 
whence it follows that the ohseiied point is on the defective limb 
when sin is piositiie^ and on the full limb when sin ^ is negative^ 
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355. In the cases of the planets Neptune, Uranus, and the 
asteroids, the occultation of their centres will be observed, and 
it will be most convenient to compute by the method for a fixed 
star, only substituting for n the difference of the moon’s and 
l)lanet’s horizontal parallaxes — that is, the relative parallax — in 
the formulae for x and y, Ai’t. 341. 

This artifice of using the relative parallax may also be used 
with advantage for Jupiter and Saturn. 

Having thus found x and y as for a fixed star, we shall have, 
in the preceding method, 

i = (3 — 0 ± k (634) 

the other formulae remaining unchanged. 

Example 1. — Several occultations of Saiturn’s Ring were ob- 
served by Dr. Kane at Van Rensselaer Harbor on the northwest 
coast of Greenland during the second Grinnell Expedition in 
search of Sir John Franklin.* The first of these was as 
follows : 

1853 December r2th, Van Rensselaer Mean Time 
Iinmei’sion, contact of hast point of ring, ... 14* 20”* 48*.8 

Emersion, “ <i « « ... 14 54 18 ..3 

The assumed longitude of the place of observation was w = 4* 43“ 32' 
west of Greenwich. The latitude was <p — 78° 37' 4", whence 

log p sin = 9.989862 log p cos >p' = 9.290642 

1. From the Nautical Almanac wc take for 1853 Dec. 12, 1!)*, 
p — — 2° 37'.3 I =3= 24° 0'.4 whence log c — log sin I =- 9.0094 
and from page 578, the outer ring only l)oing observed, 

= 187".50 log sin ,s’„ 6.9587 


^ “Astronomical Observations in the Arctic kSeas by Mthsh.\ Kent Kane, M.B., 
U.S.N. Reduced and discussed by Charles A. Schott, Assistant U.S. Coast 
Survey.” Published by the Smithsonian Institution, May, 1800, 
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II We shall compute the elements of the occultation for the 
centie of the planet for the Greenwich houis 18^, 19'^, and 20^^ 
For these times we take the following quantities fiom the 
Nautical Almanac, applying to them the coriections determined 
hy Ml Schott from the Greenwich observations of this date 


Moon 


Gr T 

a 

6 

TT 


18* 

3^ 86^ 55' 23 

+ 18° 2' 47" 5 

54' 7" 68 


19 

38 53 92 

12 13 9 

7 22 


20 

40 52 81 

21 35 7 

6 76 




Saturn 




a' I 

6' 

tt' 

log r' 

18* 

3^ 39”^ 9' 88 

+ 17° 14' 28" 4 

1" 05 

0 9126 

19 

9 16 

26 5 



20 

8,44 

24 5 




The corxections applied to the Nautical Almanac values to 
obtain the above are Aa = — 0® 22, A(5 = — 5" 0, aw' =4-0* 15, 
a5' = — 8" 9, A^ = 4- 0" 3, this last coriection being deiived 
hom Mr Adams’s Table m the Nautical Almanac for 1856 
We shall use the relative parallax, and compute as foi a fixed 
star, taking tc — tc' for ;r, namely 



TT 

18* 

54' 6" 73 

19 

6 17 

20 

5 71 


whence we find for the moon’s co-oidinates. 


Gr T 

z 


y 

y' 

18* 

19 

20 

— 0 59152 

— 0 06690 
+ 0 45781 

+ 0 52457 
+ 0 52466 
+ 0 52475 

+ 0 89382 
+ 1 06817 
+ 1 24250 

+ 0 17436 
+ 0 17434 
+ 0 17432 
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and, taking z = r = 


1 

sin t : 


for 19'^, as sufficiently accurate, 


z = 63.54 


in. For the co-ordinates of the place of observation : 



Immersion. 

Emersion. 

Local mean time t 

141 . 20 » 48'.8 

14» 54» 18..3 

t (0 

19 4 20 .8 

19 37 50.3 

Local sid. time /x 

117° 4' 59".7 

125° 28' 44".7 

Lence, by the formute « 

on p. 550, 



+ 0.17529 

-h 0.18685 


-f- 0.90575 

-f 0.91363 

C 

-f 0.38 

-f 0.35 


63.16 

63.19 


rV". Assuming now two epochs corresponding nearly to the 
times of observation, the remainder of the computation in eztenso 
is as follows : 



Immersion. 

Emersion. 

Assumed | 

19».07 = 

19*63 = 


19* 4 m i 2 « 

19* 37” 48*. 


— 0.03017 

+ 0.26365 

Vo 

+ 1.08037 

+ 1.17800 

Xq — f = m sin Jf 

— 0.20546 

+ 0.07680 

== m cos M 

- 1 - 0.17462 

+ 0.26437 

M 

310° 21 ' 38" 

16° 11' 56" 

log 

9.43079 

9.43980 

x' = n sin iV 

+ 0.52467 

+ 0.52472 

y' z=n cos JV 

-f- 0.174.34 

4 - 0.17433 

jsr 

71° 37' 10 " 

71° 37' 20" 

log n 

9.74263 

9.74266 


Then, for a first appproximation, by the formula 

. . r?i8in(Jf — A) 

sin 4 . = — i - 

± k 

and observing that the immoi'sion is here an interior contact and 
the emersion an exterior contact, we liayo 
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Immersion 

Emersion 

log sin (M — JV) 

n9 93188 

»9 91559 

log m 

9 43079 

9 43980 

CJy = zp a*!* CO log L 

nO 56441 

0 56441 

log sin 4 . 

9 92708 

ft9 91980 


57° 48' 2 

303° 45' 5 

]sr~p 

74 14 5 

74 16 6 

-f ^ p ==: ■»$ 

131 57 T 

18 0 1 

log tan 

nO 0462 

9 5118 

logc 

9 6094 

9 6094 

log tan 

wO 4368 

9 9024 

log sm 

w9 8713 

9 4900 

ar CO log sin tS' 

wO 0273 

0 2047 

log( , '|sins. 

7 8465 

T8467 

\ ^ 1 

■flog a 

7 7451 

7 5414 

a 

0 00556 

0 00348 

q= A 

— 0 27264 

-f 0 27264 

a:+ k = X 

— 0 26708 

0 27612 

log 1 

ttO 42664 

9 44110 


A-pplying the difference "betiv^eeii log L and log k to log sin. -tp, 
find, for our second appi oximation, 


Coriected log sin ^ 

9 9860B 

9 91429 

4 

59° 39' 6 

304° 49' 


133 54 1 

19 4 

log tan ^ 

nO 01 ()7 

9 5387 

log tan 1 %' 

riO 4073 

9 9293 

log sm 1 ^ 

n9 8577 

9 5141 

ar CO log sm ¥ 

nO 0310 

01887 


7 8465 

7 8467 

Corrected log a 

7 7352 

7 6495 

- 

0 00543 

0 00354 

L 

— 0 26721 

+ 0 27618 

log L 

719 42685 

9 44119 

Final yalae of log sm 4 

9 93582 

«9 91420 

log cos 4 

9 70403 

9 75688 


* The angle 4 , is to be taken, so that Z cos ^ shall be negatiye foi immersion and 
positive for emersion, Art 329 

sm ir sin 2 — C 

7' sm^'* r' 


f Putting a == (2 
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3600, log b = log 


A i cos 4 . 


log c = log 


hm cos (Jf — JSf) 


b 

c 

b — c = T 

Gr. Time of obs. = -f- t = T 

T — t — u) 


Immersion. 

Emersion. 

n2.94455 

3.01171 

n2.95956 

3.00741 

— 880M 

- 911 .1 
-f 31.0 

19» 4™43*.0 

4 43 54.2 

-f 1027*.3 
-f 1017.2 
+ 10.1 

19‘ 37™ 58*.l 

4 43 39.8 


If now we wish to form the equations of condition for deter- 
mining the effect of errors in the data, we proceed precisely as 
in the case of a solar eclipse, page 533, and find 



Immersion. 

Emersion. 

log V tan 4 

0.5341 

' nO.4596 

log V sec 4 / 

0.5983 

0.5454 


where log v = log = 0.3023. Hence, neglecting the terms 

depending on the correction of the parallax and of the eccen- 
tricity of the meridian, the equations of condition are 

(Im.) <«, = 4" 43”* 54*.2 — 2.001 y -f 3.421 — 3.965 ni,k 
(Em.) «», = 4 43 39 .8 — 2.001 — 2.881 -|- 3.511 ;r aA 

Eliminating ■& from these equations, we have 

= 4» 43™ 46*.4 — 2.001 y + 0.092 tt a/c 

An error of 1'' in the moon’s semidiameter (represented by 7 :h.k\ 
would, therefore, have no sensible effect upon this combined 
result ; and since y must also be very small, as we have corrected 
the places of the moon and planet by tbe Greenwich observatious, 
we can adopt, as the definite result from this observation, 

= 4» 43™ 4G'.4 

It will be observed that in this example Oudemans’s- value, 
1( = 0.27264, has been eraploj^ed ; but our final equation shows 
that the result would have been sensibly the same if we liad 
taken the usual value 0.27227 ; for the reduction of the result to 
that which the latter value of k would have given is only 
0.092 X 3247 X (- 0.00037) — ■ -- OMl, 
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Example 2 — The occultation of Venus, Apiil 24, 1860, was 
observed at the IT 8 MilitaiyAcademy,'W'estPoint(a)=4*55’”51’, 
<p = 41° 23' 31" 2), and at Albany (o) == 4" 54” 59* 4, = 42° 39' 


49" 5), as follows 

Inimemon 

First contact; planet’s full limb 
Disappeaiance of cusp 


West Point 

Albany- 

Sid time 

Mean tune 

10* 46“ 53* 35 

8^31“ 1*9 

10 47 47 80 

8 31 54 2 


The obseivations were made with the laige refi actors of the 
West Point and Dudley obseivatoiies 


I To find foi the cusp obseivations, we have for the Green- 
wich time 1^^ 478, which is the mean of the times of the obsei- 
v^tions at the two places, and will serve foi both, 

Planet, a' = 78^ 38' 6 = 25 ° 59 ' 1 

Sun, , A=32 45 5 D=13 12 9 


whence, by (623), 
and, fiom p 578, 


^ _ 70 27' 3 


s^ = 8" 55 log sin Sq= 5 6175 


II We shall compute the moon’s co-ordinates only for the 
Gieenwich times 13^ 4 and IS'^ 5 Foi these times the American 
i^phemeris fuimshes the following data 


Moon 


Or T 

a 

6 

IT 

13»4 

13 5 

79° 12' 16" 8 

79 15 58 5 

4- 26° 43' 1" 6 

26 43 4 3 

57' 6" 6 

57 6 7 


Venus 




d' 

log r' 

13»4 ' 
13 5 

78° 38' 23" 3 

78 38 40 7 

+ 25° 59' 2" 5 

25 59 4 3 

9 9193 

9 9193 


Hence, by the foimulse of I and H , 452, we find 
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a 

d 

log .<7 


13\4 

13 .5 

78° 38' 17".2 

78 38 34 .0 

4- 25° 58' 54".5 

25 58 56 .3 

9.9987 

9.9987 




x' 

y 

y' 

13.4 

13.5 

-f 0.531695 
-f 0.585085 

z - 

\ 

+- 0.53390 

= 60.19 

+ 0.773681 
-+ 0.774161 

-f 0.00480 


in. Tor the co-ordinates of the places of ohservation : 



West Point. 

Albany. 


Full liiub. 

Cusp. 

Full limb. 

Cusp. 

Local mean time t 

8* 33»« 43».72 

8* 34"* 38'. 02 

8* 31"» 1'.90 

8* 31”* 54'.20 

t -|- w 

13 29 34.72 

13 30 29.02 

13 26 1 .30 

13 26 53.60 

y 

101° 48' 20".3 

101° 50' 57".0 

161° 2' 44".3 

101° 15' 50". 9 

log p sin 
log p cos 

9.818004 
9.875814 
+ 0.745828 

-1- 0.746178 

9.828792 
9.8()7157 • 

-I 0.730013 

+ 0.730378 

V 

+ 0.551616 

-1- 0.552909 

+ 0.563428 

-f 0.564641 

C 

+ 0.37 

H- 0.37 

+ 0.38 

+ 0.38 


59.82 

59.82 

59.81 

59.81 


IV. Assuming % = 13'‘.45, we find, for this time, 


a:„ -[- 0.668390 

+0.773921 

a:„— f = m sin il7 — 0.187438 — 0.187788 — 0.171023 — 0.171988 

j/„ — j?:=mcosi/' + 0.222306 -|- 0.221012 + 0.210493 + 0.209280 

M 319° 61' 50" 319° 38' 47" 320° 48' 30" 320° 35' 11" 

logm 9.40S5(i3 9.402425 9.433915 ',).4!{27H3 

N 89° 29' 0" 
log n 9.727480 

Then, for the ohservations of the full limb, we have for both 

places, by (631), putting II = 

log(2 — 0 ’-7768 1.7708 

ar. CO. log rV/ 0.0820 0.0820 


h = 0.27264 constant 5.0642 log sin 5.0175 

0.00082 log 

A;' = 0.27346 

0.00299 log(l) 7.4763 

L ="^046 
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West Point 

Albany 

M—N 

230° 22' 44" 

231° 19' 24" 

4 

234 6 57 

230 4 55 

T 

+ 2“ 37* 7 

— 52*7 

T, 

13ft 27 ™ 0* 

13'* 27”* 0* 

T 

13 29 37 7 

13 26 7 3 

T — i 

4 55 54 0 

4 55 5 4 


For the observations of the cusps v/e can employ the preceding 
values of ^ as a first approximation, and hence we pioceed as 
follows 



West Point 

Albany 

^ "4“ 4' — p 

331° 3' 4 

327° r 3 

log cos 

9 9421 

9 9237 

log ( 1 ) 

7 4763 

7 4763 


7 4184 

7 4000 


0 00262 

0 00251 

A' 

0 27346 

0 27346 

L 

0 27084 

0 27095 

M—N 

230° 9' 41" 

231° 6 ' 5" 

log sin {M — N) 

w9 885278 

7i9 891124 

log m 

9 462425 

9 432783 

ar CO log L 

0 567287 

0 567111 

log sin 4 

n9 914990 

?i9 891018 

4 

235° 18' 5 

231° 5' 0 

Corrected 

332 14 9 

328 1 4 

log cos d- 

9 9469 

9 9285 

log ( 1 ) 

7 4763 

7 4763 


7 4232 

7 4048 


0 00265 

0 00254 

Corrected L 

0 27081 

0 27092 

ar CO logjC 

0 567335 

0 567159 

Corrected log sin 4 * 

«9 915038 

9 891066 

T 

+ 3”* 33* 7 

— 0-4 

2 ; + r = r 

13* 30”* 33* 7 

13^ 26^” 59* 6 

T-t = a> 

4 55 55 7 

4 55 5 4 


Finally, if we wish to foim the equations of condition for 
correcting these results foi eiiois in the data, including an error 
m the planet s semidiametei, we pioceed as for an eclipse of tlio 
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sun, p. 533. For the full limb ivc have only to substitute a,<?„ for 
^II; but for the cusp we must evidently substitute a.% cos f? for 
aH. It will be more accurate to restore r'g in the place of r', 
since g here ditFers sensibly from unity, shall thus find 

a)'= 4‘55”‘ 54’.0 — 1.967 r + 2-720 ^ — 3.358 TrAk — 4.061 a.% 

tu' — 4 55 55 .7 — 1.967 y -|- 2.844 — 3.459 -kaIc -f- 3.69> 

oi"= 4 55 5 .4 — 1.967 y -t- 2.352 — 3.067 nAk — 3.704 a.s'„ 

4 55 5 .4 — 1.967 y -|- 2.438 — 3.134 ~Ak -{■ 3. .349 as^ 

where co' and co" denote the true longitudes. Hence, also, 

u)' + 48‘.6 + 0.368 — 0.291 tt aI; — 0.357 as„ 

u,' — w” = -f 50 .3 + 0.406 »» — 0.325 ^ a/c -(- 0.348 as^ 

and the mean is 

m'—(o" = + 49'.5 -f 0.387 — 0.308 ^aA- — 0.005 a.?„ 

The effect of an error in ,5o upon the difference of longitude of 
the two places is, therefore, insensible ; but, to eliminate <?■ and 
TtAk, observations of the emersion should also be uscul. The 
effect of y and d- upon co' and <u" can only be eliminated by 
means of observations of the moon’s place at a standard observa- 
tory on the day of the observation, as we have already shown in 
other examples. 

TRANSITS OF VENUS AND MERCURY. 

356. The transits of Venus and Mercury may be computed by 
the method for solar eclipses, substituting the planet for the 
moon. In the formuhe (486), (487), &e., we must employ 

for Venus, A — 0.9975 
for Mercury, A — 0.3897 

which are the values which result from the apparent semi- 
diameters of these planets adopted on p. .578. 

Since h is no longer a small quantity, it will be necessary to 
employ the exact formulae (479) instead of (481). 

The longitude of a place at which the transit is observed may 
be computed from eacli of the four contacts of the limb ot tlui 
sun and planet, by the formuhe oi Art. 329. These observations, 
however, are of little use in determining an unknown longitude, 
on account of the great effect of small errors in the assumed 
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paiallax upon tlie computed time , but, on the otlioi band, wlien 
tlie longitude is pievioiisly known, cacli obscivalioii iuinisbes 
an equation of condition of tlie foim (584) for detei mining tlie 
correction of tbe parallax In developing tins equation, however, 
we supposed ^ = 1, in the foimula (486), and we must, therefoie, 
heie lestoie the tine \alue We may take 



m which TT and ;r' are the assumed horizontal pai allaxes of the 
planet and sun lespectively at the time of the obseivation 
Instead of the foini foi I employed on p 449, we shall now take 
the moie coiiect form 

, H I 
1 = — ± ^ 

I'gr. g 

If we denote the sun’s semidiametei at the time of the obser 

JE[ 

vation by s', that of the planet by s, we have s' s — nk, 

and hence 

and instead of (581) we shall have 

aL = aI = ^ 

g- gi: tt 

Omitting the term depending upon acc, which can never be 
appieciable in the transits of the planets, the equation (582) wall 
now become 

/ V sec » 

u)’ — io z=z — y tan 4^4* ^ =!= 

9 

+ ^ ^ — ^i) — ^ 4 — ^ ^ ^ (635) 

wheie Y and 'd- have the signification (583) , w' is the tiiie longi- 
tude, and m that which is computed fiom the obseivation 

Since, by Keplee’s la^vs, the ratio of the mean distances of any 

two planets is accurately known from their periods, the ratio — 

IS also known, and will not be changed by substituting the col- 
lected values :r + ATT and 7Tq-{- a^Tq in othei words we shall have 
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The (lisqnssion of all the equations of condition of the form 
(635) will, therefore, give not only the correction att of the 
planet’s parallax, but also, by the last-mentioned relation, that 
of the solar parallax.'*' 

The transits of Venus will afford a far more accurate detcr- 
niination of this parallax than those of Mercury ; for, on account 
of its greater proximity to the earth, the difference in the dura- 
tion of the transit at different places will be much greater, and 
the coefficient of att in the final equations proportionally great. 

Although the general method for eclipses may also be ex- 
tended to the prediction of the transits of the planets (by Art. 
322), yet it is more convenient in practice to folloAv a special 
method in which advantage is taken of the circumstance that 
the parallaxes of both bodies are so small that their squares and 
higher powers may be neglected. Lagrange’s method for this 
purpose is the most simple, and, in the impi'oved form which 1 
shall give to it in the following article, most accurate. 


Fig. 52. 


357. To predict the times of wgress ami egress for a giveji pdace . — . 
We first find the times of ingress and egress for ike centre of ike 
earth, from which the times for any place on the surface arc 
readily deduced. 

Let a, d, a', d' be the right ascensions and declinations of the 
planet and the sun for an assumed time 7^, 
at the first meridian, near the time of con- 
junction. Let m denote the apparent dis- 
tance of the centres at this time. Let 
and S, Fig. 52, be the geocentric places 
of the centres of the sun and planet, F the 
polo ; then, denoting the angles and 

FSS' by P' and 180° ™ P, the" triangle FjSS^ 
gives 

sin im sin J(P -|- P') = sin J (» — a') cos -|- (V ) 
sin J m cos J (P -f- P') = cos i (a -- a) sin ^ if - ■ (V ) 

But, since is at the time of a contact only about (S', w(‘, 
may without appreciable error Hul)stitute it lor its sine, and, 



* Another method of forming ihe ccrmlionH, nppnrenlly shorter, but in reality, 
where many observations are to be reduced, not more convenient than the rigorous 
method, will be found in Encke’s Die Duffeniunr/ der iSonne von dvr /Ov/r, .o.'f dent 
Venusdurchgange vo7iVIiM hergeleitet; and Dcr Vemmhirchgang •,c>n 1700. 

VoL. 1.-38 
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u 1 iting M foi \ (P + P'\ we maj regaid tlie following equation^ 
afe practically exact * 


m sm M ~ {ji — ti!) cos 

m COSilf = d — d' 


} 


( 686 ) 


111 winch dj, = i (<? + 3 ') 

Now, let the requirecT time of contact be P= 


a = the relative hourly motion of the two bodies in light 
ascension, 

= the planet’s houily motion — the sun’s, 
d = the relative hourly motion in decimation, 

then at the time J' the diffeiences of rmlit ascension and cle- 

o 

chnation are a — a' + ar and o — If fiiithei we iiut 

s' = the apparent semidiameters of the planet and sun, 
respectively, 


the appaient distance of the centies at the time Pis 5' ±: 5 , the 
lowei sign being employed foi mnei contacts , and if the value 
of M at this time is (J, we have 

(s' ± ") sm § = (a — a) cos + a cos T 
(j> ± s) cos Q = d — -f- ifr 

Putting, theiefore, 

n sm = a cos \ 
n cos N = d 

we have 

(s' ±1 s') Bin Q =z m S]n + n sm N" r 
(s' ±2 s) cos Q z=z Til, cos M n cos iV* t 

which, solved 111 the usual manner, give 

^ s' zt s 

s' ±: s rfh 

T = __ cos HT'} 

wlieie cos i|/ IS to be takeix with, the negative sign for ingress 
and with the ^ositm sign foi egiess The angle Q is (as iii 
eclipses) the position angle of the point of contact 
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The foimnlfe (636), (637), and (638) scive foi the complete 
picdiction foi the centte ol the eaith 
To find the time of a contact foi any point of the surface of 
the eaith, let m be the geocentric appaient distance of the 
centics of the two bodies at any given tune, »i' the apparent 
distance, at the same time, as seen from a point on the earth’s 
suifacc in latitude <p and longitude <o, sr and t:' the eqiiatoiial 
horizontal parallaxes of the planet and sun lespcctivcly , C C 
their geocenti 1 C zenith distances , /> the ladius of the earth lor 
the latitude <p The appaient zenith distances aie C + /-’Ji C 
and tt' sm !^' these appioximatious being quite exa<‘t 

wheie the paiallaxes are so small Let Z, Tig 52, be the 
geocentric zenith of the place, S and S' the tiue places of the 
bodies The distance SS' = m will become the appaient dis- 
tance if we increase the sides ZS and ZS' by /iffsin(( and 
pTt'hval^' , and, if we legaid these small inciemciits as diffeien- 
tials, we shall have, by the first equation of (46), 

m' — m = — pn sin C cos S p^:' sin C' cos S' 

where S = 180° - ZSS', and S' == ZS'S 
Let (So be the middle point of the aic SS', and denote the 
angle ZS^S by the arc ZS^ by Co , then wo have 

— sin C cos >8 = sin i m cos C,, — cos i m sm cos 
sin C'cos S' = sm J m cos 1- cos i m sm cos S^ 


which give 

m! — m = p [(ir -f Tt') sm J m cos C„ — (tt — r' ) cos i m sm cos *%] 


If then g and y aie detenuiued by the conditions 

g sm Y -= {t: f tt') Hiu } m 
g CO%r = — T^') cos J m 

we have 

m! — m = gp (sin y cos C,, — cos y »i>i cos S„) 



Produce the arc S'S, and take - 00° -f y Thou, denoting 
the arc ZG by A, the tiiangle ZGS^ gives 

cos A = — sm Y cos -f cos y fuu cos S^ 

and the expression for m' becomes 

m' — m — gp cos A 


(6f0) 
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Tins icinaikablj simple foim was fiist given bj' LvaiivNUE,'^ 
with the diftbience only that he legaided the eaith as a spheie, 
which amounts to supposing p to be constant Undoi this sup- 
position, it follows fioni the equation that, at any given time, the 
apparent distance of the bodies is the samefoi all 2 ^laccs on the suifaie 
of the eaith which have the same lalue of / , that is, /or all places 
lohose zeniths aie in a small circle deso ibedfiom the point Gr as a pole 
with the p>olar distance ZG =■ ^ 

The computation of m' will, theiefoie, be extiemely simple 
after the position of the point G is detei mined The cpiantit} ^ 
is deteimmed by (639), foi which, hovevei, we can take 

tan )' — tan J m 

y ==7r — tt' 

Let A and D denote the light ascension and declination of the 
point G Those of the point Sq aie veiy neaily 0 Cq= ^ ((X + a') 
and 3q=^(o + o') so that in the tiiangle PS^jG we lla^e the 
angle SqFG — A — ao, the side P/Si) — 90^ — do, and foi the angle 
FSoG we can take M=i(FSG + FS'G) as in (636) Hence 
we have 

cos P sin (A — a^) = cos / sin M ^ 

cos P cos (AL ~ a^) = — cos sm / ~ sin cos y cos A£ V (642) 

sin P == — sm <5(jSin / -f cos cos y cos 3/ J 

or, adapted foi logaiithms, 

/ sin Pr= sm y cos P sm (JL — a^) = cos y sm M "I 

/cos P= cos ^ cos 3/ cosPcos(3. — ao)~ — /sm + P) > (642’*') 

sm P “ /cos + F) i 

For any given time P, theiefoie, we can find m and 31 l>y 
(636), then y and g by (641), and hence the values of ^ and jD by 
(642) 'EoWj let g be the sideieal time (at the fiist meiidiaii) 
coiiespondiiig to P, and put 

©=/£ — 3 

then, in the tiiangle FGZ^ we have the angle GPZ =0 — cj, 
and hence, being the geocentric latitude of Z, 

cos ; = sm f sm P + cos <p' cos P cos (0 — w) (043) 

with which the value of m' will be found by (640) 



* Memoirs of the Berlin Academy for 1766 The above extremely simple demonstia- 
tion I suppose to he new 
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111 Older to apply these formulae in piedictiiig the time of a 
contact at a given place, we obseive, fiist, that tins tune clifiers 
blit a few minutes fiom the time of the same contact foi the 
centre of tlic eaith, and dunng these few miimtcb we may 
assume the distance m to vaiy unifoimly 
Let T be the time of the gcoceiitiic contact, and T' the 
lequued time of the contact at the place, both times being leck- 
oiied at the fiist meiidian At the tune T the geocentiic dis- 
tance = 5 ' ± 5 , and at the tune T' the appaient distance 
6 ' ±1 s (neglecting heie the augmentation of the semi- 
diameteis, which aie too minute to be consideied in meioly 
pi edicting the phenomenon) , but at this time 2^' the geocentiic 
distance has become 

m = 6'± s + (T'— T) ~ 

CLZ 

wheic ~ denotes the change of m in the unit of time These 
values substituted in (640) give 

ir- 


Diff*eiciitiatmg (636), we find 
d7n , (L\£ 

sm ill cos M = (( cos (\ n sin ISf 

dm dM __ 

- 17 “ cos M m sm M = d n cos N 

dt dt 


whence 


dm 

dt 


n cos (If — JV) 


But, since at the time Two have w “ s' d- 9 , we also have for 
this time, by (638), M — N = 1 ^, and, thciefoie, 


which gives 


dm 

--jT = n coH^ 


rjpr rjp I dP ^ 

' n coF^ 


(644) 


111 which the values of n and ^ iound in the computation for 
the centie of the earth aie to bo employed The value ot X to 
be employed must be that whuli lesult^ tiom the pie(;cding 
tormulye at the tune T Now, at tins tune the value ortlic angle 
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M IS Q, wliicli IS found by (638), and tins value is to be employed 
in (642), while in (641) we take m = ±: s 

The foraiula foi T' will be 

T' = T + [p sin sin D + io cos cos D cos (0 — «>)] (645) 

in which r, 72, D, Q, TT — ;r' aie all constants, found in the 
computation foi the centie so that the computation for a par- 
ticular place lequires only this single foimula in which the 
latitude and longitude of the place aie to be substituted 

358 The necessary foi mulse for the complete piediction aie 
recapitulated as follows 

I — poR THE CENTRE OF THE EARTH 

Assume a convenient time Tq neai the time of trim conjunc- 
tion of the sun and the planet, oi this time itself, reckoned at 
the first meridian, and find foi this time the values of oc, o foi 
the planet, a', 5' for the sun, the semidiameters $ and 5', 
and the relative changes in right ascension and declination, <'// 
and d, in the unit of tune Then, putting do= + o'), compute 

71 bin A = cos 
n cobN = d 

where ^ is to be employed foi exterioi contact, and s' s 
foi interior contact Putting h — 3600, to i educe the teims to 
seconds, we then find 

2;+;i(?^jco8 + -^cos (M - 

in which cos 4^ is to be taken with the negative sign for ingress 
and with the positive sign for egi ess 

Poi the greatest piecision, the computation may be repeated 
separately for ingress and egiess, taking foi Tq the value of T 
first computed 

As in solar eclipses, if denotes the time of nearest approach 
of the centres of the bodies, and the distance at this time, we 
have 

21= 21—^—003 (Jf — JV) 

1 0 ^ V 


m sm if ~ (a — a') cos ^0 
m cos if = d ~~ d' 

m sm (if - 


== m sm (if — R) 
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II. — CONSTANTS. 

For each of the computed values of T take the corresponding 
values of N and from the preceding computation. Then 


Q = iV" -|- 4" 

Take the horizontal parallaxes tt and tt' of the planet and the 
sun, and compute A. and D by the foriiiulse 

TT 4- 7 r' / sin jP = sin y 

y = ^ / cos F = cos r cos Q 

cos D sin {A — a^) = cos y sin Q 
cos D cos {A — ^ — f 

sin D ==: / cos + F) 

in which ao is the mean of the right ascensions of the planet and 
sun, and the mean of their declinations, at the time F 

Find the sidereal time fx at the first meridian corresponding 
to T. Then form the three constants 


0 = /i — A 


B = h sin D 

n cos 4/ 


/icosD 

n cos 4 


IIL— FOR A GIVEN PLACE WHOSE LATITUDE IS (p AND WEST 
LONGITUDE iO, 

Find the values of p sin <p' and p cos f’ by the geodetic table. 
The required time of the phenomenon at the place is 


T— r + 15 . jo sin ¥?' 4- 0. /o cos cos (© — oi) 

The local time will be T>- co. The angle Q will express the 
angular distance of the point of contact reckoned on the sun s 
limb from its north point towards the east, and will be very 
nearly the same for all places on the earth. * 


Example.— Compute the times of ingress and egress lor the 
transit of Mercury, November 11, 1861. 

I. For the centre of the earth .— us take as the first meridian 
that of Washington, and employ the elements given in the 

American Ephemeris. _ 

The Washington mean time of conjunction in rig ascen 
is November 11, 14'‘ 59"‘ 43'.G, which we shall adopt as the value 
of To- I'or this time we have 



600 


TRANSITS OF A^ENUS AND MERCURY 


tt=: a' = 

227° 

31' 

8" 

5 

^ Hourly naotion in R A = 

— 

3' 9" 

0 






0 “ “ -= 

f. 

2 32 

7 






a = 

- 

5 41 

"7 ■= 341" 7 

? <! = 

— 17 

32 

45 

1 

“ “ in Dec = 

T 

1 43 

”8 

0<»'= 

- 17 

44 

44 

6 

<< tt a — 


0 40 

6 


— 17 

38 

44 

9 


+ 

2 24 

“4 = + 144" 4 

i — 6' = 

+ 0 

11 

69 

5 









0 Semidiameter s' = 


16' 12" 

65 

5 7r = 

12" 

68 



^ “ s = 


4 

94 


Q 7r'= 8 67 For external contacts, s' + ® = 16 17 49 = 977" 49 


Since for Tq we have a == a', we also have ilf = 0°, m = 5 — 
= 719" 5 We then find, by the piecedmg foimiilse, 


log n = 2 55170 

JSr=— 66° 5'1 
— ^^=-1- 66 51 

log sill 4/ = 9 82793 

For Ingress, 4= 137° 42' 7 

For Egress, 4 = 42 17 3 


T, = 14 ^ 59 ”^ 43 * 6 

— — cos (M— N)= - 49 7 8 

71 ^ — 

Middle of Tiansit, T^= 14 10 35 8 

A ~ = p 2 1 48 0 


Ingress, T= 12 8 47 8 
Egiess, T= 16 12 23 8 

The least distance of the centies = m sin (M — N) = 10' 57" 7 


II Constants — ^We find, for both ingiess and egress, log tan 7 
~ 8 10094, and then the following quantities 



Ingiess 

Egress 

c 

71° 37' 6 

— 23° 47' 8 

log/ 

9 49891 

9 96252 

F 

2° 17' 5 

0° 47' 3 


— 17 40 3 

— 17 38 1 


— 15 22 8 

— 16 50 8 

J. — a„ 

84 57 7 

— 56 16 0 


227 32 0 

227 30 8 

A 

312 29 7 

171 14 8 

log sm Z) 

9 48307 

9 94348 

log cos jD 

9 97892 

9 68009 

T 

I 2 h 8- 47® 8 

16* 12“ 23* 8 

Sid T Wash mean noon 

15 23 17 8 

15 23 17 8 


1 59 7 

2 39 7 


3 34 53 

7 38 21 3 

A (in aic) 

53° 31' 3 

114° 35' 3 

— 4 . = © 

101 1 6 

303 20 5 

log B 

nl 2217 

1 6821 

log C 

1 nl 7176 

14187 



OCCULTATION OF A STAR BY A PLANET. . 601 

in. For any place on tlie surface of tlie earth we have, there- 
fore, in mean Washington time. 

Ingress, ir' = 12'^ 8»"47*.8 — 16».66 p sin <^' — 52M9 p cos cos (101° 1'.6 — w) 

Egress, jT' = 16 12 23 .8 48 .10 p sin 4" 26 .23 p cos cos (303 20.5 — m) 

or, in a more convenient form, giving the logarithms of the 
constant factors, 

Ingress, T' = 12* 8’" 47'.8 — [1.2217] p sin + [1.7176] p cos 0' cos (o) -j- 78° 58'.4) 
Egress, 7" = 16 12 23 .8 + [1*6821] p sin 0' -}- [1-4187] p cos cos (cj + 39.5) 

To determine whether the phenomenon is visible at the given 
place, we have only to determine whether the sun is above the 
horizon at the computed time. All the places at Avliich it will 
be visible will be readily found by the aid of an artificial terres- 
trial globe, by taking that point where the sun is in the zenith 
at the time T, and describing a great circle from this point as a 
pole. All places within the hemisphere containing this pole 
evidently have the sun above the horizon. In the present 
example this point at ingress is in latitude — 17° 43' and longi- 
tude 186° 2' west from Washington; and at egress it is in lati- 
tude — 17° 46' and longitude 247° 4'. The whole transit is 
invisible in the United States, and in Europe only the egress is 
visible. 

For the egress at Altona^ <p = 53° 32'. 8, w = 350° 3'. 5, we find 

T = 16'* 13^ 13‘.0 

" 5 47 57.4 

Altona mean time of egress = 22 1 10 .4 

The time actually observed by Petersen and Pape was 
22^* 1’^ 8\5.* The error of the prediction is very small, and 
proves the excellence of Le Yerrier’s Theory of Mercury, from 
which the places in the American Ephemeris were derived. 

OCCULTATION OF A FIXED STAR BY A PLANET. 

359. Very small stars disappear to the eye when near the 
bright limb of a planet, before they are actually occulted by it ; 
and the occultations of stars of sufiicient brightness to be ob- 
served at the limb of the planet are so rare that it has not been 
thought worth while to incur the labor of predicting their oc- 


^ Asiron. IS^ach., Vol. LVI. p. 239. 
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cuiience But m case siicli an occultatioii lia^^ been obseived at 
difteient points on the eaith, it may be leduced by Ait 341, 
substituting the planet foi the moon Such observations would 
be especially \aluable for deteimmmg the planet’s paiallax by 
a discussion of the equations of condition of the foim given on 
jP 552 If the occultatioii occuiied neai the stationaiy points 
'Of the planet, there would be a long inteival between the im- 
meision and the emeision, the coefficient of att m the final 
equations would be piopoitionally laigo, and theietoie a veiy 
accuiate determination ot this quantity might be expected If, 
theiefore, means can be found to make the occultation of the 
smaller stais by a planet a distinctly obseivable phenomenon, 
this mode of finding a planet’s paiallax (and, consequently, also 
the solar paiallax) may become of leal piactical value ^ 

It may be added that some advantage might be deiived from 
the occultations of small stars by the daik limb of Venus 


CHAPTER XI 

PRECESSION, NUTATION, ABERRATION, AND ANNUAL PARALLAX 
OF THE FIXED STARS 

360 I HAVE hitherto treated of those problems only in winch 
the apparent geocentiic places of the celestial bodies arc sup- 
posed to be known , and these have been chiefly problems which 
may be regarded as aiisiiig from the earth’s diuinal motion, or 
in some way modified by it Accoi ding to the definition of our 
subject (Art 1), Splieiical Astronomy embi aces also those pro- 
blems which arise fiom the earth’s annual motion ‘‘so far as this 
afiects the apparent positions of the heavenly bodies upon the 
celestial sphere ” I shall theiefoie pioceed now to consider 
those uranographical collections, affecting the appaient geocen- 
tric places of the stars, which lesult fiom the motion of the 
earth in its oibit, and, consequently, also those which result 


^ See a paper By Prof A C Twimng, Enqumes conceinmg stellar OLQV(ltctt%om 
the moon arid planets, , Am Journal of Science for July, 1858 
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from the changes in the position of the plane of the orbit and 
the plane of the equator. 

361. The variations of astronomical elements are usually 
divided into secular and ^periodic. 

Secular variations are very slow changes, which proceed through 
ages [secula), so that for a number of years, or even centuries in 
some cases, they are nearly proportional to the time. 

Periodic variations are relatively quick changes, which oscillate 
between their extreme values in so short a period that they can- 
not be regarded as proportional to the time except for very small 
intei’vals.* 

The true position of a celestial body, or of a celestial plane, at a 
given time, is that which it actually has at that time ; its mean 
position is that which it would have at that time if it were freed 
from its periodic variations. 

362. The plane of the ecliptic, or of the earth’s orbit, is a 
slowly moving plane. Its position at any epoch, as the begin- 
ning of the year 1800, can be adopted as a fixed plane, to which 
its position at any other time may be referred. 

The plane of the equator is also a moving plane. Its inclina- 
tion to the fixed plane and the direction of the line in which it 
intersects that plane are constantly changing, thus causing 
variations in the obliquity of the ecliptic and in the position of 
the equinoctial points. 

363. The latitudes and declinations of stars are therefore 
subj ect to variations which do not arise from the motions of the 
stars, but from the shifting of the planes of reference ; and the 
longitudes and right ascensions are in like manner subject to 
valuations from the shifting of the vernal equinox, which is 
their common point of reference, or origin, from which both are 
reckoned. 

Under the head of precessimi are considered those parts of 
these variations which are secular ; namely, those which arise 
from the motions of the mean ecliptic and the mean equator. 


* Most of the secular variations also have periods, though of great length, and 
therefore not yet in all cases well defined: so that, strictly speaking, the distinction 
between secular and periodic variations is only an arbitrary one, established tor 
practical convenience between variations of long and short periods. 
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Under tlie liead of nutation are embiaced tliose parts of tliese 
vaiiations winch, are and lesult fiom the difterence 

hetAveen the motions of the tiue ecliptic and eqnatoi and those 
of the mean ecliptic and equatoi 

PRECESSION ' 

364 Lum-solar ^precession — It is shoAvn in physical astronomy 
that the attraction of the snn and moon upon that poition of 
the matter of our globe which is accumulated about the equatoi, 
and by which its figuie is lendered spheioidal, combined AVith 
the lotation of the eaith on its axis, continually shifts the posi- 
tion of the plane of the equator (without, how^evei, changing its 
inclination to the plane of the fixed ecliptic) The line of the 
equinoxes, oi the intersection of the two planes, is thus caused 
to 1 evolve slowly in the plane of the ecliptic in a diiection 
opposite to that in which longitudes aie leckoned, the result 
of which is a common annual increase in the longitudes of all 
the stais, leckoned on the fixed ecliptic by a quantity which is 
called the lum-solar precession 

The lum-solar precession is, then, the efltect of a motion of 
the equator upon the ecliptic 

365 Planetary precession — The mutual attraction between the 
planets and the earth tends continually to draw the eaith out of 
the plane in which it is i evolving, that is, to change the position 
of the plane of the orbit, but without changing the position of 
the earth’s equator The equator here being regarded as fixed, 
and the ecliptic as moving, the effect is a revolution of the line 
of intersection, or of the equinoxes, in the plane of the equator^ in 
a direction which is the same as that in which right ascensions 
aie reckoned There is thus caused a common annual deciease 
in the right ascensions of all the stais, which is called the 
p>laneiary precession 

The planetary precession is, then, the effect of a motion of the 
ecliptic upon the equator 

366 The luni-solar precession does not affect the latitudes of 
stars , but since it changes their longitudes it must also change 
both then light ascensions and declinations (Ait 2G) The 
planetary piecession does not affect the declination of stars, but 
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changes their right ascensions, their longitudes, and their 
latitudes (Art. 23). 


367. Obliquity of the ecliptic. — Since by the mutual action of the 
planets the position of the plane of the (mean) ecliptic is changed 
while that of the equator remains fixed, the mutual inclination 
of these planes, or the obliquity of the ecliptic, is changed. 

The action of the sun and moon in causing luni-solar preces- 
sion docs not directly produce any change in the obliquity of 
the ecliptic ; but, in consequence of the change produced by the 
planets, the attraction of the sun and moon is modified : so that 
there results an additional very minute change of the inclination 
of the mean equator to the fixed plane of reference. 

These changes produce small changes in the co-ordinates of 
the stars, which, being secular in their character, are combined 
with the preceding in deducing the general precession. 


368. To find the general precession in longitude, and the qwsition of 
the mean ecliptic, at a given time. — Let NL, Fig. 53, be the fixed 
ecliptic, or the mean ecliptic at the 
beginning of the year 1800 ; A Q, 
the mean equator, and V the mean 
vernal equinox, or, as it is briefly A 
called, the mean equinox, of 1800. l 
In the figure, let the longitudes be . 
reckoned from V towards N. Let 
VVi be the luni-solar precession in longitude in the time t, and 
AyQ the mean equator at the time 1800’ + t. By the action of 
the planets, the ecliptic in the same time is moved into the posi- 
tion iVLi : so that F, is the i)lanetary precession in the time t, 
and is the mean equinox at the time 1800 + t. 

The point N may be called the ascending node of the mean 
ecliptic on the fixed ecliptic. 

The diftereiice between NV and NV^ is called the ge:neral 
precession in longitude, being that part of the change of the longi- 
tudes of the stars ■which is common to all of them. 

Now, let us put 



= the mean obliquity of the ecliptic for 1800, 


= NYq, 

— the obliquitj^ of the fixed ecliptic 
= NV, Q, 


at the time 1800 -j- 1, 
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s — the mean obliquity of the ecliptic at the time 1800 -j- 

- Q, 

= the planetary piecession m the inteival t, 

4, = the lum-solai precession m the inteival t, 

= rvv 

4.J = the geneial precession m the inteival t, 

= Ni\-Nr, 

n = the longitude of the ascending node of the mean ecliptic 
at the time 1800 + t leckoned on the fixed ecliptic from 
the mean equinox of 1800, 

= VN, 

X — the inclination of the mean ecliptic to the fixed ecliptic 
at the time 1800 1, 

= Y.NY, 

The fiist five of these quantities will he here assumed as known 
fiom the investigations of physical astionomeis The following 
aie their values, accoiding to Steuve and Peters,'*' foi the epoch 
1800 

= 23° 27' 54" 22 \ 

0" 00000735 / 

£ = — 0" 4738 1 — 0" 0000014 f‘ > (OdO) 

= 0" 15119 1 — 0" 00024186 \ 

4 = 50" 3798 1 — 0" 0001084 / 

fiom which we can fiudi|/j, II, and tt, as follows In the tiiangle 
iV Fi Fj we have 

x=Y,NY, 

180° - £ = n + 4 = ^Fi 

£,= i\"FT". n + 4i=-A^F 

and hence, hy the Gaussian equations [Sp)h Tug (44)] 


* Dr C a F Peters, Nume'^us Constam Nutatioms, pp 66 et 71 The observa- 
tions at Dorpat give 0' 4645 foi the annual diminution of the obliquity, and this is 
adopted in the American Ephemci is instead of (y'47o8 which results from theoiy 
and IS subject to an error in the estimated mass of Venus The difference, howevei, 
IS so small that either number will serve to represent the actually observed obliquity 
foi half a century within 0" 5 

I have here adopted the precession constant (50" 3798) given by Petfrs, rather 
foi the convenience of the reader (this being employed in the English and American 
Almanacs) than on account of its superior accuracy Recent researches rathei 
confirm Bessel’s constant (50" 36354) See Mauler’s Die Eigenhewegungen der 
Eixsferne, Dorpat, 1856, p 11 
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cos ^ X sin i (+ — ^i) — ■ sin i cos + i) 

cos * 7t cos i (4 — 4i) = cos J -> cos i (e — £,) 

sin sin (n ^ + H~ * "Vi) ~ ^ ^ (® “t” ®i) 

sin is cos (n H- H + i 'I'l) = cos sin i (^ — ^i) 

The aiiE^les J d- and J (s — Si) are so small that their cosines may 
always be put equal to unity, and, consequently, also those of 
and ^(4' — 4i) > while for their sines we may substitute the 
arcs. We thus obtain at once, from the first two equations, 

4 — 4, = cos + ^i) 

where we can take, with sufficient accuracy, 

cos i (s + £,) = cos (£„— 0".2369#) 

= cos £„ -|- 0".2369t sin 1" sin 

and hence, by substituting the values of & and £„ from (646), 

4 — 4j= 0'M387t — 0".0002218t^ 

4j z=: 50".2411t + 0".0001134!t» (648) 

The sura of the squares of the last two equations of (647) gives 

t :‘‘ = sin'' i(£ + e,) + (e — 

m which we may take 

sin’ i (e + £,) = sin’ e„ — 0".2369t sin 1" sin 2£|, 

and then, substituting the values of <?, £„, and s — s^, we obtaia 

n’= 0".228111I’ — 0".0000033234t’ 

and, by extracting the root, 

* = 0".4776 < — 0".0000035 P (649) 

The quotient of the third equation of (64T)) divided by the 
fourth gives 

tan (n + J 4 + i 4i) = sin O 

in which we have 

4 0.15119t — 0.00024186!;’ 

7377^ ~ — 0.4738t— 0.00000875f 
= — 0.3191 + 0.00051636!; 
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and 

whence 


sm i (s + e^) = sin — 0" 2369 1 sin 1" cos 
tan (n + H + U,) = - 0 127062 + 0 00020595 i 


If, then, we put 


tan n„ = - 0 127062 


01 

and also 
we have 


n„= 172° 45' 31" 

nj=n + i4 + Hi 


tan — tan Ho = (n, — Ho) sm 1 " see^ n 

0 00020595 t cos^ iio 4X" 805 1 


0 00020595 1 


n^— 


sm 1 " 


whence 




= n + H + = 172° 45' 31" + 41" 805i 


and, subti acting from this the quantity 


we have, finally, 


^ 4 , -j. 34 ,^= 50" 310^ 
n = 172° 45' 31" — 8 " bObt 


(650) 


The equation (648) detei mines the general precession, and (649) 
and (650) the position of the mean ecliptic 


369 To find the precession m longitude and latitude of a gwen star, 
fom the epoch 1800 -Let LNB (Tig 54) be the fixed ecliptic 
of 1800, L^NB^ the mean ecliptic at the given time 1800 + t, F 
and P. the poles of these ciicles respectively The node N is 


the pole of the gieat ciicle 
the stai, and put 


Fig 54 



PP,L, joining P and Pi i^ex o 

L = the stai’s given mean longi- 
tude for 1800, reckoned from 
the mean equinox of that 
year, 

B = stai’s given mean lati- 
tude for 1800, 

;, ^ = the mean longitude and lati- 
tude for 1800 + ^ 


We have in the figure (as in Fig 53) 


JSTB — n 
BrB, = X — n — 


>SJ? = JB 
SB^=^ 
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and in tlie triangle PS Pi we have 
PP^=^LLi = LNL^=it 

P8 =Q0° — B 
P^S= 90° — i? 

8PP, =BL = 90° + L — n 

8P^ P = 180^ = 180° - (90° + ; - n - 4x) 

90^ _ (A — n — 4i) 

so tliat, by the fundamental equations of Sph. Trig., 

cos /3 cos (A •— n — 4'i)= cos J5cos(iy — n) ^ 

cos /3 sin (A — n ~ = cos B sin (L — n) cos ;r + sin 5 sin tt V (651) 

gin i3 = — cos J5 sin (X — n) sin ;r + sin 5 cos it ) 

Instead of these rigorous formulae, we may deduce approximate 
ones, which will be sufficient in all practical cases, as follows. 
Neglecting the square of n (that is, putting cos tt = 1), let the 
first equation be multiplied by sin {L — TI), the second by cos 
(L — n) ; the difference of the products is 

cos i3 sin (A — = sin it sin S cos (L — n) 

The sum of the products obtained by multiplying the same 
equations by cos {L — 11) and sin {L — II), respectively, is 

cos /S cos (A — X — - 4 j) = cos 5 + sin it sin B sin (L — n) 

and the quotient of these last equations is 

sin It tan B cos (X — n) 

tan (A L 4i) ^ ^ ^ sin (X — n) 

which developed in series (PI. Trig., Art. 257) gives 

A _ X - 4 ., = TT tan J5 cos (X — n) — i tan=^ B sin 2 (X — n) — &c. ^ 

where, however, since we here neglect the square of tt, the first 
term of the series suffices: so that we have 

A — X = + TT tan B cos (X — n) (652) 

Here 4^^ appears as the precession in longitude common to all 
the stars, and the term tt tanX cos (X — H) as that which vaiiea 
with the star. 

The last equation of (651) gives 

gin — sin X = — sin tt cos B sin (X — n) 

VoL. I.-3d 
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whence, neglecting rc^ as befoie, 

^ J5 = — :r sm (i - n) (65^) 

The valuee of 4.„ a, and H being found fo. the time 
by means of (M8), (649), and (650), the 

determine the required piecession in the longi ^ 

and, consequently, also the mean place of the star tl » 

date 

370 To find the precession m longitude 

and latitude for 1800, we shall have, by (6o2), 

X L = ^ B COB {L — n ) 

X' i = 4 ^' 4- Tr'tan B cos(i — n') 

where -vL ' rc’ TI' are the quantities given by (648), (649), and 
^SOri-ViB substituted for . If we Bubtraet the 
these equations from the second, and at the same i 
the auxiliaries a and A, deteimined by the conditions 


we find 


a sin A = ^ 

a cos A = (j^' — cos I (n' n) 


I ^ n' + n 

A = 4/ — 4^1+ ^ cos 2 / 

and in tlie same manner, from (653), 

/ n' + n j \ 
— g = — a sinyL g / 

For the values of A and a we have 


A I tan B 


ton A = tan i (n' - n) = ^ tan i (a' - n) 

TT TV 


or, by (650), 


^=(l±i)^ = -8”6«5(l^) 

SO that cosiL may be put equal to unity, and theiefoie we have 


a = It' — Tt 
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We may also put tan^ instead of tan 5 in the above formulie, 
since the error in X' — X thus produced will he only a term in n , 
and for L we may take X — '4'i • 

X — — A = A— if 
2 


and then substitute the numerical values of our constants, we 
shall hava the following formulae for computing the precession 
from 1800 + t to 1800 + i' : 

M= 172° 45' 31" + t . 50".241 — (f + t) 8".505 
r— A= (f—f) [50".2411 + (f +f)0".00011341 

_|_ (f—t) [0".4776 — (f + 1) 0".0000035] cos (A— if)tan/9 
_ (f— t) [0".4776 — (f+t) 0".0000035] sin (A— if ) 

These are the same as Bessel’s formulae in the Tabulce Eegiomon- 
tancB, except that we have here employed the constants given by 
Peters, and the epoch to which t and i' are referred is 1800. 

To find the annual precession in longitude for a given date. ^If we 
divide the equations (654) by t' — t, the quotients 



A'_A P’—? 

7^’ If -t 


will express the mean annual precession between the two dates ; 
and if we then suppose t' and t to differ by an mfinitesimal 
quantity, or put f = t, these quotients will become the difleren- 
tial coefficients which express the annual precession for the in- 
stant 1800 -t- t; namely, 

— = 50".2411 -f 0".0002268f 

+ [0".4776 — 0.0000070t] cos (A — if) tan p 

10" .4776 — 0.0000070tl sin (A — if) 
dt 

in wliicli 

M= 172^ 45' 31" f 33".28^ 



Example.— For the star Spiea, we have, for the beginning of 
the year 1800, 


tlie mean longitude, L — 
the mean latiiudej B = 


201° 3' 5" .97 
2° 2' 22". 64 
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¥m(l its mean longitude and latitude toi the beginning of tlie 
^^eai 18()0. 

Fust By the diiect toimute (652) and (653) — We tindy by 
(648), (649), and (650), foi t = 60, 

4^ 50' 14" 874 

TT = 28" 6434 
n 172° 37' 1" 

whence 

X — n = 28° 26' 5" 
r tan B cos (X — n) = — 0" 897 
TT sm (X - n) :=- + 13" 639 

and hence, by (652) and (653), the piecession is 

A _ X =:= 50' 14" 874 — 0" 897 == 50' 13" 977 

(S— Bz=-- 13" 639 

and the mean longitude and latitude foi 1860 0 aie 

1 = 201° 53' 20" 95 

2° 2' 36" 28 

Second By the use of the annual piecession — The moan 
annual piecession foi the sixty yeais fiom 1800 to 1860 is the 
annual precession for 1830 Hence, by taking t = 30 in (G55), 
and denoting by and /5 q the longitude and latitude foi 1830, 

^ = 50" 2479 + 0" 4774 cos (X^ — Jf) tan 

g = _ 0" 4774 sm (A„— M) 

Jf = 173'’ 2' 8" 

To compute these, we can employ appioximate values of ^ and 
found by adding the general piecession foi thiity yeais to X, 
and neglecting the teims in 7t , namely, 

A, = 201° 28' 2 — 2° 2' 6 

and hence — M= 28° 26' 1, 

^ = 50" 2329 4* = — 0" 2274 

dt dt 

These multiplied by 60 give the whole piecession fiom 1800 to 
1860, 

; — X = 50' 13" 97 — X == — 13" 64 

ascreeing with the values found above 
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371. Given the yyiean right ascension and declination of a star fur 
any date 1800 + t^ to find the mean right ascension and declination fur 
any other date 1800 + — Let V/ 

(Pig. 55) be the fixed ecliptic of 
1800, V^Q the mean equator of 
1800 + t^ V^'Q the mean equator 
of 1800 + t'^ Q the intersection of 
these circles (or the ascending node 
of the secbnd upon the first). The 
position of the point Q is found as 
follows. The arc is the luni-solar precession for the in- 

terval V — t: so that, distinguishing by accents the quantities 
obtained by (646) when t' is put for we have, in the triangle 

v; = 4 ' - 4 , QV, v; = 180 - ^ Q V/ r, = e/, 

and putting 

Qr^=, 90° --- ^F/= 90- + V,QV/ = 0, 

we find, by Gauss’s equations of Sph. Trig., 

cos J © sin i (z' + z) = sin I ( 4 ' — -4/) cos J (s/ + ^j) j 

cos J 0 cos J (z' + ^) = cos } (F — 4) cos i (F h) ( ( 050 ) 

sin I © sin J (<^' — z) = cos i (F — 4 ) sin -J — s^) ( 

sin J © cos J Iz' — ^) = sin J (F — 4) sin -J (e/ + ej / 

which determine 0, z, and z' in a rigorous manner. But, since 
|(£^' — £j) is exceedingly small, we can ahvays put unity for its 
cosine, and the arc for the sine, and, consequently, the same 
may be done in the case of the arc J {z' — z ) ; we thus obtain 
the following simple but accurate formulae : 


Eig. 56. 



tan i (2' -|- 2) = tan J (4' — 4) cos i (e,' + ®i) 

i (2' — 2) = ^ — 

^ tanj(4' — 4) sill 

sin 1 0 = sin i ( 4 ' — •4') sin i (e/ + ej) 



If U W positions of the mean equinox in 1800 4" i 

and 1800 + t\ U is the planetary precession for the first and 
Vi' that for the second of these times, which being denoted 
by d- and d-' we have 

Y, (2 = 90° - 2 - 

f ;(2 = 90 ° + 
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If then we put 

o,d = the given mean right ascension and declination of a 
star >Si, for 1800 4 " 

0 /j 5 '=z those required foi 1800 + f, 

we have a =V^D, and a' =rV^'iy, <vnd, consequently, 

QD ^ r,D — F,$ = a+ s + ->— 90°, 

Qiy = f;d' — f/ § = »' — s' + -y — 90°, 


Fig 56 



Now, let P and P' (Fig 56) be the 
poles of the equator at the times 

1800 + i, 1800 + t', 

the two positions of the eqnatoi at 
these times, as in Fig 55 , S the star 
Q IS the pole of the great circle PP'A' 
joining the poles P and P', and, 
therefore, PP' = -AA' = AQA^ = 


and in the tiiangle PP^S we have 


PS =: 90° — d, P'8 = 90° — d', PP' = €) 

SPP'= AD = 90° + QP = a + ^ 

SP'P= 180° — A'D'= 90° — QD' = 180° — (a' - 


Hence, by the fundamental equations of Spheiical Tiigononietry, 

cos 8 ' sm (a' — z' 4“ ^0 — ^ (tt 4* ^ “b 1 

cos cos (a' — "b ^ — sin (5 sin 0 > (658) 


We have thus a rigorous and direct solution of our piohlcm by 
finding, first, ©, z, and z' from (656), and hence a' and d' by (658), 
employing the values of s, '& for the time 1800 -j- t, and ot 
s', 4-', ??' for the time 1800 + t', as given by (646) foi the two 
dates 


372 The formulse (658) may be adapted foi logaiithmic com- 
putation by the introduction of an auxiliary angle in the usual 
manner , or we may employ the Gaussian equations, which, if 
we denote the angle at the star by C, and for the sake of brevity 
put 

^ = a + 5 ^ J.' = »' - 2' -f -5*' (659) 
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give 

cos I (90° + d') sin i (I'+C) = cos i (90° + d ^6) smi A 
cos i (90° + d') cos i (A'+(7) 3= cos | (90° + ^ + 0) cos M 
sin i (90° + d') sm i (A'—C) = sin i (90° + ^ — ©) sin M 
sin i (90° + «5') cos i {A'—O) = sm J (90° + <5 + 0) cos M 

373 We may, however, obtain greatei precision by computing 
the differences between A and JL' and between d and Fiom 
the first two equations of (658) we deduce 

cos d' sm (JL' — A) = cos d sm A sm 0 [tan d -f- tan i 0 cos A^ 

cos rV cos (A'— A) = cos 5 — COS S COS A sm 0 [tan 5 + tan } 0 cos A] 


so that, if we put 
we have 


tan (A' — A) 
and, by Napier’s Analogy 
tan i (d' 


p = sm 0 (tan d tan J 0 cos J.) 
p sin j1 


* 

5 


1 — ^cosjI 

cos i (A' + 


= tan i © 


cos h{A' — -4) 


(660) 


Example — The mean place of Polans for 1755, according to 
the Tabulae Begwmontanae, le 

o = 10° 55' 44" 955 S = 87° 59' 41" 12 

it IS reqniied to i educe this place to the mean equator and 
equinox of 1820 

Eor 1755 we take < = — 45 , and foi 1820, = + 20 , and, by 
(646), we find — 

For 1765 For 1820 

A = — 37' 47" 31 V= + 16' 47" 55 

,9i _ _ 7" 29 i»' = 4- 2" 93 

= 23° 27' 54" 23488 2 /= 23° 27' 54" 22294 

and hence 

j(V_4) = 27'17"43 
i(e/_0= - 0" 00597 
+ =23° 27' 54" 23 


* The formulee (657), (058). (639), (600) are those given hy Besski m the Tabuls, 

Regioinontanse. 
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With which the formulae (657) give 

2 ) = + 25' 2" 02 
J(2'-S):= — r'89 

2 = + 25' 3" 91 
2 '= + 25' 0" 13 
log sin i©= 7 499823 

Then, by the formulae (660), we find 

^ = a _j_ 2 + ^ = 11° 20' 41" 57 

log j) 9 256676 log tan 1 0 7 499825 

log sin A 9 293836 log cos 1 (-4'+-^) 9 989446 

log cos A 9 991430 log sec i {A'— A) 0 000101 

logpcosJ. 9 248106 Iogtanl(5' — S') 9489372 

ar CO log (1 — p cos A) 0 084629 
log tan (^' — j4) 8 635141 

A = 2° 28' 18" 08 8'—d— 21' 12" 99 

^'=13° 48' 59" 65 

13' 56" 85 = 88^=^ 20' 54" 11 

374 To find the annual precession in right ascension and declina- 
tion — ^In computing tlie precession foi a single ycai, the squaie 
of © becomes insensible, and we may take, instead of (6b0), the 
approximate foimula 

A!— = a' — a — (2' + ^) + 1^' — © sin a tan d 

and from (657) wc then have, with siifiSLCient accuracy, 

4- ^ — (4,' — 4.) cos 
6 = (4,' — 4,) Bin Si 

Substituting these values 111 the above foimula, and then dividing 
by f — tj we have 

a' — a 4'^ — 4 4^ — 4 X » 

~ -1 — - cos £. sin £. sin a tan d 

f — t ' — t 


which gives the annual piecession between the times 1800 + i and 
1800 + the unit of time being one yeai But, in ordei that 
the foimula may express the late of change at the instant 
1800 + we must suppose the inteival ^ to become mfinitel) 
small , that is, we mubt wiite the foimula thus 



PEECESSION. 


61 T 


da, 

dt 


d>^ 

dt 


cos £, 


diS" di^ , . . 

gixi £ sin a tan 

dt dt ' 


S 


<ind similarly, from the last equation of (660), 


Putting then 


dd d'^ . 

= sin e. cos a 

dt dt * 


d'^ 

m = — cos £, — 
dt '■ 


dt 


d^ . 

n = - — sm e. 
dt * 

we find, by (646), 

^ cos e, =-(50".3798— 0".0002168!f) cos e, 
dt 

= 46".2135 — 0".00019887i 

— = 0".1512 — 0".00048372 1 
dt 

and hence 

m = 46".0623 + 0".0002849 1 
n = 20".0607 — 0".0000863 1 


(661) 



and the annual precession in light ascension and declination for 
the time 1800 + t is found by the formulse 


eta , • j. 

— = m 4- n sin tt tan o 
dt 

dd 


= ncos a 


dt 


(663) 


These formiite may be used for computing the whole precession 
between any two dates, if we multiply the annual precession at 
the middle time between the two dates by the number of years in 
the interval. 


Example. — The mean right ascension and declination of Spica 
for 1800 are, by the TabidcB Begiomonianm^ 

tt = 13* 14”* 40*.5057 

^ — 10^ 6' 46".843 

Find the mean right ascension (a') and declination (o') for 1860. 
We have, for 1830, by making t==S0m (662), 

m == 46'^0708 " n == 20".0581 
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and, for a first approximation, taking oJ — a, 8' — 8, we have, by 

_ = 4- 47" 22 ^ — 19" 90 

dt dt 

The approximate precession for sixty yeais is, therefore, 

in E A , + 2833" = + 188* 9 m dec , — 1140" 

which applied to cx and 8, give the appioximate values foi 1860, 

a' = 13* 17" 49* 4 6' = — 10° 25' 47" 

The means between these values and those of a and 8 are 

a„=13*16"15* 5„=-10°16'17" 

which being employed in (663) give the moie correct annual 
pi ecession for 1830, 

^ + 47" 2579 4^ = - 18" 9582 

dt ^ di 

The true pi ecession for sixty years is then 

in E A , + 2835" 474 = 3" 9* 0316, in dec , — 18' 57" 492, 

which applied to a and 8 give the mean place foi 1860, 

tt' = 13* 17" 49* 5373 5' = — 10° 25' 44" 335 

and these values agiee almost precisely with those found by 
the iigorous method of Art 371 

375 To find the -position of the pole of the equator at a given time — 
The piecession causes the pole of the equatoi to revolve about 
the pole of the echptic (nearly) in a small ciicle wnose polar 
distance is equal to the obliquity of the ecliptic The time in 
which the pole will make a complete revolution and return to 
the same position (small changes in the obliquity of the ecliptic 
not considered) is the value of t given by the equation 

50" 2411 1 + 0" 0001134 360° x 60 X 60 = 1296000" 

which gives 

t = 24447 years, 

or, in round numbers, since the*preceSvSion is not known with 
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sufficient piecision to detciminc so great a peiiod exactly, 
t = 24500 yeais 

To find the position of the pole foi any indetciminate time 
1800 + we have only to observe that if P, in Fig 56, is the 
pole foi a fixed time 1800 -f /, P' that foi the time 1800 
the light ascension of P', reckoned fiom the equinox of 1800 + iy 
is equal to that of the point Q diminished by 90° The right 
ascension of Qi^ V^Q in Fig 55, and, in Ait 371, we have found 

r^Q = 90° — ^ — // 

Hence, if we put 

A, D z= the right ascension and declination of the pole at the 
time 1800 -|- f , referred to the equatoi and equinox 
of 1800 + tj 

we have 

jD = 90° — © 


which will become known by computing oj/', £, s', d' foi the 
times 1800 + i^, 1800 + and then z and 0 by (657) 

An approximate solution is obtained by neglecting the vaiia- 
tion of e, and, consequently, taking z'= z, and also neglecting 
so that 


tan A = — tan i (V — 4) cos 
sin (45° — iP) = sin J (^' — 4') sm 



The ambiguity in detei mining A by its tangent is removed by 
observing that cos A and cos J (^' — must have the same sign 
so long as — 4" does not exceed 360°, as we readily infer fiom 
. the equations (656) 

For example, if we wish to find the position of the pole for 
the year 14000, lefeired to the equinox of 1850, we take t == 50, 
f= 12200 , whence ^ = 165° 33', and 

A = 277° 52' P = 43° 28' 


The position of a Lyrce for 1850 is 

a = 277° 58' ^ = 38° 39' 

consequently, this star, in the yeai 14000, will be within five 
degiees of the pole, and vill become the pole stai of that period. 
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PROPER MOTION OF THE FIXED STARS 

876 “Wlieii fiom duect obseivatioiis of the appaicut positions 
of tlie stais ive deduce tlieii iiieau places, wc find tliat tlic cliange^s 
m tliese mean places between distant dates do not agice i\i 
those Avbicb aiise solely fioni tbe piecession, but that each stai 
appeals to have a small motion of its own, wbicli is, tlieretoic, 

designated as its froper motion * « i 

Tins piopei motion is paitly leal aiising fioni le a s 
motion of tlie stai in space, and paitly appaient— aiising fiom 
tbe motion of oui oivii suii, ivitli tbe planets, ivbeicij oui pon 
of view IS cbaiiged It will be sboii n beieaftei bow «ieso tn o 
motions aic to be distiiiguisbed fiom each otbei, bii 
considei only tlie lebultaiit of botli 

The path of a star upon the celestial spheic is assumoc 


in 


XJLiyJ jJCDCAX VIA AV -‘JL- — 

coincide Mitb tbe aic of a gieat ciulo, and tbo piopci ino ion 
tbis ciicle to be uniform oi piopoitional to tbe time m u 
piobable that eitbei bypotbesn, is stiictly tiue, but that poition 
of its wbole oibit wbicb a stai appeals to dosci ibe oi eii in ‘ 
centimes is so small that, in tbe obseivatioiis tliiis fai piactieable, 

110 sensible depaituie fiom niiifoim motion oi trom motion in . 
gieat circle could become sensible 

377 In oidei to distinguisb tbe piopei motion fiom tbe pro- 
cession, tbe stai’s obseived mean place at ti\o diffeient dates 
must be lefeiied to tbe same mean eepnnox Suppose, tliei etoi e, 
that a and d aie tbe obseived mean iigbt ascension and declina- 
tion foi tbe time 1800 -f- i, and a' and d' those toi 1800 U 

we stait fiom tbe fust place, and, computing tbe pi ecesmoii tor 
tbe mteival t'— t, find tbe values (a') and {d') toi 1800 1- i , tbe . 
wbole propel motion in tbe mteival, nf erred to the equinox oj 

1800 -h t', IS 

Aa' = a' — (a') a5' = — ('5') 

But if we stait fiom tbe second place, and, i educing it to tbe 
fiist time, find (a) and (o'), tbe piopei motion in tbe mteival, 
referred to the equinox of 1800 -f t, is 

Ac = (a) — a5 = (3) — s 


* The student must rememhei that picccssion does not atfect the relUivc positions 
of the stars, hut only shifts the Clicks ot leleiciite The piopei motion changes 10 
relitire positions 01 the appiicnt cniiii'iuriihon of the stais 
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378. To reduce a stars mean idace from one epoch to cutoilier, iclien 
the proper motion is given . — Let a, o, he tlie given place for 1800 + ^ 
and let the given annual proper motion in right ascension and 
declination, referred to the equinox of this date, he denoted by 
da and dd. To reduce to the date 1800 + t'.^ we first find the 
whole proper motion in the interval, by the formulae 

Aa = {t! — f) A<5 = do (t' f) 

Then, putting 

(a) — a -j- Aa (^) = -|- A«5 

we compute the precession by the formulse of Arts. 371 to 374, 
employing in these formute (a) and (8) for a and 8. 

If the proper motion (Aa', a8') had been given for the epoch 
1800 + Ave should first have computed the precession with the 
given values a and o, and, having applied it, if (a') and {o') were 
the resulting values, we should have finally a' = (a') + Aa', 
ii' = {d') + a 3 '. 


379. To reduce the pro]}er motion in right ascension and declination 
from one epoch to another. — If, in Fig. 56, P and P' are the poles 
of the equator for the epochs 1800 + t and 1800 + t' respectively, 
and we suppose the star S to A'^ary its position, the present problem 
requires us to deduce the relations between the variations of the 
parts of the triangle SPP'^ the side PP' being the only constant 
part. Observing the notation of Art. 371, Ave have (since z, 
s', d' do not depend upon the star’s place) 


d({SPP') =d{a. + z + = da 

» d:(>SfP'P) -= d{m^ ^a'+ — = — da' 

d(SP) = — dd 
d{SP') = -■ dd' 

and hence, by the formulse (47) and (46), putting y for the angle 

f* n p 

’ coBd’.da'= da. eos S COS r + ds Bin r } (665) 

dd'= — da. COS 3 sin r + dS cos r > 

in whicli ^ . . , i , ar\ 

sin © sin (a + ^ + ’^) _ sm© sin 

^ 330 

COS 0 — sin d sin d' 

cos r = o 

cos <5 cos 
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In computing these , it will iisiially sufS.ee to tin cl / 1)} its sine 
alone, since cos r will always be positive except in the la^i c ease 
where the star is so iieai the pole that cos 0 < sin S sin o ^ 

The formulae (665) are equally applicable wbetliei da, dd, da , 
dd' denote the annual piopei motion oi the whole pioper motion 
in the given interval 

Example —The mean place of Polaris for 1755 was 

a = lO'* 55' 44" 955 S = 87° 59' 41" 12 

» 

and, by the application of the precession, this place reduced to 
1820 was found, on page 616, to be 

(a') = 14° 13' 56" 85 (S’) = 88° 20' 54" 11 

But the mean place for 1820, derived from obseivation, was, 
accoidmg to Bessel in the Tabula Begiomoniance, 

a! = 14° 15' 22" 575 = 88° 20' 54" 27 

Hence, the proper motion from 1755 to 1820, referred to the 
mean equinox of 1820, was 

Att'= + 85" 725 AiS'= + 0"16 

or the annual motion 

do.' = + 1" 31885 dd'= + 0" 00246 

How, to reduce this piopei motion to the year 1755, we may 
employ the formulae (665), by exchanging da with da' and ho 
with d§', and taking y with the negative sign, since © is nega i\ o 
for the interval fiom 1820 to 1755 , oi we may avoid the change 
of notation and of sign by deducing fiom (665) the following 

COS d da. = da cOS COS y ” T 

dd = da' COS d' Sin y -f- dd’ cos y 

Fiom the example on page 616, we find 

log sm 0 = 7 800851 a + s + -» = 11° 20' 41" 57 

with which and 5' = 88° 20' 54" 27 we find 

log sin r = 8 634966 log eos = 9 999596 
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and hence for 1755 we fold 


ia = + 1".08228 dS= + 0".004098 

If, now, there had been given both, the mean place and the 
proper motion for 1755, namely, 

a = 10° 55' 44".955 S = 87° 59' 41".12 

= _(_ l''.08228 = + 0".004098 


to find the mean place for 1820, we should first take 


(a) = 10° 55' 44".955 + 1".08228 X 65 = 10° 66' 55".30 
(5) = 87 59 41 .12 + 0 .004098 X 65 = 87 59 41 .39 


and employing these values, instead of a and d, in (659) and (660), 
we should find 

a + s ^ ^ = 11° 21' 51".92 

log p 9.256691 
A' — = 2° 28' 33".45 


whence 


a' = 14° 15' 22".57 


10' 36".44 

5' = 88° 20'54".27 


as given above. 

380. The proper motion on a great circle . — If we denote this by 
/), and the angle which the great circle makes with the ciicle o 
declination of the star by jr, reckoning the angle from the noith 
towards the east, we have 


p sin ;^ = Aa cos S p COS x — 

Thus, we find, in the preceding example, for Pokiris in 1755, 


p = 0".03809 

and in 1820, 

p = 0".03809 


^ = 88° 49'.4 
/= 86° 17'.8 


whei'e tlie accent of yj is used for tlie second epocli, but p is 
necessarily tbe same for both epochs. 

It is evident, moreover, that we have = % + 7? ence, 

if p and x have been found for one epoch, it is only necessary o 
compute Y to obtain the reduction to anothei epochs i-Oi 
have, by (665), 
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381 By the him-solar precession, combined with the diminu- 
tion of the obliquity of the ecliptic, the mean pole of the equator 
IS earned aioiind the pole of the ecliptic, but gradually approach- 
ing It But the tiue pole of the equator has at the same time a 
small subordinate motion aiouiid the mean pole, which is called 
nuMion This motion, if it existed alone, would he nearly in an 
ellipse Mhose major axis would he 18" 5 and minor axis 13 .7, 
the major axis being directed towards the pole of the ecliptic , 
and a levolution of the true around the mean pole would be 
completed in a period of about nineteen years This period is 
the time of a complete levoliition of the moon’s ascending nor 
on the ecliptic, upon the position of which the principal terms 
of the nutation depend 

This periodic nutation of the pole involves a corresponding 
nutatim of the obliquity of the ecliptic = as, and a nutaticyii oj e 
equinox in longitude^ or, tuiefly, a nutation in longitude ^ ^ ^ 

are expressed by the following foiniulie'^ for the year 180 . 

A£ = 9" 2281 COS 0" 0897 cos 2 + 0" 0886 cos 2 C 

+ 0"5510cos2O-l-0"0098cos(O + ■*") 

^;^__;^7"2406sm5J-l-0" 2078sm2Si— 0"2041sin2([; + 0" 0077 sin ( C — ) 

1 " 2694sm20 -f 0" 1279sm(0 — -r)— 0" 0213sm(O + '^ ) 

in which 

= the longitude of the ascending node of the moon’s orbit, 
lefeired to the mean equinox, 

C == the moon’s true longitude, 

0 = the sun’s tiue longitude, 
r = the true longitude of the sun’s peiigeo, 
r — the true longitude of the moon’s perigee 

The quantity aA is also called the equation of the equinoxes 

The coefficient of cos Q, m the formula foi as is called the 
constant of nutation The coefficient of sin in the formula tor 
aA is equal to this constant multiplied by — 2 cot 2 5,,, in which 

* Peteks, Numerm Oonstam Nutationu, p 46 Some exceedingly small terms, and 
otliers of short period, are here omitted, as, even if they are not altogether in^nsi e 
in a single observation, their effect disappears m the mean of a number of observa- 
tions 
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Sg = 23° 27' 54" 2 Those coefficieuts, however, ai e not absolutely 
constant so that, according to Peters, tlie formiilse for 1900 will he 

As — 9" 2240 cos — 0" 0800 cot. 2 -|- 0" 0885 cos 2 (£ 

+ 0" 6507 cos 2 O + 0" 0092 cos (Q + -T) 

(667) 

a; 1 = — 1 7" 2577 sm + 0" 2073 sm 2 — 0" 2041 sm 2 C + 0" 0677 sm ( C — r') 

— 1" 2695 sm 2 O + 0" 1275sm (Q—r) — 0" 0218 sm(0+-7’) 

Since the attractions of the sun and moon upon the earth do not 
distuih the position of the ecliptic, hut only that of the equator 
and its intersection with the ecliptic, the nutation does not aftect 
the latitudes of stars, and its effect upon their longitudes is 
simply to increase them all by the same quantity a?. 

382 To find the nutation in right ascension and declination for a 
given star ai a given time — ^Let a and d denote the mean right 
ascension and declination of the stai at the given time , a' and d' 
the true light ascension and declination at this time, or the mean 
place corrected foi the nutation Let the coefficients of the 
formulae for as and be found for the given year by mterpola- 
tion between the values for 1800 and 1900, and then, taking 
ftjd, O, and fiom the Ephemeris for the given date (the 
day of the year, and, for the greatest piecision, the hour of the 
day), we can compute the values of as and aA We can then 
have either a ngoious or an approximate solution of our problem 
A rigorous solution may be obtained by employing the for- 
mulae (656), (658), and (659), substituting s + J a + 

and a' — z' for | (s/ + Si), s/ — Si, 'x]/' — A and A', respectively 
Another iigoious solution is obtained by first computing the 
mean longitude ^ and latitude from the given a and and 
the mean obliquity s, by Art 23 Then, with the true longitude 
A + the true latitude / 9 , and the true obliquity e + we can 
compute the true right ascension a' and declination by Art. 26 
But, since as and aA are very small, an approximate solution 
by means of differential foimulae will be sufficiently accurate, 
and practically more convenient The effect of varying A and 
e by aA and as, while J3 is constant, is, by the equations (53), 

a' — a aA ^ ^ __ a£ cos a tan d 

cos S 

5' — <5 = aA . sm 77 cos g Ae sm a 
m which is the position angle at the star, as defined in Art 25 

VoL 1—40 
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Substituting tlie values of cos;; cos ^ and sm;; cosi9 tbeie given, 
we have 

a' — tt = aA (cos £ + sin £ sm a tan d) — A£ cos a tan d 
6' — d = Al sin £ cos a -f" ^ 

Hence, substituting the values of aA and as for 
e = 23° 27' 54", and also the values foi 1900 with e — 23 27 1 , 

we find 

(15" 8148 + 6" 8650 sm a tan S) sm Q, — 9" 2231 cos a tan 6 cos Q, 

15 " 8321 6 " 8682 

+ ( 0" 1902 + 0" 0825 sm a tan (5) sm + 0" 0897 cos a tan <5 cos 2gJ 

— ( 0" 1872 + 0" 0813 sm a tan 6) sm 2C — 0" 0886 cos a tan cos 2C 
^ ( 0" 0621 + 0" 0270 sm a tan 6) sin (C — ^') 

— ( 1" 1644 + 0" 5055 sm a tan J) sm 20 — 0" 6510 cos a tan cos 20 
4- ( 0" 1173 + 0" 0509 sm a tan 6) sm {Q — r) 

^ ( 0" 0195 4- 0" 0085 sm a tan 6) sm (O + 2") — 0" 0093 cos a tan 6 cos (O 

5' — d = — 6" 8650 cos a sm + 9" 2231 sm a cos Q 
6 " 8682 9 " 2240 

+ 0" 0825 cos a sm 2 5^ — 0" 0897 sm a cos 2 

— 0" 0813 cos a sm 2C + 0" 0886 sm o cos 2C 
-j- 0" 0270 cos a sm (C — -U') 

— 0" 5065 cos o sm 2 O + 0" 6510 sm a cos 2 O 
0" 0509 cos a sm (O — 

— 0" 0086 cos a sm {Q + r) + 0" 0093 sm a cos (O + -^) 

The values of the coefficients which sensibly change dm mg the 
century are given foi 1900 in small figuies below the values tor 

1800 * , , 
Previous to the investigations of Peteks, the only terms 
retained in the nutation formula were those depending on 
SJ, 2Si, 21, and 20 Of the additional terms added by him, 1 
have retained only those which can have any sensible effect in 
the actual state of the art of astronomical observation 

383 General tables for the nutation m right ascension and declina- 
tion —Of the various tables proposed for facilitating the compu- 

* If we take into account the squares of AX and Ae and their product in the develop- 
ment of o' a and 6' — -dm senes, some of the coetficients are changed, hut only by 

two or three units m the last decimal place Compare the formulae of the text with 
those given by Peters m the Numerua Oomtans, and by Struie in the Aslionom 
Nach , No 486 
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tation of tlie nutation foimiilse, tlie most compendious are those 
computed by ISTicolai, according to the form suggested by Gauss, 
and included in Waknstorff’s edition of Schumacher’s Hulfs- 
tafeln In these tables the new constants are adopted from 
Peters, as in the preceding formulae, and the epoch is 1850 
Foi the lunar nutation in right ascension, the first table gives, 
With the argument ? the quantity 

— 15" 8235 Bin SI = c 

The two remaining teims in the first line of our formula are 
reduced to a single teim by assuming auxiliaiies b and J5, also 
given in the tables with the aigument SJ, determined by the 
conditions 

b sin (SI = 6" 8666 sm SI 
b cos (SJ + jB) = 9" 2235 cos Si 

Thus, the first line of the formula, containing the principal terms 
of the lunar nutation in right ascension, becomes 

c — 6 cos + JB — ot) tan d 

By the use of the same auxiliaries, the first two terms of the 
lunar nutation in decimation are reduced to the following 

— b Bin (SI B — a) 

J’or the solar nutation, the second table gives, with the argu- 
ment 20, the quantity 

— 1" 1644 sm20 

and the two remaining terms involving 20 are reduced to a 
single one by the auxiliaries/ and F, given in the table, which 
are determined by the conditions 

/ sm (2 O + = 0" 5055 sin 2 O 

/ cos (20 + F) = 0" 5510 cos 2 O 

so that the solar nutation in right ascension is 
g ^/cos (20 + a) tan d 
and the solar nutation in declination is 
— f Bin (20 + F — a) 

Almost all the remaining teims of the formulae may also be 
found by means of the table for the solar nutation The coefii- 
cients of the terms in 2 and 2 a are about one-sixth part of 
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those of tlie terms m 20, while the signs of the terms in 
aie the opposite to those in 20 hence, to tind the value of 
these teims, we can entei the table fiist with the aigumeiit 
2Q> + 180° {== 2Si + V?), and then with 2C , and, computing the 
nutation in each case by the above forms for the solar nutation, 
take 1, or more exactly of the sum of the results The terms 
o + Tare obtained by entering the table with the aigumeiit 
O + r and taking ^ of the lesults The teims mO—P will 
be found in the most simple manner by multiplying the annua 
piecession [given by (663), and usually computed in connectum 
with the nutation] by ^^5 sin [O — P), and the terms ni C — 
by multiplying the annual precession by sin {d — P^) 

The computation even with the aid of these tables is sii 
ciently tedious Their chief recommendation is their brevity , 
but where the nutation is to be computed very fiequently, more 
extended tables aie lequiied, such, foi example, as are given 
in the 3d vol of the Washington Observations^ Appendix C, by 
Professors Hubbard, Coeein, and Keith 
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384 The apparent diiection of a star from the earth is deter- 
mined by the direction of the telescope through which it is ob- 
seived But this apparent direction difiers from the tine one in 
consequence of the motion of the earth combined with the pio- 
giessive motion of light, for the telescope, pai taking of the 
movement of the earth, is changing its ]DOsition while the light 
IS descending through its axis 

Let us distinguish between the two instants t and t' when the 
lay of light from the star aiiives lespectively at the object-cnd 
and at the eye-end of the axis of the telescope 
Let A, B (Fig 57) be the position of the object 
and eye end of the telescope at the instant t; 
A', jB', their positions at the instant , BJB', the 
motion of the earth 111 the interval f m 
which the ray aSA-B' from the stai is describing 
the line AB' Then it is evident that, while B'A 
IS the true diiection of the star, jB'A' is the ap- 
parent diiection as given by the telescoiie ^ 


Eig 57 



B b 


*G\uss Theoria Mohis Corporum Coelestium, ^ 68 
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SO small an intei’val to be rectilineal’ and uniform, and tlie 
• motion of light to be uniform, the lines BA and B'A’ are 
parallel, and the ray of light during its progress from A to B', 
is constantly in the axis of the telescope ; for instance, when the 
telescope is in the position ha, the ray will have reached the 
point a, and we have 

AaxBh = AB'-.BB' 

The difference of apparent direction thus caused hy the 
motion of the earth comhined with that of light is called the 
aberration of the fixed stars. When we also take into account the 
motion of the luminous hody, as in the case of the planets, 
another species of aberration occurs, which will be considered 
hereafter, under the name of the idanetary aberration. 

The whole displacement of the star produced by aberration is 
in the plane passed through the star and the line of the observer s 
motion, and the star appears to be thrown forward in this plane 
in the direction of that motion. Thus, in the figure the who e 
aberration is the angle SB’ A' ; and, if we conceive the plane of 
the lines SB' and BB' to he produced to the celestial sphere, 
this plane will be that of a great circle drawn through the place 
of the star and the points of the sphere in which the line 
meets it. The displacement of the star will be the are of this 
circle subtending the angle SB'A> and measured from the star 
towards that point of the sphere towards which the obsei-ver is 
moving. 

385. To find the aberration of a star in the direction of the observer s 
motion . — ^Let 

^ = AB'B,^ = the true direction of the star referred to the 

line 5 '5,, ... ,i. . 

= the arc of a great circle of the sphere joining the star s 

true place and the point from which the observer is 

thelpparent direction of the star referred to the same 

line, ■= ABB 
V= the velocity of light, 

V = the velocity of the observer; 

then the aberration in the plane of motion is the angle A'B'A 
B'AB = and the triangle ABB gives 

8in0?'-^») _BB’ _v_ 

sin S’ AB' Y 
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As 'd' — d IS veiy small, 
we then also put 

WG may put the ai'c foi the sine 

and if 


k- 

Fsinl" 

(669) 

we shall have 

— t? = A sm •>' 

(670) 


where the constant k may be legaided as known fiom the velo- 
cities of light and of the observer. 

386 The motion of the obseiver on the surface of the eaith is 
the resultant of the motion of the eaith in its orbit and its lota- 
tion on its axis , that is, of its annual and dim nal motions These 
may be separately considered 

The annual aberration is that part of the total abeiiation which 
results from the earth’s annual motion It may be called the 
aberration for the earth’s centre 

The diurnal aberration is that part of the total aberiation which 
results from the earth’s diurnal motion It obviously vanes 
with the position of the observer on the eaith’s surface, and 
vanishes for an observer at the poles 

387 To find the annual aberration of a star in longitude and lati- 
tude — Let 

X, i3 = the true longitude and latitude of the stai, 

X\ (3' z= the apparent longitude and latitude (aifected by 
aberration), 

O = the true longitude of the sun 

The point of the spheie from which the eaith appeals to be 
moving IS a point in the ecliptic whose longitude is 90° + O 
(the eccentricity of the earth’s orbit being here neglected), and 
the mean velocity of the earth in its oibit 
s may be supposed to be substituted m (669) 

^ so that k IS known 

I If, then, BTl (Fig 58) is an arc of the 

sk ecliptic, -EJthe point fiom which the earth 

IS moving, B the true place of the star, and if SB is drawn pei" 
pendicular to JS-E/, we have, in the right triangle BBB^ 


SB = p, 


jgE? 90° + O — ^ 
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and hence, if we denote the angle Ehj y, we have 

sin d- sin y = sin /? 
sin ^ cos y = cos cos (0 — 
cos ^ = — cos 13 sin (0 — A) 

The apparent place of the star is on the great circle E8 at the 
distance from S: so that, if we now suppose S to be the 
apparent place, the angle y is not changed, and we have 

sin sin sin /S' 

sin cos y = cos /S' cos (0 — r (672) 

cos ^'==^ — cos /S' sin (O — /) J 

If, then, the true place of the star is given, the equations (671) 
may be used to determine y and ^ ; then will be found from 
(670), and, finally. A' and ^3' will be found from (672). This is 
the direct and rigorous solution of the problem; but a more 
convenient solution is obtained by eliminating ?? and y as follows. 
We find, from the equations (671) and (672), 

sin cos ^ cos y = — cos /S cos /S' sin (© — A) cos (O — A') 
sin cos cos y = — cos (3 cos /S' cos (O — A) sin (O — A') 

the difierence of which is 

sin ( — d) cos — cos /S cos /S' sin (A' — A) 

whence 

^ (t^' — cos y k sin ^ cos y 

cos /S cos /S' cos /S cos /S' 

or 

= (Q- A) (673) 

COS /S 

Again, we find, from our equations, 

cot y == cot /S' cos (O — A') = cot /S cos (0 — A) 

by which /9^ can be found from ^ after A' has been found by (673), 
or we may find the difference between and ^ thus : 

. , , fcosTO — A') — cos(0 — A)1 

tan /S' — tan /S = tan /S' — r ^ I 

L cos (O — A') J 

2 sinK^' — ^)si» 70— KA ^+>i)] sin cos /S 
sin (/S' - iS) = cos (O -7) 

whence, taking 2 sin J(A' - A) = sin (A' - A), we obtain, by means 
of (673), ^ ^ sin [O — i (A' + A)] sin /S' (674) 
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The cqnatioiiB (673) and (674) are alinohf rifroroiihly exact, hut, 
since the value of A ih only about 26", a Huthcicnt degree of 
accuracy will ho obtained if in tin* Hocond incniherH wo put 
A and /9 for X' and ^9' The fornmho tor the annual uherration ni 
longitude and latitude thus hecoine 


A' — X zz- — h COM ( O X) HOC /? 

13 ' — - _ A Hin (O - A) Hin ,9 


m which the value of the constant, according to Hnu.VE,* is 


A --- 20" tt51 


These last formulto may ho directly deduced hy ditleiciitiating 
the equations (671). 

If we retain terms of the second order in dt‘velopnig (678) 
and (674), we shall find that the following quantities will he 
added to the second niemhois of (67r)) • 

— J A’ sin 1" bin 2 (O — A) hoc^ 9 
and — -J A’sin l"tan /9 — ’ A’ sin 1" cos 2(0 /i)tani9 

But the term — |/c“ain l"taj;i/9 hcing constant may he omitted, 
since it will he included in the expression of the star’s 7 ncan 
place, which (Art 861) involves the non-jieriodic (deinents of 
. the star’s position Rctanung, therefore, only the periodic terms 
—namely, those involving O— the more complete formuhe will he 

A' — A = — 20" 4461 coa(0 — A)«icc /3 — 0"0010iai! mn 2(0 — AjsooqJ Xinr,*^ 
(3'— ;8= — 20" 4461 sm (Q — A) sm ft — 0" 0006007 cos 2 (Q A) Ian /t ^ ^ 

The last terms will bo sensible only for stars very near the pole 
Terms of the second Older not multiplied hy tau/9 or see/? arc 
wholly insensible, and have been disiogaidcd in the deduction 
of the above formulae 


388 It is easy to prove, fiom the equations (675), that the 
effect of the aheiration is the same as if the star actually moved 
in a circle parallel to the plane of the ecliptic , the diameter of 
the circle being equal to the distance of the star multiplied by 
sm k This ciicle will he seen projected upon a plane tangent 
to the sphere at the mean place of the star, as an ellipse whose 
major axis is sm A and minor axis sin A sm /9, the radius of the 


* Aitton Nach , No 484 
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sphere being unity. The period in which a star appears to 
describe this ellipse is a sidereal year. 

389. To find the annual aberration in right ascension and decima- 
tion , — ^Let 

A,D = the right ascension and declination of the point E 
(from which the earth is moving) ; 

then, in the triangle formed by the point the star, and the 
pole of the equator, the sides are 90° — 2), 90° — d, and ; and 
the angle opposite to is A — ot. If then we suppose the side 
# to vary, the corresponding variations of the angle A cl and 
the side 90° — d may be directly deduced by the difterential 
formulee of Art. 34. The angle at E and the side 90° 2) being 

constant, we find 

cos (5 . da = — dd' sin G 
dd ^ — cos 0 


where G denotes the angle at the star. For determining (7, our 
triangle gives 

sin sin G = cos 2) sin (A — a) 

sin T? cos 0 = cos d sinD — sin 6 cos 2) cos (A — a) 

In (670) we may employ sin d- for sin : so that, putting a' a 
and — ?? for da and dd, we find 


a' — a = — A' sec ^ cos2) sin ( — a) 

5 = — li [cos <5 sin2) — sin 5 cosD cos (A — a)] 



The quantities A and D are found from the right triangle 
formed hy the equator, the ecliptic, and the declination circle 
drawn through E, by the formulae. 


cosD cos A = — sin 0 
cos 2) sin A = cos O cos e 
sin2)= cos O sin e 


(677) 


If we substitute these values in the formula for a' — a and 
S' — S, after developing sin(J. — a) and cos {A — a), we obtain 


— k BQG d (cos O COS e COS a -j- siu O sin a) 

: — k cos 0 (sin e cos d — cos s sin S sin a) > (678) 

— ^ sin 0 sin 5 cos a ^ 
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If we retain the terms of the second order, (omitting, however, 
those which do not involve 0, or the non-periodic terms), we 
find that the aberration in right ascension obtains the additional 

terms 

— 1 sm 1" (1 + cos'* e) cos 2 O sin 2 a sec* S 
-j- I it* sin 1" cos e sm 2 O cos 2 o sec* 3 

and the aberration in declination the terms 

-f ^ it* sm 1" [sm* s — (1 + cos* s) cos 2 O cos 2 o.] tan S 

— ^ A* sm 1” cos e sm 2 O sm 2 a tan 3 

Substituting the value of k in these terms, together with 
s = 23° 27' 30" (for 1850), and omitting insensible quantities, 
the corrections of the formulae (678) will be 

m (a/ — a), — 0" 000931 sm 2 (O — ») sec* 3 \ (-eyg*) 

in (S' _ 3), — 0" 000466 cos 2 (O — ») tan 3 j 

Example 1 —The mean longitude and latitude of Spwa for 
January 10, 1860, are 

X = 201° 53' 22" 33 /S == — 2° 2' 36" 29 

and the sun’s longitude is 

O = 289° 30' 

Hence, we find, by (675), the aberration in longitude and latitude, 

= — 0"85 = 4- 0" 73 

The corresponding mean right ascension and declination are 

a = 13» 17” 49* 62 3 = — 10° 25' 44" 9 

whence, by (678), taking e = 23° 27' 4, we find the aberration in 
right ascension and declination, 

a' — a = — 0" 53 = — 0* 035 3' — 3 = + 0" 99 

Example 2 — ^The mean place of Polaris for 1820 0 was 

a, = 0» 57” 1* 505 = 14° 15' 22" 57 
3 = 88° 20' 54" 27 

and for this date, 

0=280°0' e = 23°27'8 
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With which the aberration in right ascension and declination is 
touiid, by (678), to be 

a'— a = + 62" 51 = + 4*167 5'— 5= + 20"27 

The additional terms of (678*) are in this case O'' 158 — 
- 0* 011 and + 0" 016, and the more coriect values aie, there- 

= +4*156 5'_3= + 20"29 


390 Gauss's Tables for em'putxng iU aberration in right ascension 
and decimation — If we determine a and + by the conditions 

a sin (O + -4) = A: sin O 
a cos (O + -4) = A: cos O cos e 

the formulae (678) may be expressed as follows 

a' — a = — <at sec 5 cos(0 + ^ — “) 

S' — s = — a sin & sin (O + -4 — *) — h cos O cos 8 sin e 

= — a sin 5 sin (O + ^ — ») — ^ * ® 

— i A sin e cos (O — 

The first of the tables proposed by Gauss* gives + and log a 
with the argument sun’s longitude, and with these quantities we 
leadily compute the aberration in light ascension and the hist 
part of the aberiation in declination The second and thud 
parts of the aberration in declination are taken directly from 
the second table with the arguments O + ^ and O — d The 
tables have been recomputed by Nicolai with the constant 
k = 20" 4451, and are given in 'WAENSTORFr’s edition of ScHU- 
machbe’s Hidfstafeln 

The value of e for 1850 is employed in computing these 
tables The rate of change of e is so slow that the tables mil 
answer for the whole of the present century, unless more than 
usual precision is desired 

391 In the preceding investigation of the aberiation forinulse 
we have, for greater simplicity, assumed the earth’s orbit to be a 
ciicle and its motion in the orbit uniform Let us now mquire 
what correction these formulae will require when the true ellip- 
tical motion IS employed ^ ___ 


* Monatliche Corresponded, XVII p 312 
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If u IS the true anomaly of the earth in the oibit, leckoned 
fiom the perihelion, at the time t fiom the perihelion passage, 
r the radius vectoi, a the mean distance of the earth from the 
sun, or the semi-major axis of the ellipse, we have 

a(l — e^) 

r = — — 

1 -|- e cos u 

The true diieetion of the eaith’s motion at any time is not, as 
in the ciicular oihit, at light angles to the diiection of the sun, 
hut in that of the tangent to the cuive If we denote the angle 
which the tangent makes with the radius vector hy 90° — ^, we 
have, by the theory of curves, 

1 dv 

cot(90° — -- 
r du 

whence, by the above equation of tlie ellipse, 

e sin u 

tan i = 

1 + e cos u 

and the true direction of the earth’s motion will be taken into 
account in our foimulse (675), if for O we substitute O 

If Vi denotes the true velocity of the earth in its orbit at the 
time we have 

du 

^ dt 

and if / IS the area described by the radius vector in the time % 
F the whole area of the ellipse described in the period we 
have, by Kepler’s first law, 

L = l 

t jp 

or 

F 

dt T 

We also have, by the theoiy of the ellipse, 

7raV(l 

df r* du 

dt 2 dt 

du y^(l — 6^) 

dt 


and hence 
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which, substituted in the above value of I’l, togethei witli the 
value of r, gives 

d 27r 

^ n e cos u) sec i 


The mean value of this velocity is that value which it would 
have if the small peiiodic terms depending on u and % were 
omitted (Art 361) , thus, denoting the mean velocity hy we 
have 


a 2 tz 


(679) 


v^ = V (1 e cos u) sec ^ 


(680) 


If. then, V IS the velocity of light,. and we put 


h _ — (1 4- e cos u) sec ^ 

' Fsm 1" ^ ^ ^ 

we can at once adapt our equations (675) to the case of the 
elliptical orbit, by mtioducmg for k and O ^ O? so that 
we have 

A' — X = — k(l + e cos u) cos (O — k — i) sec i sec ^ 

^ (1 -I- e cos u) sin (O ~ 1 ^ ^ 

Developing the sine and cosine of (O — X)-— h we have 

cos (O — k — 2 ) sec ^ = cos (O — 1) + (O — k') tan i 
sin (O — 1 — ^) sec 2 = sin (O — 1) — cos (O — k) tan i 

and substituting the value of tan ^, we find 

A' — A = — A cos (O — 1) sec ^ — ke cos (^O — u -- X) sec ^ 

— /3 = — A sin (O — k) sin /? — sin (O — ^ k^sinfi 

The longitude of the sun’s perigee is 

r=o — 

by the introduction of which we have, finally, 

— A cos (O seo p — ke cos (r-~ A) sec ^ \ 

^ = — A sin (O — k) sin ^ — ke sin (r— A) sin ^ j 

These foimul* diffei fiom (675) only hy the second terms, 
which therefore are the collections for the eccentrieitj of t e 
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orbit. But we observe tliat tliesc terms involve only quantities 
which for a fixed star are very nearly constant, so that for the 
same star they will have, sensibly, the same values for very long 
periods : the corrections themselves being exceedingly small, 
since e = 0.01677, and hence ke = 0".3429. They may, there- 
fore, be regarded either as constant corrections, or as corrections 
having only a slow secular change ; and in either case they will 
be combined with the mean place of the star, and may be 
altogether disregarded in the correction for the annual aberra- 
tion.* The formulae (675), derived from the circular orbit, will 
therefore be considered as complete (for the fixed stars), and, 
consequently, also (678), which are derived from the same hypo- 
thesis. 

392. The sun's aberration, — Since /? is less than 1", there is no 
sensible aberration in latitude. The aberration in longitude 
must be found by the complete foiunula (681), for in the case of 
the sun X is variable. Hence, writing © for >1, the aberration of 
the sun is found by the formula 

O'— 0 = — 20" .4451 — 0".3429 cos (F— ©) (682) 

in which for this century we may employ F — 280^ without an 
error of 0".01. 

We could derive, from this, formuhe for the sun’s aberration in 
right ascension and declination ; but the practical method is to 
treat the sun as a planet, and to employ the planetary aberration 
which is given in a subsequent article. 

393. To find the diurnal aberration in right ascension and declina- 
tion— Jjet 


v' = the velocity of a point of the terrestrial equator, arising 
from the rotation of the earth, 


k'=: 


v' 

Y sin 1" V 


(683) 


The diurnal aberration in the places of stars, as observed from a 
point on the equator, may be investigated in the same manner 
as the annual aberration, by substituting the equator for the 
ecliptic, and, consequently, right ascensions and declinations for 


* Bessel, Tabula Regiomontans^y XIX. 
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I tiludes and longitudes The nadir of the point of ohseivation 
1 *^ then to be substituted in the place of the sun * so that if we 
put 

0 = the light ascension of the zenith, oi the sidereal time, 

the formulae (675) are rendeied immediately applicable to the 
prewent case by putting 180° + ©, a, <?, and 1' for O ? ^ A 
whence we have, /or a 'point on the terrestnal equator ^ 


o! — a — k' cos (0 — a) sec <5 
d' d = k' sm (0 — a) sin d 


Since every point on the surface of the earth moves in a plane 
parallel to the equator, and this plane is to be regaided as coin- 
cident with the plane of the celestial equator, the same formulae 
are applicable to eveiy point, piovided we introduce into the ex- 
pression of /<:' the actual velocity of the point This velocity 
vanes directly with the circumfeience of the parallel of latitude, 
or with its radius , and this ladius foi the latitude f is p cos cp , 
<p' being the geocentric latitude and p the ladius of the earth for 
that latitude Hence we have only to put v^p cos p' foi r', or 
y p cos <p^ for and we obtain for the diurnal aberration in light 
ascension and declination, for any point of the eaith s surface, 
the formulae 


o! — a = Up cos <p' cos (0 — a) sec d 1 

— d z=z Up cos <p' sin (0 — a) sm S j 

It only remams to determine For this puipose, we 
by (679), 

a 


(684) 

have, 


wHeh, if T IS tlie length of the sidereal year in sideieal days, 
gives the value of v for one sidereal day The motion of a point 
on the earth’s equator in one sidereal day is equal to the cireum- 
ference of the equator so that, if cl' is the equatorial radius, we 
have the value of v' referred to the same unit as by the 
formula 


=2 Tta! 


* For the observer is moving directly /rom the west point of his ^ 

90° of right ascension m advance of the nadir, and the point from ‘I*® 

in Its annual revolution is movmg is 90° of longitude m advance of the sun 
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wlience 

v’ Ta' t /1 — 

V d 

But if we put 


e have 


jp == tlie sun^s mean hoiizontal parallax, 
a' 

sin p = — 
a 


and hence we hnd 

A:' = /cTsm p l/l — 

or, taking Struve s value of k = 20" 4451, Bessel’s value of 
y ™ 366"* 25637, Encke’s value of y = 8" 57116, and the ecceii 
tricity e = 0 01677, 

/^= 0 " 31112 


This quantity is so small that we may in (684) employ cos ^ for 
pcos^' without sensible error, and hence the diurnal aberration 
may be found by the formulae 


al — a = 0 " 311 cos <P cos (0 — a) SeC S 
d ’ — 8 = 0 " 311 cos <f sm (0 — a) sin 8 



The quantity © — a is the hour angle of the star , whence it 
follows that the diurnal abeiiation in right ascension for a star 
on the meridian is + 0" 311 cos (p sec 5 = + 0“ 0207 cos (p sec d , 
and the diurnal aberration m declination is then zeio 


394 The illustration given m Art 388 applies also to the 
diurnal abeiiation In one sidereal day each stai appears to 
deseiibe a small ellipse whose major axis is sin A' cos and 
minor a vis sin k' cos <p sin d, the ladius of the sphere being unity 
For an obseiver at the pole, wheie cos ^ = 0, this ellipse becomes 
a point, and the diurnal aberiation disappears 

395 The velocity of light — The constant k was determined by 
Stuxtve by a comparison of the apparent places of stais at difter- 
ent seasons of the year, and not from the known velocity of light 
"We can, therefore, determine the velocity of light from this 
constant. "We have, from the preceding ai tides, 


K sm 1 " Tsmp smft i/(l — e’) 
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in wlncli, if we take v' = the velocity per second of a point ol 
the earth’s equatoi resulting fioni the diurnal rotation, 

he the velocity of light per second If, then, we take v' — 
we have the following formula for determimug the velocity ot 
liglit fioni the abenation constant 

y ^ (686) 

nT Binp Bink^O- — 

This will give the velocity m one sidereal or one mean secondj 
according as we take 7i = 86400 oi n = 86164, the niinihei o 
seconds of either kind in a sideieal day With Bessel s va iie 
of the equatorial radius, Ait 80, and the values of T, Pj S 
above employed, we find 

in one sid second, V = 191058 miles = 30/473000 metres, 
in one moan second, V= 191581 miles = 308S14000 meties 

The time lequired by light to traverse the mean distance of 
the earth from the sun is 


Cl n T sin k |/1 yg _ gm 17 * 78 mean time 

231 


Eig 59 


396 Planetar ij ahei ration —'When the ohsei ved body is a planet, 
and, therefoie, 111 motion relatively to the eaith, the abenation 
above considered is not the complete aberration but we must 
further take into account the time leqiiired by light 0 come 
from the planet to the eaith , foi in this time the plane wi 
have sensibly changed its place Let us 
suppose that the ray of light which i caches 
the telescope at the time t left the planet 
at the time let P (Big 59) be the 
planet’s place in space at the time P, and 
f its place at the time t , A the place of 
the object-end of the telescope at the time 
P, a its place at the time ab the diiection 
of the axis of the telescope at the time U 
a^h' the position of the axis at the time t' w en ^ 
the eye-end of the telescope Then it is evi en a 

Ist The straight line AP gives the true direction of the planet 

at the time P, 

VoL 1—41 
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2(1 The stiaiglii line a}) gives tlio tiuc diicction at ilic lime / 

.‘)(1 The stiaight line oi }>' a’ gi\cs the appaient duectioii at 
the time f or f fthc didtieiKe between which ina) he lo- 
gaided as infinitely small), 

4 th The stiaight line h'a gives the appaient dneetion foi the 
time f, fioed fiom the abeiiation of the fixed stais 

Xow, the points P, ^5 P he in a straight line, and the poitions 
Pa, ah' will be pioportional to the inteivals of time i — i, 
if the velocity ot light is iimtoim In eonsecpience of the 
immense velocity of light, the interval V — Pwill always he so 
small that dining this inteival Ave may suppose the motion ot 
the eaith to he nnifoim and lectihneai , consequently, that ^1, 
a' also he 111 a light line, and the poitions Aa^ aa' aie also pio- 
poitional to the inteivals t — 7 ] t ' — t Hence it tollows that 
the lines J.P and b'a' aio paiallel, and, theiefore, that the hist 
place is identical Avith the thud, that is, that the i) tie place at tlic 
tone T is identical vnth the apparent place at the iaae t 

TliO time t — Pwill he the piodiict of the distance Pa into 
497" 78, which is the time in which light desciibes the mean 
distance of the eaith from the sun (Ait 395), this mean distance 
being taken as the unit In this computation we may take foi 
the distance eithei Pa 01 PA 01 pa, Avithout sensible diffei once 
m the lesultmg value ot t — T 

Fiom these piiiiciples theie aiise thiee methods hy A\hic*li a 
planet’s (01 a comet’s) appaient place may be found from tlie 
tiue place foi a given time t 

I From the given time t'ssro subtiact the time locpiiied 
hy light to come fiom the planet to the eaith We thus 
obtain the 1 educed time Pfoi which the tiue place is iden- 
tical with the appaient place foi t 

n The tiue place and the distance being known foi the 
time we compute the 1 eduction t — T Thus, by means 
of the dminal motion of the planet (111 longitude and lati- 
tude, 01 in light ascension and declination) we can reduce 
the tiue place from the time t to the time T , and the tiue 
place thus found is the appaient place at the time t 

HI The true place of the planet at the time T as seen 
from the point m which the eaith is situated at the time i 
(or the directioii aP) is computed, to which is apiilied the 
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aberialion of the fixed stars, and the result is the apparent 
place at the time t * 

397 If a and d are the true light ascension and declination 
of a planet oi comet at a time a' and the appaient values 
foi the same time, 7 ' its distance from the eaith, the mean dis- 
tance of the earth fiom the sun being unity, Ad, the motion 
of the planet in right ascension and decimation in one mean 
hour, we have, according to the method II of the preceding 
article, 

— a = r'Z:"Aa 1 .037) 

in which 

^ 497 _^ ^ 

3600 ® 

These foimulse may also be used for computing the sun’s 
aberiation in light ascension and declination, if we take for 
the radius vectoi of the earth 

HELIOCENTRIC OR ANNUAL PARALLAX OF THE FIXED STARS 

398 The heliocentric parallax of a star is the diflerence 
between its tiue places seen fiom the earth and from the sun 
If the orbit of the eaith were a circle with a radius equal to the 
mean dibtance fiom the sun, the maximum dififerenee between 
the heliocentiic and geocentric places of any star would occur 
when the ladius vector of the eaith was at light angles to the 
line drawn fiom the earth to the star This maximum coiie- 
sponds, then, to the hoiizontal geocentiic parallax, audits effect 
upon the appaient places of stais might be investigated by the 
methods followed in Chapter IV , but we jirefer to employ here 
the method just exhibited in the investigation of the aberration, 
on account of the analogy in the lesulting foimulse 

We shall call the maximum angle subtended by the mean 
distance ot the eaith fiom the sun, at the distance of the star, 
the constant of annual pa'iallax of the stai^ or, simply, its annual 
parallax If then we put 

* See Gauss, Theona Motu^ Corporum Ccelestiumy Art /I, from whicli fie above 
article is chiefly exti acted Also, for the application of method III , see the same 
woik, Art IIS et nq 
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p = the annual paiallax, 

a = the mean distance of the earth from the sun, 
A = the distance of the star from the sun, 


we Kave 


sin p 


a 

'1 


or, If we toko o = 1 , according to the iiBiial practice, wc have, 

for so small a quantity, 

1 ( 688 ) 


A sin 1" 


899 To JiM the heliocentric parallax of a star m 

, . . 7 . . - xinin'ii/il r)arallctX beWQ 


Fig 60 


7ia ifie riciiuctfLLi vis jju.ha>vv^^ ^ ^ 

latitude at a given time, the annual parallax being gw 
Let T (Fig 60) be the place of the earth in its oiUit, 
if that of the sun Conceive a plane to be 
through the hue Jirand a stai >S, the section 
of this plane with the plane of the ecliptic is 
HT, which, produced to the celestial spher , 

It in a point E of the ecliptic ' 

eaith’s heliocentric longitude, or 180 +0 (P S 
O for the geocentric longitude of the sun cht tlie 

■ given time) If then we also put 

r = the distance of the eaith fiom the sun at the given time, 

^ =: the angle SHE, 

,9;f_ « « STE, 



the triangle SET gives. 


or 


sin (&' — ’>) = J 
— ^=pi sin ■.%' 


(689) 


This formula corresponds to the formula (670) for the 
tio+ieioncd in a d^ection f,«, a point ^ f 
only in the present case this point is m + S’ 

while in the case of the abeiiation it was 

The foimulse for the aberiation may therefoie be immcdi 

applied to the parallax if we put pr for k and 180 + O 
90° + O, or 90° + O for O We thus find, by (675), 


A' A = — pr sin (A — O) 

= — pr cos (A — O) ^ 


] ( 690 ) 
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400. To fold the heliocentric parallax of a star in ri^ht ascension^ 
and declination, the annual parallax being given.— By (678), putting 
pr for k, and 90° + O for O, we have, at once, 


a — — pr sec S (cos O sin a — sin O oos e cos a) 

. § — pr sin O (cos e sin S sin «■ — sin e cos 3) 

- pr cos G ^ ® 


(691) 


401. It can be shown from (690) that, neglecting the sinall 
variations produced by the ellipticity of the eaith s or i , tg 
effect of the annual parallax, considered alone, is to cause 
star to appear to describe a small ellipse about its mean place 
in one sidereal year ; an effect entirely analogous to la o 
annual aberration, Art. 388. But the maximum and miniinum 
of parallax occur when the earth is 90° from the pom ® ^ 
the maximum and minimum of aberration occur: so faat.ti 
major axes of the parallax and aberration ellipses are at rip 
angles to each other. The combined effect of both aberration 
and parallax is still to cause the star to describe an e ipse,^ 
major axis of which is equal to the hypothenuse 
triangle, of which the two legs are respectively equal to tne 
major axes of the two ellipses. For this combinec e , 

pressed by the following formulae (taking r or a 

orbit) . ^ (O - A) - p sin (G - -J)] sec h 

{g' — f) = — [A sin (O — A) + 1 > co8(G — P 

which, if we assume c and y t® determined by the condition 

Q gin y = k sin A — p cos A 
c cos y k cos X p ^ 


or 


become 


c sin (A • 
c cos (A 


-y)=p 
.r) = k 


Q! A) = — c cos (O — y) P 

g) c sin (O — y) P 

1 . 1 T, /(la 4 - This form for the total effect 

in which we have c = V{n -r V )• . 

is entirely analogous to that for the aberration alone. 

MEAN AND APPARENT PLACES OF STARS. 

402. The formulfe above given enablpis to ^ 

ert from flic rooon pkco, or fto mean from the appareul place , 
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blit 111 their present form their computation is exceedingly tiouble 
some We owe to Bessel a veij simple aiiangement hj winch 
then application is facilitated 

In all catalogues of stats the mean placcb only can be given, 
and these only for a ceitain epoch Foi each stai theie is given 
also the annual piecession in light ascension and declination so 
that the mean place foi any time aftei or befoie the epoch of the 
catalogue is leadily obtained, as in the example of Ait 374 
But, since the annual piecession is variable, theie is geneialh 
added its secular variation^ which is the vaiiation of the piecession 
in one bundled yeais Finally, there is given the stai’s piopei 
motion 

If the epoch of the catalogue is and the mean place is ic- 
quired for the time t and we denote by 

■p the piecession for the epoch 
Ap, its secular variation, 

/jt, the proper motion, 

then, since in computing the whole precession for the inteival 
t — Iq we must employ the annual piecession for the middle of 
the mteival, the leduction of the mean place to the time i 
V ill be 

This form applies both to the light ascension and the decimation 

In this way the mean place is bi ought up to the beginning of 
any given year If then we wish the appaient place foi a time r 
fiom the beginning of the yeai, r being expiessed in fi actional 
paits of the yeai, we have fust to obtain the mean place foi the 
given date by adding the piecession and piopei motion foi the 
mteival r, and then the appaient place, by furthei adding the 
nutation and abeiiation Hence, denoting the mean light ascen- 
sion and declination at the beginning of the yeai by oc and d, the 
appaient right ascension and declination for the given time r by 

* The annual pioper motions being also variable (Ait 3T9), it would seem that then 
values given for the epoch of the catalogue could not be earned foiward to anothei 
time without correction But, to avoid the necessity foi this separate coriection, it 
may be included m the seeulai vaiiation of the precession, as is done by Aiigil\n- 
PER m hib catalogue, “ DLX Sldhuum Inxmum Fu^^itioneh imuntt anno IBoO 
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oc' and d\ tne annual proper motions in right ascension and de- 
clination by /i and //', we have, by (663), (668), and (678), 

(Precession and proper motion.) 


: a ~|~ r (m n sin a tan d) + r/^ 

— (15".8148 + 0".8650 sin a tan J) sin Q 

15 .8321 6 .8082 

+ ( 0 ,1902 + 0 .0825 sin a tan 6) sin 2 

— ( 0 .1872 -f 0 .0813 sin a tan 6) sin 2C 

+ ( 0 .0621 + 0 .0270 sin a tan 6) sin (C — ^') 

— ( 1 .1644 -f- 0 .5055 sin a tan d) sin 2Q 

-f ( 0 .1173 + 0 .0509 sin a tan d) sin (Q — r) 

— ( 0 .0195 0 .0085 sin a tan S) sin (Q + -^) 

— 9'C2231 cos a tan 3 cos 
9 .2240 

-f 0 .0897 cos a tan (S cos 2 Q 

— 0 .0886 cos a tan J cos 2((; 

— 0 .5510 cos a tan cos 2Q 

— • 0 .0093 cos a tan d cos (Q -f- 

— 20".4451 cos £ cos Q cos a sec 5 

— 20 .4451 sin © sin a sec S 


for 1800 
1900 


(Nutation.) 


1800 

1900 


I (Aberration. ) 


^ cos a 4- Tju' 

— 6".8650 cos a sin + 9".2231 sin a cos Q, 

6 .8682 9 .2240 

-f 0 .0825 cos a sin 2 — 0 .0897 sin ct cos 2 

— 0 .0813 cos a sin 2 C + 0 .0886 sin a cos 2 C 
-p 0 .0270 cos a sin (C — r') 

— 0 .5055 cos a sin 2 © -j~ 0 .5510 sin a cos 2 © 

4- 0 .0509 cos a sin (© — r) 

— 0 .0085 cos a sin (© 4- Z’) 4- 0 .0093 sin a cos (© 4- 


(Precession and proper motion.) 

for 1800 
1900 


- 20".4451 cos £ cos © (tan e cos d - 

- 20 .4451 sin © cos a sin 6 


- sin a sin d) 


(Nutation.) 


I (Aberration.) 


Kow, it is to be remarked that the two numencal coefficients of 
sin 8m2S2, sin 2 3), &c. in the formula for a' are m each 
case very nearly in the ratio of m to n ;* and hence, if, accor ing 
to the method of Bessel, we put 

: mi 


6".8650 ni 
6 .8682 

0 .0825 = ni’ 

0 .0813 = ni” 
0 .0270 = ni”” 
0 .5055 = 

0 .0509 = ni” 
0 .0085 : 


: ni 


,-yi 


15".8148 

15 .8321 

0 .1902 = mi' 
0 .1872 = mi” 

0 .0621 = mi”‘ 

1 .1644 = wif' 
0 .1173 = mf 
0 .0195 = mi”' 


+ r 

+ h'” 
+ U” 

+ r 


* This relation is not accidental, hut results from the general theory of natation, 
which, the student will rememher, is only the periodical part of the pteeess on. 
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we shall have 

*'= O -j- [t — * sm + I'sm 2 — i"sm 2^ + !'"sm ((£ — F') 

— ziv sm 2 O + sin (Q — r ) — sin (Q +-^)] [m n sin a tan 6] 

— [9" 2231 cos Q, — 0" 0897 cos 2 + 0" 0886 cos 2C 

9 2240 

4- 0" 6510 cos 2 0 + ^^' 0093 cos (Q + 7^)] cos a tan c5 

— 20'^ 4451 cos e cos Q a sec <5 

— 20 4451 sm Q sin a sec <5 

+ 

— A sm 4- A' sm 2 — h" sm 2([ + A'" sm ( ([ — r') 

— A^v sm 2 O 4" sin (Q — sm (Q 4- J~’) 

and 

^ ' = dy 4 - [r — 1 sm 4” sm 2 ^ 4" sm ( (£ — F’) 

— sm 2 Q 4“ sm (Q — r) — sm (Q + ^)] cos a 

4- [9" 2231 cos SI — 0" 0897 cos 2 + 0" 0886 cos 2^ 

9 2240 

H- 0" 5510 cos 20 4- 0" 0093 cos (Q 4- F)} sm a 

— 20" 4461 cos e cos Q ^ cos 6 — sm a sm 6) 

— 20 4461 sm Q cos a sm 6 

+ T/1' 

Putting then, in accoidance witli Bessel’s oiignial notation, 
as employed in tlie Ameiican Ephemeiis foi 1865 and subse- 
quent years, 

A= r — I sm + I'sm — i"sin 2(i 4- t"'sm (d— F') 

— sm 2 O 4- sm (O — ^) " sm ( Q + 

^ _ 9" 2231 cos -f 0" 0897 cos 2J2 0" 0886 cos 2^ 

9 2240 

— 0" 5510 cos 2 0—^" 0003 cos (Q + 

G ~ — 20' 4451 cos e cos Q 

D == — 20 4461 sm Q 

jE^ = — A sm -f A' sm 2 — A" sm 2([ 4 A' ' sin ( C — -T') 

— h}^ sm 2 O 4- sm (O “ (O + 

which quantities are dependent on the time, and aie wholly inde- 
pendent of the stai’s place , and also 

a = m n sin a tan 5 a' = n cos a 

b = cos a tan d b' = — sin a 

c = cos a sec d c' = tan e cos d — sm a sm d 

dZ ziz. bin a sec d d' == cos q, sm d 
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wtich depend on the star’s place, we have 

o!=a.^Aa^Bh + Gc+l>d + B-^rix j (- 693 ) 

d'=.d + Aa'+ + W + Dd' + V i 

The logarithms of A, B, C, D are given in the 
every day of the year. The residual E never exceeds 0 .Oo, and 
may usually he omitted. The logarithms of a, b,c,d,a ,(> ,c , a 
are usually given in the catalogues, but where not given are 
readily computed by the above formulae. When the lig it ascen 
sion is expressed in time, the values of a, b, e, d, above given, 
are to be divided by 15. 

403. If we substitute the values of m and n, namely, 


for 1800, m == 46".0623 
1900, m = 46 .0908 


n = 20".0607 
n = 20 .0521 


we find the following values of i, i', &c. : 



i j 

i' 1 

f 1 

i'" 

lir 



1800 

1900 

0.34221 

0.34252 

0.00411 

1 0.00405 

0.00135 

0.02520 

0.02521 

0.00254 

0.00042 



h 


1800 ' 

+ 0".052 

+ 0".004 

1900 

+ 0 .045 

CO 

0 

0 

0 

+ 


and h’, h", h'", h\ A’* inappreoiaWe. 


The terms in i'' and i" in the expression of ^ may 


be combined 


in a single term ; for, putting 


jco8J= (i-_i^)cosr 
j sin J" = — ^ 

have 

f sin (0 — T) — i” sin (O A r)=j sm (0 + J) 

a.nd taking for 1800, r= 279° 30' 8" ; and for 1900, r= 281» 
1?' 42", we find 



i 

J 

1800 

1900 

+ 

+ 

1 

0.00294 

0.00293 

83° 10' 

81 55 
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Hence tlie values of A, B, and E may be eNpiessed as foil ova 


A = t 

B = 


— 0 34221 sm Q — 0 02520 sm 2 Q + " <^'^294 &m (Q + 83° 10') fo*’ 1800 

0 3U52 0(10200 81 15 “ lOv^J 

+ 0 00411 sm — (» 00405 sm 2C + <> 00135 sm (C - ^ ) 

- 9" 2231 cos Si - 0" 5510 cos 2 Q - <>" 0093 cos (Q + ^10° Sp ; 1800 

9 2240 

+ 0 0897 cos 2 — 0 0880 cos 2^ 


£;== — 0" 052 sm — 0" 004 sm 2 Q 

0 045 0 OOa 


“ 1800 
“ 1900 


These values agieo (within quantities piacticallj inappieeialih 
with those given hjDi Pbcers (lYunicius Constant NuMioius, p]. 
73, 70) It^is uec-okaivto lemaik that ni the Bntish Ashoeui- 
tiou Catalogue and the Thitish Xautical Ahu<uiai, tlie piecei lu. 
values ot C and I) aie denoted h} A and A, and me >n^a 
See p 94 


404 'When the catalogue does not give the logs of u, 5, eCt , 
anothei form of i eduction, also pioposed h} Bessel, maj soiue- 
times he piefeiied By putting 

/ = mi. + -E i = a tan e 

g cos G-= nA h cos II — B 

g sm Gr = B sm H — G 

we find 

a'=a \-f -f-T// -f (jrsin (tT-|-a3 tan (5 + 7i Sin (H'+(x)scCf5 I 

S'::=54-icos(54-T/i'+^co&((r4-tt) /i cos (if + ») sm 3 ) 

The values of/, log g, G, log /?, if, log i, and log r aie given in 
the Ephemeiis foi eveiy day of the ye-r 


405 A star’s appaient place nicij be leduccd to its mean plac o 
and referred to the mean equinox of any given date hy leveising 
the signs of the i eductions as above determined By the 
etpparoU place of a stai 5\e heie mean the apparent gcot oii) le ])lac c’ 
The observed place (that seen fiom the suifaee of the caith) dificns 


*Tliis interchange of letters, most unnecesbarily introduced by Baily in the British 
Association Catalogue, produces considerable inconvenience, as in most ot the Euro- 
pean catalogues of stars Bessel's notation is preseived, while in the English Almanac 
Baily's notation is followed In the American Ephemeiis foi 1865 and subsequent 
years the notation of Bessel has been lestored an example which will doubtless he 
followed by the British Almanac at in eaily daj 
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from this by the diuinal aberration and the reti action, hut the 
fiist of these corrections depends on the latitude ol the ohscivei 
and the star’s hour angle, and the second upon the stai s zenith 
distance so that neithei of them can he hi ought into the com- 
putation of a stai’s position until the place of ohseivation and 
the local time ai e given 


406 The fictitious year —In the piecedmg investigations, we 
have used the expression “ beginning of the yeai,” Aiithout giving 
It a definite signification Foi the puipose of iiitioducing 
umfoimity and aecuiacy in the i eduction ot stars places, Bessel 
proposed a fictitious yeai, to begin at the instant vlien the sun s 
mean longitude is 280° This instant does not coiiespond to 
the beginning of the tropical year on the meridian of Gieenv ic i , 
that IS, the (mean) sun is not at this instant on the meiidian o 
Greenwich, but on a meridian whose distance from that of 
Greenwich can alwaj s be determined by allowing for the sun s 
mean motion This meiidian at which the fictitious year egins 
will vaiy in different years, but, since the suns mean right 
ascension is equal to his mean longitude (Ait 41), the sic eiea 
time at this meridian ivhen the fictitious year begins is always 
18'‘ 40'" (= 280°) By the employment of this epoch, theiefore, 
the reckoning of sidereal time from the beginning of the year is 
simplified, and, accordingly, it is noiv generally adoptee as e 
epoch of the catalogues of stars In the value of log , v uc i 
involves the fraction of a year (r), the same origin o 
be used , and this is attended to in the computation of the J^he- 
merides, which now give not only the logarithms of A, Ji, O, 
and D, but also the value of r (oi its logarithm) reckoned from 
the beginning of the fictitious year and reduced to decima par 
of the mean tropical year 

For all the purposes of reduction of modern obseiva ions, 
computer need not enter fuithei into this subject, anc m y 
depend upon the Ephemendes But, as the su jec is 


* The reduction of observations made between 17 j 0 and ^ 

,eniently performed by the aid of the Tabul. Res^omntan. of The^^ 

Vol IV p 142 The special and general tables foi the leduction ot stais places, 
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niately connected with that of time in general, I shall prosecute 
it a little further. 

407. The sun's mean motion^ and the length of the year. — Accord- 
ing to Bessel,"^ the sun’s mean longitude at mean noon at Paris 
in 1800, January 0, is 

279^^ 54' 1".36 

and the sun’s sidereal motion in 365.25 mean days is 

360*^ — 22".617656 

(By January 0 is denoted the noon of December 31 in the com- 
mon mode of expressing the date; and, consequently, Jan. 1, 2, 
&c. denote 1 day, 2 days, &c. from the epoch, while in the com- 
mon mode they mean the beginning of the 1st day, 2d day, &c.) 

The sidereal motion is referred to 2 ^ fixed point of the ecliptic; 
but the mean longitude is referred to the moving vernal equinox. 
Hence the change of the mean longitude in any tiiiLe is the 
sidereal motion in that time plus the genei'al precession ; and 
therefore, adopting here Bessel’s precession constant,! in order 
to follow his computations, 

Sid. motion in 365^^.25 = 360° — 22". 617656 

General precession = + 50.22350 + 0".000244361f 

Mean motion in 365^^.25 = 360° + 27 .605844 + 0 .000244361 ^ 

and, dividing by 365.25, 

Mean daily motion = 59' 8".3302 + 0".0000006902^ 

ivliere t is the number of years after 1800. The secular change 
of the mean motion, expressed by the second term, brings with 
it a secular change of the length of the tropical year. This year 

gi-yen in the Washington Astronomical Observations, Yol. IIL, Appendix C, are also 
adapted to the new constants. 

For the reduction of observations from 1850 to 1880, the Tab, Reg. have been 
continued by Wolfees and Zech {Tabula Redaotionum Observationum Asironomicarum 
Annis 1860 usque ad 1880 resfondentes, auctore X Ph. Wolfees : Addiise sunt, Tabulae 
Regiomontanse annis 1850 usque ad 1860 respondentes ab III. Zech continuatse. Berlin, 
1850). In the continuation by Zech, which extends from 1850 to 1860, all tbe 
constants are the same as those used by Bessel ; in the continuation by Wolfeus, 
trom 1860 to 1880, Bessel’s precession constant is retained, but Petees’s nutation 
constant is adopted. 

^ach., No. 1^3. 


t Ibid. 
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la tlie time in which the Riiii changes his mean longitude exactly 
360"^, and is, theiefoie, found by dividing 360 by the mean daily 
motion thus, if we put 

Y = the length of the tiopical yeai m mean solai days, 
we find 


r= 365** 242220027 ~ 0^* 00000006886 f 

where the value of the second term for^ = 100 is 0* 595, which 
is the diminution of the length of the tropical year in a century 
The length of the sideieal year is mvaiiable, and is readily 
found by adding to 365 25 the time required by the sun to move 
through 22" 617656 at the late of his sideieal motion, oi, putting 

the length of the sideieal year, 

by the pioportion 

360^ — 22" 617656 : 360^^ f= 365^* 25 : Y' 


which gives 

Y' = 365 256374416 mean solar days, 

= 866 256374416 sideieal days 

408 The epoch of the sun's mean longitude — This term denotes" 
the instant at which the common j eai begins The value of the 
longitude itself at this instant is fiequeiitly called ‘^tlie epoch, ' 
and is denoted by E Its value foi Januaiy 0 of any yeai, 
1800 + IS found by adding the motion in 365 days foi each 
yoai not a leap yeai, and the motion m 366 days foi each leap 
year The motion in 365 days is found fiom the above a alue 
for 365 25 days by deducting one-fouith the mean daily motion, 
01 14' 47" 083 so that, if / denotes the remainder aftei the 
division of t by 4, we have, for the epoch of 1800 + /, Jan 0, at 
Pans, 

£» _ 2790 54' 1" 36 + 27" 605844^ + 0" 0001221805 f 

^ (14' 47" 083)/ (693) 

To extend this formula to years preceding 1800, we must put 
f — 4 in the place of f so that the multiplier of (-^ 14 47 083) 
will be, foi example, ^ 1, - 2, - 3, - 4, - 1, &c for the years 
1799, '98, '97, '96, '95, &c But these rules for / will give the 
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mean longitude at the beginning of the leap years too great by 
1he motion in one day (since the additional day is not added until 
the end of Febiuaiy), and therefore the epoch foi these yeais 
IS Januaiy 1 instead of January 0 A gencial table containing 
the mean longitude at mean noon foi cveiy day of the yeai, 
computed fioin the mean longitude foi Jan 0 by the foi inula, 
will be applicable to leap yeais if m the months of Januaiy and 
Febinaiy we increase the aigument of the table by one day, as 
m Table YI of the Tab Beg 

409 To find the beginning of the fictitious year — ^Denoting the 
mean time from the beginning of the fictitious yeai to Jan 0 of 
any year by A*, we have 

, B — 280 ^ 

k =: — 

mean daily motion 

whence, taking the daily motion = 59' 8" 3302, we find, in deci- 
mals paits of a mean day, 

0 10107289 + 0 0077799535 1 
— \f -p 0 000000034433 

The quantity I is evidently equal to the east longitude fiom 
Pans of that terrestiial mendian on which the fictitious year 
begins (Art 406) 

410 In the Tabulce Begiomontance the argument is the reducect 
date as it would be leckoned at the mendian in the east longitude 
/., the beginning of the fictitious yeai being always denoted by 
Januaiy 0 If then d is the west longitude from Pans of any 
place, the instant of mean noon at this place coi responds to the 
instant k d oi the fictitious meridian, and thei efore k + d is 
the reduction to apply to the mean time at the place to obtain 
the aigument with which to entei those tables 

But, if the sideieal time at the place d is given, it is most ex- 
pedient to reckon the time at once in sidereal days fiom the 
beginning of the fictitious yeai Accoidmgly, in the tables con- 
taining the values of log A, log J5, &c foi the i eduction of stars, 
the aigument is the sidereal date at the fictitious mendian To 
obtain this date, it is to be obseived, first, that the tables ai e im- 
mediately available on the fictitious mendian foi the sidereal 
time 18'‘ 40"', without anj^ i eduction of the date Foi any othei 
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iticndiau, at iLc sideieal time 18'’ t0”‘ the ciigiunciiL of the table 
will be the rcdiKcd daic , but at an) otliei sideical time g the 
argument must be this i educed date inci eased by 

^ — 18 ^ 40 - 

which must be alwaj s taken < 1 and positive , oi by the quantity 

(f ™ ^ 

omitting one Avhole day if rj + 5'‘ 20'^ > 24'* Now, in ordei that 
tlie local date may eoi respond with that supposed m the tables, 
the day must be supposed to begin at the instant when that point 
IS on the meridian whose light ascension is 18'* 40"* Therefoie, 
whenevei the light ascension ot the sun is as gieat as 18'* 40"*, 
so that the point in question culminates before the sun, one day 
must be added to the common leckoning Hence the formula 
foi piepaiing the aigument of the tables will be 

Aujument = Eediiced date + c/ + 
m which we must take i = 0 fiom the beginning of the year 
to the time vhon the sun’s K A = and z = -f- 1 after this 
time 

The values of q' aie given on p 16 of the Tab JReg foi given 
values of g The values of A aie given m Table I 

The values of log A, log J5, log C, log D aie also given m the 
Beihn Jahibuch foi the fictitious date , and the constants of pie- 
cession, nutation, and abeiiation aie the same as those em];)lojed 
by Bessel in the Tab Reg 

411 Conversion of mean into sideieal iime^ and icce versa — Li the 
explanation of this subject in Chajitei II we said nothing of the 
effect of nutation, which w^e vill now considei Let us go back 
to the definitions and state them moie preeiselj 

1st The fiist mean sun, which may be denoted by Op moves 
unitormly in the ecliptic, letuinmg to the peiigee with the true 
sun The longitude of this fictitious sun lefeiied to the mean 
equinox is called the sim's mean longitude 

2d The second mean bun, which nia\ be denoted by O 2 J moves 
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111 tlie eqiutoi, letuinmg to tlie mean equinox with tlie 
fust mean sun 

Sd The sidereal day begins with the transit ot the ti ue equi- 
nox , and the sideieal time is the hour angle of the ue equinox 
Hence it follo^^ s that 

the mean E A of Oa= the mean long of Oi = the 8un^s 
mean longitude, 

and since when O2 is on the meiidian, its E A leckoned fiom 
the true equinox is also the hoiii angle of the tine equinox, it 
also follows that 

Vq = the sidereal time at mean noon 
= true E A of O3 

= mean E A of O2 + nutation of the equinox in E A 
= sun’s mean longitude + nutation of the equinox inE A 

The nutation of the equinox in E A is found fiom the fiist 
equation on p 626 hy putting a = 0, 5 = 0, whence 

nutation of equinox in E A = aA cos £ 

which IS the quantity given m the Nautical Almanac as the 
“equation of the equinoxes 111 light ascension ” 

Since the nutation is contained in the value of Vq given in the 
Almanac foi each mean noon, no fuithei attention to it is needed 
when that woik is consulted, and the lules given in Chaptei II 
are theiefoie piactically complete 
Foi the conveision of time between 1750 and 1850, the Tab , 
Beg furnish the following facilities — Table VI gives the light 
ascension of the second mean sun, collected foi the solai nuta- 
tion of the equinox, foi every mean noon at the fictitious mcii- 
dian k Since the fictitious yeai c Iways begins with the same 
mean longitude of the sun (01 light ascension of O3), the num- 
bers of this table are general, and may be used foi eveiy yeai 
The number taken from this table foi any given date (which 
must be the reduced date above explained) aie then collected foi 
the lunai nutation of the equinox in light ascension, which is 
given m Table TV foi all dates between 1750 and 1850 We 
thus obtain the sidei eal time at mean noon (= Fo) at the fictitious 
meiidian on the given day Any given mean time at another 
meridian is then converted into the coiiesponding sideieal time^ 
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or mce rei w, accoiding to tlie rules m Chapter II , employing the 
foi the fictitious niGiidian precisely as it was theie employed 
fertile meiidian of Greenwich — The longitude of the place to 
be used heie is L -f- d, d being the west longitude of the place 
from Pans, and k the east longitude of the fictitious meiidiau 
from Pans given in Table I 

REDUCTION OF THE APPARENT PLACE OF A PLANET OR COMET 

412 The observed place of a planet (or comet) being freed 
from the effect of lefiaction, diurnal abeiration, and geocentiic 
Xiaiallax, we have the appaient geocentric place, lefeiied to the 
true equatoi and equinox of the time of obseivation, and affected 
by the planetaiy abenation For the calculation of a planet’s 
oibit fiom thiee or nioie obseivations at diflFeient times, it is 
iiecessaiy to lefei its places at these times to the same common 
lixecl planes, which is most leadily effected by reducing all the 
X:>laces to the equinox of the beginning of the year in which the 
obseivations aie made, or, when the observations extend beyond 
one year, to the beginning of any assumed year To effect this, 
we must apply to each appaient geocentiic place — 1st The aber- 
X'ation (C87), with its sign leveised, m computing which the posi- 
tion of the observei on the suiface of the earth may be con- 
sideied by taking r' equal to the actual distance of the planet 
from the obseiver at the time of observation This distance is 
found from the geocentiic distance at the same time with the 
parallax, by the equation (137) 

2d The nutation foi the date of the observation, with its 
sign leversed 

3d The piecession from the date of the obseivation to the 
a.s Slimed epoch, which will be subtracted oi added according as 
tliG epoch piecedes oi follows the date 

Put the nutation and piecession aie most conveniently com- 
puted togethei by the aid of the constants A and B used for the 
fixed stais These constants being taken for the date, a, 6, a', 
£tird b' aie to be computed as m Art 402, with the right ascen- 
sion and declination of the planet , and then to the a and o, 
ixlready corrected for aberration, we apply the corrections {Aci 
-h Bb) and — {Aa^ + Bb^) respectively The place thus obtained 
is the irue 'place of the planet referred to the mean equinox of the 
beginning of the yeai If the seveial observations are in difteient 
VoL I — 42 
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}e<UH, tliC} aie then to he lediicecl to the same cpocli by simialy 
applying the annual pieccssion, c being the annual precession in 
light ascension, and c' that in declination 
When the distance of the planet is not known, the abci ration 
is taken into account by Method III ot Ait 39G , but the details 
of this subject belong to the computation of oibits, which is re- 
served for Physical A&tionomy. — See Gauss, Theon 3Iot Corp* 
Cod 5 Alt 118 seq. 


CHAPTER XII 

DETERMINATION OF THE OBLIQUITY' OF THE ECLIPTIC AND THE 
ABSOLUTE RIGHT ASCENSIONS AND DECLINATIONS OF STARS B1 
OBSERYATION 

413 The most obvious method of finding the obliquity of the 
ediptie is to moasuie the sun’s appaieiit decimation at either the 
noitheiii 01 the southein solstice, toi at these points, assuming 
the sun to be exacth in the ecliptic, the declination is equal to 
the obhcpiity Indeed, vitliout aiij leteieiice to the sun s abso- 
lute declination, a lude appioxiiiiatc value ot the obliquity is at 
once deiived by taking one-half ot the chffeience of the meiiclian 
altitiideb of the sun on the 21ht of June and the 21st of Decembei 
Upon this principle the ancients succeeded m measuiing the 
obhquit} by obseiving the greatest and least lengths ot the 
meiidiaii shadow of a gnomon 

414 In what tollovs, we suppose the sun’s declination to be 
ob^elved This is obtained fiom the tiue meiichan zenith dis- 
tance [0 of the sun’s centie, and the known latitude ot the pilacd 
of obseivatioii ( 97 ), by the foimula* 

d ~ 0 — c 


Ike sign (>f I IS to ke ciianged when ike sun is noitk of tke zenitlx of tk.^ 
uks i\ei 
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415. Now, the sun’s declination is equal to the obliquity only 
when it has reached its maximum (northern or southern) limit, 
that is, precisely at the solstitial points. But, since the sun will, 
in general, not arrive at the solstice at the same time that it 
culminates at the particular meridian at which the observation is 
made, we cannot directly measure this njaximum by meridian 
observations. But we can measure the declination at several 
successive transits near the solstice, and then by interpolation 
infer the maximum value. A simpler practical process (which 
we shall explain fully below) is to reduce each observation to the 
solstice ; but this requires us to know (at least approximately) 
the tme when the sun arrives at the solstice, and this, again, 
supposes a knowdedge of the position of the equinoctial points, 
which are 90"^ distant from the solstitial points. 

The position of the equinoctial points may be determined by 
observing the sun’s declination on several successive days near 
the time of the equinoxes, and, by interpolation, finding the time 
when the declination is zero. At the same time, a comparison 
must be made between the times of transit of the sun and some 
star, adopted as fundamental : so that the distance of the 
star from the equinoctial point, or its right ascension, is fixed. 
We may then regard the star as a fixed point of comparison by 
which the instants when the sun arrives at any given points (as 
the solstices) may be determined. But, instead of finding the 
equinoctial points by a direct interpolation, it is preferable in 
this case also to refer each obseiwation to the equinox, which, as 
will be seen below, requires an approximate knowdedge of the 
obliquity of the ecliptic. 

The determination of these two elements, the obliquity of the 
ecliptic and the position of the equinoctial points, is, therefore, 
effected by successive approximations ; but, in the actual state 
of astronomy, the approximations are ah'eady so far carried out 
that the remainina: error in either element can be treated as a 
differential wdiich, by a judicious arrangement of the observations, 
produces only insensible errors of a higher order in the other 
element. I proceed to treat fully of the precise practical 
methods. 

416. Determination of the ohliquity of the ecliptic . — ^Let D be the 
sun’s apparent declination derived from an observation near the 
solstice ; A its apparent right ascension at the time of the obser- 
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valion, cleilved fiom the aolai tahles , £ the appaieiit obliquity 
of the ecliptic foi the same time Tl the sun weic exactly in 
the ecliptic, we should have, hy (34), 


sm A tan e = tan D 

hut accuracy lequires that the sun’s latitude, /?, should he taken 
into account We have, hy (29), 


tan D — tan e sin A = 
which, if we put 
hecomes 

tan D — tan D' = 


sm /? 


cos D cos e 
tan D' = tan £ sm A 
sin(D — D') ___ 


(0941 


i^sDcosD' cos D cos £ 
whence, with sufficient accuracy, since ^ nevei exceeds 1 , 
D — D' == i5 sec £ cos D 


Hence, if the correction ^ secs cos D is siihti acted from tlie 
given declination D, we shall obtain the t educed declinatioii p 
from which, hy (694), we can deduce £ It is evident that JL >' m 
the declination of the point in which the ecliptic is uitoi sectcc 
by the declination ciicle drawn thiongh the suns centie, aiu 
we may 'call the quantity /3 sec £ cos D the ledactm to the cchptic 
Hear the solstices, however, this leduetioii does not sensibly 
diftei fiom /3, since cos £ and cosD aie then very ueaily ecpuil 
We' shall, theiefoie, lu the piesent problem, find the ic(lucG( 
declination by the foimula JD' — D — ^ , and then we have, by 
C694), 

tan e == tan D' cosee A (696) 

Instead of computing £ from this equation directly, it is usual 
to employ its development in senes by wdiich the diftcieiice ot 
s and D' is obtained Foi, since A neai the northern s<dsticc is 
neaily 90°, if we put 

M = 90° — A 


u will be a small angle whose cosine and secant will not (lifter 
much fiom unity', and the equation (696), expiessed in the form 
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tanZ)' = tan £ cos w, will be developed m the senes [PI Trig, 
Alt 254] 

J)f — £ = ^ sin 2 e -f- J ^ H" ^ ® ® “1“ 

111 which 

cos u — 1 X 0 1 

q ~ _ tan^ I u 

cos ^^ + 1 

and the terms of the senes aie expiessed in aic Kediiciiig to 
seconds, and putting 


or 


X = the 1 eduction to the solstice, 


tan^ ] u 
sin 1" 


sin 2 £ 


tan* 111 . , o ^ 

^ sin 4 £ + &c 

2 sm 1' 


(697) 


we have, at the northeryi solstice^ 

£ = D' + a:=i)-~/5 + a; (698) 

The reduction x can be tabulated, foi any assumed value of £, 
with the argument The changes of the tabulai numbeis 
depending on a change of the obliquity may also be given in the 
table so that these numbeis may be leadily made to coi respond 
to any assumed obliquity 

Foi the southern solstice, we take ?^ = 270°— A, and the 
equation (696) will give tan D' = — tan £ cos the development 
of which gives the algebraic sum Z)' + s ? but we can avoid the 
use of two formute by throwing tins change of sign upon s, 
legal ding the obliquity obtained fiom the southern solstice as 
negative, during the computation This simply changes the sign 
of the induction x 

417 Let ns now inquire what effect an erroi in the light 
ascensions taken from the tables, or in % will pioduce in the 
computed value of £ Diffeientiatmg the equation (696) with 
leference to £ and A = ± 90° — we find 

ds tan u sin 2 £ du 

If we suppose the euor in the tabular light ascension of the 
sun to be in any ease as gicat as one second of time (the actua 
piobable error, howevei, being much less), and, therefore, su 
statute in this equation du = 15", e = 23° 2<' 5, we find 

ds — 5" 48 tan u 
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1^01 n — 10°, tins gives de — 0" 97 The sun’s motion being 
about 1° per day, we shall have u < 10° for obseivations withiL 
tAi days of the solstice, and the eiior in the computed obliquity 
less than 1", even if the eiioi in the light ascensions is as gieal 
as 15" But this eiioi will be wholly eliminated if observations 
equidistant from the solstice preceding and following it ai e com 
bmed, for then u, and consequently also c/e, will have equal 
numerical values with opposite signs, and the eriois will destroy 
each other in the mean 

418 The mean of the values of the obliquity found from a 
number of obseivations, piecedmg and following tlie solstice 
and symmetiically disposed, wull, theiefore, be taken as the 
value of tlie obliquity at the time of the solstice, fiee fiom eirois 
in the light ascension, and affected only by the unavoichiblo 
eiiois of obseivation and byany eiiois that may exist in the 
lefi action and parallax oi in the latitude of the place of observa- 
tion The erior in the latitude is eliminated by taking the niean 
ot the values of the obliquity found at the noitheiu and the 
southern solstices The eiroi of the lefi action tables will at the 
same time be paitially eliminated, but not wholly, since these 
eiiois have piobably diffeient values at zenith distances difteiing 
so much as 47° , but a sensible eiioi in the mean lesultiug fioiu 
any piobable eiroi in the pi esent value of the solai paialhix is 
not to be feared 

Before taking the mean, howevei, it is piopei to deduct fioni 
each value the nutation of the obliquity (as. Ait 381), foi the 
times of the two solstices lespectively, wheieby we obtain the 
'inean obliquity , and then to i educe this to the same fixed epO(‘h, 
as the beginning of the yeai, by allowing foi the annual decrease 
The value of this annual deciease adopted in (646) is 0" 4738, 
but this value was deduced by Peters fiom theoiy, while the 
value derived directly from observations at distant peiiods is, 
accoiding to Bessel, 0" 457, and, according to Peters, 0" 4645 

In combining a numbei of deteiminations made at the same 
place in diffeient years, it is not indispensable that there should 
be observations at both solstices in every yeai, provided there 
aie in all as many determmations at the northern as at the 
southern solstice 

419 Example — ^Emd the obliquity of the ecliptic fiom the 
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following appaieiit declmutions ot the suu’b ceiitio, ohbencd at 
the Wabluugtoii Ohseivatoiy by Professoi Coffin and Lieutenant 
Paoe, with the mural circle 


184b 

I) 

1846 1 

jy ! 

June 16 

23° 21' 56" 02 

Decembei 14 

— 23° 14' 17" 26 

“ 19 

26 28 19 

« 15 

17 33 82 

“ 20 

27 6 79 

U 16 ' 

20 22 94 

“ 23 

26 39 92 

18 

24 32 69 

H 27 

20 17 84 

21 

27 20 43 



22 

1 27 19 64 



23 

i 26 49 82 



29 

i 14 1 20 


Taking 5'‘ 8”* 11' 2 as the longitude of ■Washington horn Gieen- 
wich, Ave find, foi apparent noon at ashington, the folloiynij^^ 
values of the sun’s light ascension and latitude fiom the Nautica 
Almanac 


1846 

A 


1846 

A 

/5 

June lb 

5* 38“ 37' 13 

+ 0" 18 

Decembei 14 

17* 2fa“ 52' 73 

4- 0^' 35 

“ 10 

5 )1 5 77 

— 0 10 

“ 15 

17 31 18 43 

+ 0 46 

“ 20 

5 55 15 44 

— 0 32 

‘‘ 16 

17 35 44 88 

4-0 67 

‘‘ 23 

6 7 44 44 

— 0 63 

“ 18 

17 44 36 91 

4-0 72 

‘‘ 27 

6 24 22 00 

— 0 72 

21 

17 57 56 69 

4-0 70 




<< 22 

18 2 23 39 

-fO 64 




23 

18 6 60 09 

4-0 50 




‘ 29 

18 33 28 11 

— 0 10 


Supposing no tables of the reduction at hand, et us fust 
1 educe the ohseivatioiib at the summei solstice by the onginal 
equation (696) Subti acting ^ fiom the obseived values ot D, 

we then have 


June 16 

D' 

23° 21' 55" 84 

log tan jy 

9 6355081 

log cosec A 

0 0018927 

log tan e 

9 6374008 

« 

23° 27' 23" 61 

19 

26 28 38 

6370823 

03278 

4101 

25 22 

“ 20 

27 7 11 

6373056 

00930 

3986 

23 23 

“ 23 

26 40 55 

6371524 

02478 

4002 

23 51 

27 

20 18 50 

6349452 

24692 

4044 

24 25 


Apparent obliquity = 

= 23 27 23 96 
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Foi tLe sake of compaiison, I add the results of the computa- 
tion by the senes (697), which, howevei, will he far less con- 
venient than the above diiect computation, unless a table of the 
reduction is used. 



u 

D 

Red to solstice 

Red for 

ont 

e 

June 16 

+ 27»" 22* 87 

23° 21' 5b" 02 

+ 5' 27" 77 

1 

o 

1—1 

QO 

23° 27' 23" 61 

“ 19 

-f 8 54 23 

26 28 19 

0 56 84 

+ 0 19 

26 22 

20 

4 44 56 

27 6 79 

0 16 13 

+ 0 S2 

23 24 

23 

- 7 44 44 

26 39 92 

0 42 96 

+ 0 63 

23 61 

27 

— 24 22 00 

20 17 84 

7 6 69 

+ 0 72 

24 25 


Apparent obliquity = 23 27 23 96 
Nutation"^ = -|- 8 24 


Eeduction to Jan 0 1846 = 0" 4645 X ^ 409 = ^ 

Mean obliquity 1846 0 = 23 27 32 42 

In the same manner, for the southern solstice we have 



u 

D 

Red to solstice 

Red for 

O lat 

. 1 

Dec 

14 

+ 33”* 

7' 

27 

— 23° 14' 

17" 

26 

— 13' 

6' 

48 

— 0" 

36 

23° 27' 24" 

09 . 

it 

16 

+ 28 

41 

57 

17 

33 

82 

9 

50 

24 

— 0 

46 

24 

62 ; 

it 

16 

+ 24 

15 

62 

20 

22 

94 

7 

1 

98 

— 0 

57 

25 

49 ' 

ti 

18 

+ 15 

23 

09 

24 

32 

69 

2 

49 

70 

— 0 

72 

23 

11 

( 

21 

+ 2 

3 

31 

27 

20 

43 

0 

3 

03 

-0 

70 

24 

IG 


22 

— 2 

23 

39 

27 

19 

64 

0 

4 

09 

— 0 

64 

24 

37 


23 

— 6 

50 

09 

26 

49 

82 

0 

33 

49 

— 0 

50 

23 

81 

n 

29 

— 33 

28 

11 

14 

1 

20 

13 

23 

05 

+ 0 

19 

24 

06 1 


Appaient obliquity = 23 27 24 20 

Nutation = -j- 8 98 

Eeduction to Jan 0 1846 = 0" 4645 X 0 971 = + 0 45 


Mean obliquity 1846 0 = 23 27 33 63 

The lesults from the two solstices being combined in order to 


* The nutation foi 1846 is found by the formula (Art 381) 

Ae = 9" 2235 cos — 0" 0897 cos 2 + 0" 0886 cos 2 ([^ 

+ 0 5609 cos 20 + 0 0093 cos (Q + 

For the northern solstice June 21, 9*, I have taken = 214® 27', ([;= 69®, Q — 90®, 
rz= 280°, foi the southern solstice, Dec 21 16^ = 204° 45', ([^= 319°, Q = 270®, 

I = 280° To proceed with theoietical rigoi, the nutation should be found for the 
time of each observation 
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eliminate tlie ciioi of tlie assumed latitude of Wasliingtoii,* 
we liave, finally, 

Mean obliquity foi 1846 0 fiom obseivation = 23® 27' 33" 03 
The same by Peters's foimula (646) with 1 
the annual decrease 0" 4645 j 


420 The seculai vaiiatioii of the obliquity is found by com- 
paring its values at veiy distant epochs The obseivations of 
Bbadley fiom 1753 to 1760 gave foi 1757 295 the mean obliquity 
23® 28' 14" 065 The ohseivations at the Doipat Obseivatoiy 
gave foi 1825 0 the mean obliquity 23® 27' 42" 607 Hence 

Annual vai = — = — 0" 4645 

67 705 

Bessel found — 0" 457 by compaimg Bradley’s obseivatioiis 
with his own 

The seculai variation is also found in Physical Astionomy, 
theoietically The value thus obtained by Peters in his Nume- 
rus Consians Nutationis is — 0" 4738, as given m the foimulae 
(646) 


421 Determination of the equinoctial points^ and the absolute right 
ccscension and declination of the fixed stais — The declinations of the 
fixed stars are eithei directly measuied by the fixed mstiuments 
of the obseivatoiy, or deduced immediately fiom then observed 
meridian zenith distances (collected foi refraction) by the foimula 
d == (p - ^ The practical details, wdnch depend on the iiistiu- 
ment employed, will be given in Vol H Here we have only 
to obseive that the immediate result of such a measuiement is 
the apparent declination at the time of obseivation, which must 
then be i educed to the mean declination foi some assumed 
eqooch by the foimulse of the pieceding chaptei 

The position of the equinoctial points is determined as soon 
as we have found the light ascension of one fixed star, and this 
is done by deducing fiom obseivation the difference between tie 


* The latitude employed in deducing the declinations was 38 ° ^'39" 25 The 
latitude given hy the culminations of Polaris is 38° 53 39 52 ( as mg on 
Ohs Vol I , App p 113) If we adopt thelattei value, the obliquity derive 
the noithern solstice will be inci eased by 0" 27, and that derived from the sou hem 
solstice will be diminished by the sime quantity , and the diffeience en lem 
between the two results will be onlj 0" b7 
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sun’s right ascension and that of the stai at the time the sun 
at the equinoctial points For this puiposc a bright stai is 
selected, which can be oliseived in the daytime and at eithci 
equinox, and which is not tai liom the eqiiatoi On a day neai 
the equinox the times of tiansit of the sun and the stai aie 
noted by the sideieal clock , and at tlie tune of the sun s tiansit 
his decimation is also measured Let 

T — the clock time of the sun’s tiansit, 
t= “ stai’b “ 

Ai D, /9 3= the sun’s appaient light ascension, declination, 
and latitude at the time T, 

a — the stai’s appaient light ascension at the tunc t, 
fi = the appai enl obliquity of the ecliptic at the 
time Tj 

dien, coriecting the sun’s declination by the foimula (695), oi, 

D' = D — [i sec £ cos 2> 

we have, by (694), 

sin A = tan D' cot £ 

Thus A becomes known, and hence, also, a by the foiinula 

^^A+it—T) (TOO) 

111 Avhich t — Ti^ the tiue sideieal mteival between the obseiva 
tions collected foi the clock late 

The observation is to be lepeated on a numbei of days ])ie- 
cedmg and following each equinox The stai’s appaient light 
ascension is in each case to bo fieed flora the effects of abeiia- 
tion, nutation, and piecession (also piopei motion and annu<il 
paiallax, if knowui) Each observation thus fuinishes a value ol* 
the star’s mean light ascension at Lie epoch to which the le 
duction IS made In oidei to leain what combination of these 
values wull best eliminate constant ciiois in the elements upon 
wdiich A depends, let us examine the effects of these eiiois 
We speak only of consttud eiiois, the atade)ital eiiois of obsei^ 
vation being i educed to then minimum effect by taking the 
mean of a laige numbei of obseivations 

The coriection wdnch the assumed value of the obliquity 
tequiies being denoted by c/s, the coiiesponding collection of ^ 
is found, by difteientiating (099), to be 
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dA = — (h 


2 tan A 
sin 2 s 


The collection of the dechnatioii D' is composed of the loi- 
leotions in the latitude and the zenith distance siiicCj 3 
the foimula D = (p — C? have 

dD = d<p — 

But IS itself composed of the collections lequiied in the le- 
fi action and the sun’s parallax and the collection foi any eiioi 
peculiai to the zenith distance which afiects the meiidian 111 
stiument employed in the obseivation Denoting the collection 
of the lefi action hj d), that of the suns paiallax by dp^mC^ 
that of the instiumeiit foi the zenith distance C h} /(C)? 


dJD = dcp — \d) — dp sin C + /(Ol 

The effect of this collection upon A is found, by difleientiatmg 
(699) with lefercnce to D' (legaiding dD as equal to dD ), to c 


dA = dD 


2 tan A 
sin 2D' 


If then a' denotes the collected mean light ascension oi tnc 

stai, free fioni all constant eiiois, we have 

2 tan^t j_ ^ tan A 
a — a [rl<P — di + djy sin C /(»)J 2 D' ^ ^ sin 2s 


This foimula shows that neaily all the eiiois will he eliminated 
by taking the mean between two obscivatioiis taken at the same 
zenith distance (oi the same declination), the one near the veina , 
the othci neai the autumnal eciuinox Foi, the fiist obseiwation 
being taken when the declination is J)' and light ascension A, 
at the second one the same declination D' will give the righ 
ascension 180° - A, the tangent of ivliich is the negative of that 
of A The tenipeiatme being geneially difteient at the tw 
seasons of the yeai, we cannot absunic that the eiioi in 
refiactiou tables\vill be the same at both obseivations unless we 
can also assume that the law of collection of the lefiactvon foi 
temperatuie is perfectly kiiowm So, also, we must admit the 
possibility that such changes of temperatuie change the inst 
mental collection, but the collections of tie a i me mi 
paiallax will lemain the same Hence, if a, is the mean iig i 
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ascension computed from the obsei'vation at the autumnal 

equinox, the corrected light ascension will be 

^ -,2 tan A , 2 tan A 

[d^ - dr, + dp Sin c - A(C)] + de 

in w^hich dr-^ and/j((^) denote the collections for the same zenith 
distance as before, but foi a difteient tempeiatuie The mean 
v-alue of oc' obtained fiom the two obseivations is then 

a' = K- + ^i) + --dr+f, (0 -/(C)] 

This mean is thus freed entiiely fiom the effects of the eirors of 
latitude and the assumed obliquity, and the remaining eii oi is com- 
posed merely of the difference of the eriois of refi action and of the 
instrument aiismg from diffeiences of tempeiatuie The diffei- 
eiice of tempeiatuie at the vernal and autumnal equinoxes, 
though considerable, is not so great but that we may assume the 
quantity dr ^ — dr to be evanescent in the piesent state of the 
refraction tables To eliminate the effects of temperatuie upon 
the instillment, the only course is to make a special investigation 
of its eriois at various tempeiatures 

It follows from this discussion that the absolute right ascen- 
sion of a stai can be accurately determined by means of observa- 
tions at both equinoxes so airanged that for eveiy obseivation 
near the vernal equinox at the light ascension A there will be a 
coiiesponding one at the autumnal equinox at the light ascension 
180° — A This condition is satisfied neaily enough by regaiding 
as coiiesponding obseivations those which aie taken between 
the declinations 0° and +2° after the vernal and befoie the 
autumnal equinox, between 0° and — 2° before the vernal and 
ajter the autumnal , between + 2° and + 4° , — 2° and — 4°, &c 
On account of the very complete elimination of errois, it is safe 
to extend the observations even as fai as + 14° and — 14° * 

Example — The following obseivations of the sun and y Pcgasi 
on the meridian weie taken at the "Washington Obseivatory in 
the year 1846 f 

* Bessel Fundamenta Astronomtm^ pp 12, 14 

f The transits were taken with the “West Transit,” the declinations with the 
?klnril Circle Both the first and second limbs of the sun were obseived on the seven 
thieads of the tiansit mstiument, and the decimation of both the north and the sc‘uth 
limbs with the muial 
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Feb. 23. D = - 9° 46' 15".85 
“ “ T= 23* 26”28'.ll 

“ “ t = 0 5 18 .99 


Oct. 17. D - - 9° 17' 53".12 
u « jf— 13* 28”‘40*.01 
“ 16. t = 0 5 22 .97 


The times of transit are corrected for the supposed error and 
rate of the clock. 

For the dates of the two observations, the apparent obliquity 
of the ecliptic and the sun’s latitude are as folloivs . 


Feb. 23. 

e 23° 27' 26".10 
^ -|- 0 .33 

whence 

— /3 sec £ cos ID — 9 .35 

D'_ 9 46 16 .20 
log tan D' n9.236063 
log cot e 0.362585 
log sin A n9. 598648 

A 22* 26” 28'.17 

A -T + 0 .06 

tJ^A-T=o. 0 5 19.05 
Eeduction to 1850.0 + 12 .15 

Mean a for 1850.0 = 0 5 31 .20 


Oct. 17. 

23° 27' 24".35 
— 0 .13 

+ 0 .14 
^ - 9 17 52 .98 
/i9, 214105 
0.362595 
W9.576700 
13* 28™ 40*.14 
+ 0.13 

0 5 23.10 

+ 8.12 
0 5 31.22 


The reduction to 1850 is here used because it can be taken 
directly from the general tables for reducing the apparent places 
of stars to mean places, given in the volume of 'Washington 
Observations for 1847. Taking the mean of the two observations, 
we have, finally, 

Mean E. A. of r Pegasi for 1850.0 = 0* 5™ 31*.21 

422. When, by the combination of a great number of observa- 
tions the right ascension of a fundamental star is thus established, 
the right ascensions of all other stars follow from the differences 
of time between their several transits and that of the fundamental 
star. But, in the present state of the star catalogues, it will be 
preferable not to limit the object of these observations to deter- 
mining a single star. The constant use of tire same fundamental 
stars as “ clock stars” (stam near the equator by which the clock 
correction and rate are found) gives to the rdatwe right ascensions 
of these stars (as derived from all their observed transits during 
one or more years) a high degree of accuracy. Assuming, 
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theiefore, lliat tlic relative iiglit ascensions ot the clock stars aie 
collect, the object of oui obsei\ations of the snii will be to 
dcteimine the common collection of the absolute light ascensions 
ot all these stais Accoi clmgly, if we deduce the sun’s appaient 
light ascension dnectly from each obseivation by applying to the 
clock time of the tiansit of the sun’s centie the clock collection 
obtained fiom the fundamental btais, and compaie this with the 
a})pai ent light ascension computed fiom the obseived decimation, 
no have the collection which the light ascensions of these stars 
lecpuie All that has been said above lespecting the giouping 
of the obseivations at the two equinoxes, of course, applies 
equally well to this process 

Thus, m the pieeeding example, taking the clock times of the 
sun’s tiansits theie given as the dmectly observed light ascensions 
(since they have actually been collected foi the clock erroi 
obtained fiom a iiumbei of fundamental stais), we shall have 


Feb 23 

Observed E A of O, 22^ 28^ 11 

Computed 28 17 

Coriection of clock stais, -|- 0 06 

whence 


Oct 17 

13 ^ 28 ^ 40*01 
“ 40 14 


Mean collection of the E A of the clock stars = -j- d* 10 
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CHAPTER XIII. 

DETERMINATION OF ASTRONOMICAL CONSTANTS OBSERVATION. 

423. I SHALL not attempt to enter into all tlie details 

methods by which the various astronomical constaiits ‘ 

mined from observations, but shall confine mj&e ^ o a s 

their general principles, which will serve as an , 

the special papers to he found in astronomical memoii 

other sources. 

THE CONSTANTS OF BEFRACTION. 

424. The general refraction formula (191) 

constants a and i?, both of which may be was 

(17() and (17d). But. - "CctTtt. 
deduced from an hypothesis, it wao not in entire 

theoretical values of a and /3 would give 

accordance with observation. The ^.j^avbe re- 

exceedingly small; so small, in^leed, that ^le ^,,ith- 

garcled as representing well enough^ ,.erfect it we have 

out resorting to any new hypothesis , ant , whereby the 
only to give the constants slightly ament et ‘ those 

computed refractions are made to of a and ,9, 

deduced from observation. To refraction (213), or 

we can employ the concise expression 

l2” 

The factor 1 - a differs so fromjimty 
it as constant in determining 
therefore, by differentiating, we have 


(^1 _ tt ) rfr : 


: sm- 




By (217) and (210) we have 

clQ 

dx da. 


r sin= r 


X 
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wheie Q' is known by (218), and, therefore, the coefficient of 

da can be computed Also, since ^ is given by (220), and Q by 

(212), the coefficient of rf/3 is known We should, howevei,find 
the collection of the constant ao, oi that which coiiesponds to 
the normal tempeiatuie and baiometiic pressuie of the lefi ac- 
tion table By (205) we have 

^ 1% t 

1 _j_ e (r — T,) 

As for it IS evidently the same as d^^ 

But, since ao can leqiiire but a veiy small coirection, great prOi 
cibion in the coefficient of da^ is not necessaiy, and, if we 
neglect the second and higliei powers of Uq, it is easily seen that 

tins coefficient will be i educed to — , r being the lefraction com 

% 

puted for the actual state of the an by the tables This amounts 
to assuming that r and dr vary directly in piopoition to and daQ , 
an assumption which is very neaily conect, as can be seen from 
the approximate formula (159), in which we have very neaily 
2kdQ = aQ We may also in oui differential foimula put unity 
111 the place of the factor 1 — a , and hence if we put 




sm^ z 


/2 / 

\^\d^ 2^1 


we shall have 

dr = A BdjS^ (701) 

It only remains to show how this diffeiential formula is to be 
applied 111 deducing da^ and d^Q The obseivations best suited 
to our puipose are those of the zenith distance of a cncumpolar 
star at its uppei and lower culminations Let 

= the obseived zenith distances above and below the 
pole respectively, 

z^ z^ == the tiue zenith di&tances obtained by employing the 
tabular i eft action, 

8, 8^ z= the declination of the star at the two culminations 
respectively, 

^ = the assumed latitude of the place of observation 
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Tlie true zenith distances which would be obtained by a table 
of refractions founded on the corrected constants will be z 4’ dr 
and Zj^ 4* dr ^ ; and, therefore, if d^ denotes the correction of the 
assumed latitude, we shall have 


90° = z + dr + 90° — 5 

90° — + d<p) = ^14- d'h— ^i) 


whence, by taking the mean, 

90° — ^ ^ 4- K^i •- ^) + + dr^) 

The quantity — d is merely the very small change of the 
starts declination between the two culminations, arising from 
precession and nutation, which is accurately known. If we imb^ 
etitute the values of dr and dr^ in terms of da and and t en 
put 

a = i(^ 4- A) 5 = i(-^ + A) 

71 = i (z + i (\ — 5) 4 — * 90° 


we have the equation of condition 

d<p 4 do.Q 4 ^ dfS^ 4 ^ ^ 


(702) 


By employing a number of stars which culminate at various 
zenith distances, we shall obtain a number of such equations, in 
which the coefficients a and b will have different values . so a 
the solution of all these equations by the method ot leas 
squares will determine the three unknown quantities f, 
and 


THE CONSTANT OF SOLAR PARALLAX. 

425. The constant of solar parallax is the sun's mmn 
horizontal parallax, or its horizontal parallax f oari-h’s 

from the earth is equal to the semi-major axis o ^ 
orbit. The constant of parallax of any planet is also its p ^ 
when its distance from the earth is equal to t ® 
of the earth’s orbit: so that the constant of sol P 

belongs to the whole solar system. , . Vnrtwn 

The relaOie amensions of the orbits of the pliuiete 
from the periodic times of their revolutions “ dre 

by Kepluk-s third law, the squares of fteu- “ “f 

proportional to the cubes of their mean distances f»m *h. snS, 
VoL. I.-43 
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tliat is, to tlie cubes of the semi-major axes of their orbits. The 
ratios of these distances are therefore known. 

Again, the form and ^position of each orbit are known trom 
Physical Astronomy;* and therefore the ratio of the planet’s 
distance from the earth at any given time to the eaith s mean 
distance is also known. 

According to these principles, if the distance of any p 
from the earth can be found at any time, the dimensions ot all 
the orbits are also found: in other words, when we have fonim 
the parallax of one planet we have also found that of all t le 
planets, as well as that of the sun. 

426. To find a planet's, or the sun's, imrallax by meridian observa- 
tions , — ^Let the meridian zenith distance of the planet s ceutie 
be observed on the same day at two places nearly on the same 
meridian, but in very different latitudes. After correcting t le 
observed quantities for refraction, let 

— the apparent zenith distances at the north and south 
places of observation, respectively, 

C, Cl = the true (geocentric) zenith distances, 

= the parallax for the zenith distances C and Cj, 

TT, TTj = the equatorial horizontal parallax at the respcetlvo 
times of observation, 

A, = the geocentric distances of the planet at these times. 

d, = the geocentric declination of the planet at the same 

times, 

tTq =3 the suffs mean equatorial horizontal parallax, 
distance from the earth, 

= the earth's equatorial radius. 

Also for the places of observation let 

<P^ ~ the astronomical latitudes, 

(p\(p^=z the reduced or geocentric latitudes, 

p^ = the radii of the terrestrial spheroid for these latitudes. 


W e have 



* They are found from three complete observations of the right ascension and 
decimation of each planet at three different times (G.\uss, Theoria Alotiis Corponim 
Ccelestium), and therefore from the observed directions of the planet, the absolute 


distance being unknown. 
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«xnd therefore 

sin JT = — sin sin Wj = shi 

A ^1 

Tlie quantities A and are to be found from tlie planGtai}* 
tables, or directly from tire Nautical Almanac, rvlieie trey are 
expressed in terms of as the unit: so that tlieir values t eie 

given are the values of tlie ratios “ and — ^ Hence we shall put 

1 in the preceding formulae, and also put the aics foi 
sines (since the greatest planetary parallax is only 35 ) . so la 
we have 

TT S 

Then, by (114), 

p = PTC sin [C' — (<p — ^^0] ^ ^ 

jp^ = p :: sin [;/ — (?i — ^f/)] = Sin [?/ — (?! — ?'i )] 

“"i 

But we also have 






and hence 

C — ?!=(?'— i>) — (?/ — Pi) = f 
from which we obtain 

p - 7/ — (? — ^^l) + (^ — “V) 

As the small difference 8 — will be g^lj the 

observations being taken nearly on the same 
quantities in the second member of this equation maj 
regarded as known. Hence, putting 


f ' — J/ — (.V — 9i) + (^ ■“ 


a = ~sin [C' — {9 — 

ZJ 


^ sin [C/ -- (9i I 


(703) 


we obtain the equation 


aro= n 


(7CNI) 


which, determines % 
vation are on opposite 


, zeniths of the two places ofobsej- 
of the star {which is the most lavor- 
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able case), tlio zeiutb distance at the southeiii place nmst he 
taken with the negative sign m the above foimnlai The coeffi- 
cient a then becomes an aiithmetical sum, and it is evident that 
the gi eater the value of a, the gi eater will be the degioe of accu- 
lacy in the deteimination of 

But, in oidex to give this method all the piecision neeessarv 
111 finding so small a quantity as 7r„, the quantity n must not 
depend upon the absolute zenith distances obseived (which 
involve the eiiois of divided ciicles and the whole eirois of the 
lefiaction table at these zenith distances), iioi upon the quantity 
tp — (which involves the eiiois in the latitudes of the places), 
but upon miciomctiic measuies Boi this pin pose, the planet is 
eorapaied with a stai iieaily in the same paiallel of declination, 
and always loith the same stai at both places of obsei cation, the com- 
paiison stars being pieviou&ly selected and agieed uiion by the 
obscivers The star and planet should ditfei so little ni declina- 
tion that they will both pass thiough the field ot the ineiidian 
telescope, the iiistiumeiit lemaining fiimly clamped between the 
tiansits of the two objects, and then the c/^rmice of apparent 
declination of the planet and star will be diiectly measiiied with 
the niiciometei This ditfeience is to be collected foi the dif- 
feience of lefiaction at the zenith distances ot the planet and 
star, which ditfeience of lefraction, being veij small, can be 
computed v itli the greatest aceiiiacy If then 

D == the declination of the star, 

Ad, = the observed differences of declination of the stai 
and planet (coriected foi lofi action) at the two 
places of obseivation, 

the obseived apparent declination of the planet at the iioitherii 
place IS 

D + Ad = ^ — t:' 


and at the southern place 


whence 


D -p — C,' 

Ad — Ad^=:— (?' — Cl') + (¥’ — 9>l) 


and the value of n in (703) becomes 

n = d — d^—(^Ad — a5i) (705) 


♦Vol 11 Correction of micTometer observatiom for refraction 
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wl,.K ami a»'. are in each caee the planefe i'fmation »*« 

tlie star's decimation, and tlieir signs are to be care ^ ^ 

Por computing the coefficient a, tlie apparent zenith dista 

will be obtained by the formulae 


rrzr <p — {ID 




SO that we have 


a = Bin y - CD if a3)] - - (■Z> + 

and then, as before, 

aTt^=n 

A great number of sucb corresponding 
necessary in order to determine with ^ccnracy , a U 
equations of tbe form just given are to be combined by 
metbod of least squares. Tbus, from tbe equa 1 


"T.^=n",ka. 


we obtain tbe final equation 


[a«] 7ro= 


ana"+kc., and yn\ = an + a'n’ 


in wbicb M = aa + ^c., ana - 

f a"n" + &c. 

427 . T.fU 

pfaneZ— Tbe preceding process of tbe planet and 

cation. Tbe difference of ^ tions nutb a micrometer 

a neighboring star is measured at both stano ^^„,eted for 

attached to an equatorial teles^and 

refraction. The quantity n "wi coefficients of 

coefidcient a will now be the cliff ^ (143), accord- 

parallax in declination, computed by the lorm 

ins: to which, if we put 

O 

tan (p' 


tan 

~ 008(0^-^ 
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we sliall have 

a _ P_ sm <f>' Bin (j — S) _ ^ sm y/ sin (yx — ^i) ^^07) 

J sm Y /fj sm 

111 winch 0 and 0i are the local sidereal times of the observations, 
a and aj the right ascensions, d and <?j the declinations of the 
planet at these times The equation of condition from each pair 
of coiiesponding observations of the same star will then he, as 
holore, aTc^—n 

If several comparisons are made at either place on the same 
day, these must first he combined, and reduced, as it weie, to a 
single comparison Thus, if we put 

P sm <p' sm (/ — S) 


we have, for each comparison of the planet with the star, 

^ = JD — At) — j- CtTq 

and if m such comparisons are made, their mean will be 

5 = D + - -Ai 

' m m 

In like manner, at the second place, wo shall have foi obser- 
vations the equation 

5 = D-f- 2:(A5,) + 7r„^ 

and, taking the difference of these equations, we shall put 


n = 5 — 




S{e) 2(0,) 


The equation of condition a tt^ = n will then represent all the 
obseivations on tlie same day at the two places 


428 The equations of condition will involve small ci numbers 
and be more easily solved if the unknown quantity is, not the 
whole paiallax, but the correction of some assumed \aluc of the 
paiallax not gieatly in eiior In this case we may eoiiect each 
obseived difteience foi paiallax, employing the a^-suiiied Milue 
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of and, proceedmg as before, we shall have of 

condition a A;r,= ii, m which a;!^ is the lequired collection o 

429 If but one limb of the planet is 
the stations, it will be necessaiy to ij i^e 

the semidiametei As the semidiametei i se s 
legarded as an unknown quantity, to he found i p 
the obseivations, its complete expiession, in 
rections which the ohsoiwations may lequiie, is to 1 

Tins will be found in Aiticle 435 

480 The diffeiences of right ascension 
iieighboiing stai may also be employed in in 

the differences of declination, the p aces o only to nitro 

that case in widely ditterent longitu es iig-M aseension 

d.ce ,ato m the coe« of of 

computed by tlie fiist equation ( )’ 

n substitute iiglit ascensions foi dec ma ions 

431 The ody ptoels ** Venl!"' 

‘’'hrsTrrr^re:.!. 

this time the Biitish Ifautical ma oppoeitious, 

of stai-s to he 7* ‘^f/'^'p'Liefn Wa^e^fMar. 

howevei, me ■>«» f ^'“'^5^ S the eccentiicitj oi the o.hit 
fiom the sun being = 1 6 . 1 , mw ^ ^ 

= 0 0933, while the mean opposition 

centiicity of its oibit — 00 , .,hile the eaitli is at its 

in wliicb Mars is at its peiilieli be 0.365; but loi 

aphelion, the distance of the two o i earth at its peri- 

oiie in which Mais is at its ^ former case will 

hehon, then distance will , , 

be nearly twice as favoiable ® ^ iufeiior eonjnnc- 

Yenus is neaiest to the eai compared niiciometric- 

tion, hut at that tune can v y " Ijc made with the suu 
ally with stars, as the position of this planet 

nbive the honsou The wherrthc changes of the 

is at or near its stationaiy P b be aecnrately corn- 

planet’s place aie small and ni y great.* 

pnted, while the distancefrom&e^eaa^^ _ 


f a 


1IIIL1\0, -W™" 
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The United States Astionomical Expedition to Chili under 
Lieut J M Gilliss, in the yeais 1849-52, was set on foot for 
the puipose of deteimining the solai paiallax hy the above 
method That indefatigable and accurate observei collected a 
large mass of valuable material, a gieat pait ot which, however, 
could not be used in the manner oiigmally intended, foi want 
of corresponding obseivations at noithein obseivatoiies In the 
thorough discussion of this mateiial by Di B A Gould*^ will 
be found a full exposition of the modiftcations which the method 
required in order to make use of all the obseivations 

The constant of solar paiallax is also found by the transits of 
Venus over the sun’s disc, Art 356 


THE CONSTANT OP LUNAR PARALLAX 

432 The constant of lunai parallax is the moon's mean equatorial 
horizontal 'parallax^ oi the equatoiial hoiizontal paiallax coire- 
sponding to the moon’s mean distance fiom the eaith f 

To find the moon' s parallax by mcndian obseivations at two stations 
on the earth's siiiface 

The stations will be assumed to be in opposite hemispheres of 
the eaith so that at eveiy obseivation the moon will culminate 
south of the zenith of the noithern station, and noith of the 
zenith of the southern station They will also be assumed to be 
nearly on the same meiidian At each station, the appaient 
declinations of the moon’s blight limb at the instants ot tiansit 
aie to be obseived on the same day, and, consequently, since the 
meridians aie not i emote, at neaily the same time In older to 
eliminate constant eirois of the lefi action tables and instiumental 
eirors, the difference of the moon’s declination and that of a star 
neaily in the same paiallel is to be obseived, and the same com- 
paiison stais should be used at both stations The observed 
diifeience of declination is to be collected for the difteicnce of 
the refi action at the zenith distance of the moon and stai, and 
then applied to the assumed declination of the star We shall 
thus obtain the apparent declination of the moon’s limb aftected 
only by parallax Let 


^ IT S Naval Expedition to Chihy V ol III 

f The constant adopted in the lunar tables is foi the mean distance affected by the 
constant pait of the pertuibations of the ladius vector, 
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5, = -the apparent declinations of the limb observed at 

the north and south stations respectively, 

^ geocentric declinations of the moon’s centre a 
the I’espective times of observation, 

a, <p = the geogi’apbieal latitudes of the stations, 

y, y\ = the reductions of the latitudes for the earth s com- 
pression, , , 

p, p, = the distances of the stations from the earth s centre, 

the equatorial radius being unity, 

P, Pj = the moon’s horizontal parallax at the times o 
observation, respectively; 

then, the apparent zenith distance of the limb and the ' 

zenith distance of the centre of the moon being, oi e noi 
station, , 


and 


i:=z<p — D 


c' = ^ — s 
•we have, by (255), 

sin (_D — 3) = [fi sin (C' — r) ^ ^ 

where k is the constant ratio of the radii of the moon and ^ 
earth, for which the value 0.272956 may he assnmed and the 
upper or lower sign of k is to be used according as PP 
lower limb is observed. 

At tlie southern station we have 

and hence, taking the reduction n as a positive quantity, 

- 5,) = - (5:/ - rO ± 

where the sign of k is reversed, since the ^ 

upper limb at one station and a lower limb at the oth . 

brevity, put 

m = p sin (C ' — F ) + ^ 

TOi=p,8in(C, — n) 

then, from the equations 

sin (P — 5) = ni sin P sin (Pj — ^i) = — 
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we deiive, neglecting poweis of sin P above tlie tliiicl, 


D 


m smP 
sin 1" 


+ l 




m® sin^ P 
sin 1" 

VI ^ sm® Pj 

sm 1" 


If now tlie tunes of tbe two obseivations leckoned at tlie 
same fust nieiidian aie T and P^, and foi the middle time 
t = J(P+ Pi) we deduce fiom the lunai tables the hourly m- 

ciease of the moon’s declination, or -^^5 we shall have, with 
legaid to second difieiences, 

A-Z>=(3’.-T)f 

Again, if we denote the moon’s hoiizontal paialhix at the time 
t by and compute fiom the tables its houily inciease tor this 

time, 01 wo shall have 
dt 

dp 

sm P = sin + cos_29 sin 1" (P— t) ^ 
sin F^= sm + cos sm 1" (P^ — f) ^ 


Taking the diffeience of the above values of P — d and 
we obtain, theiefoie, 

0 = [(T, - T) ^ - (5^ - 5)] sm 1" + {m^ + ^ 

+ cos p Bin 1" ^ [ot (T — «) + wij (2\ — 0] 

4 - {m + smp ( 708 ) 

The paiallax is sufficiently well known for the accuiate compu- 
tation of the teims in sin^^^ and ~ so that the only unknown 
quantity in this equation is the last teim In this teini wo have 

m -|- wq = /> sm (C' — r) -h Pi (n' — Ti) (709) 


* By the formula, [PI Trig (413)], 

X = sm X I sm^ x -j- c^c 

wlieie tlie second niembei ib lo be itdmed to ‘-econds by dividing it b} sin I"” 
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whicli is independent of k, and tlius free 

quantity. Small errors in k will not appreciably affect tbe otb 

terms of tbe equation. pnua- 

Thus every pair of corresponding observations g <1 

tion of the form ('710') 

0 = n + « sin p ^ ^ 

from which the parallax p at the mean time 

observations could be derived. But, in oic ei ^ variable 

these equations, we must introduce in * ® P follows Let 
p the constant mean parallax, which is eftected as follox^s. i. 

. = the horizontal parallax taken from the lunar tables for 

the time t, i 1 

the constant mean parallax of the tables, 

= the true value of this constant. 

The form of the moon’s orbit is well ^i^wn: 

given time the ratio of the radius vector to the ^ ^ ^ i 

as employed in the tables, is to be regarded as coiiect , 

the ratio . 




sin Tt 
sin TT- 


derived tom the tables. » to be regat-ded a. the ^ 
the true parallatt at the given time and the true conet,. 

we liave also 


sinj) 
sin j?o 


or 


sin p = /^ Po 


and tlie equation (710) becomes 


a sin j?o+ ^ 


(712) 


The quantities a, «, and {x J of'equations, 

spending observations, J sin p,, which are then 

all involving the same unknown 

to be solved by the method of least square . 

. *nto tbe coefficient wi, 
433. Tbe quantities p and p, compression of the 

ivill be computed for an assume < ,.ouipressiou, we 

earth. But. in order to .ee the dh- t 


w 

e 
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mar isolate the terms which involve it, as follows Neglectiiig 
thi fourth powers of the eceentncity e, we have, hy (84) and (83), 

(0 = 1 — \ f? sin“ (p 

e^sin 2^0 

^ ~ 2 sm 1" 

Bat when we neglect the fourth powers of e, or the square of tlie 
compression c, we have, by (81), 

by wliicli we obtain tlie somewhat simplex lorms, 

/o = 1 — c sin^ <p 
c sin 2 ^ 

^ = -ihrF- 

These values substituted in m give, by neglecting the square of 6% 

m = (1 _ c sin ( c' zp 

\ sin 1'' / 

= (1 — c sin^ (p) (sin C' — c sm 2 ^ cos CO T ^ 

= sin C' — c^(8in’ ^ sin C' + sin 2 ^ cos CO =F A 

and, similaily, 

= sin r/ — c (sin^ ^ ^ sin C/ + sm 2 cos C/) di A 

The effect of the compression will be insensible m the terms 
involving sin^ p, in which we may take 

m^= (sin C' =F A)® = (sin C/ ± A)® 

and the same approximation is allowable in the term in If 

(it 

then we make these suhstitutions in (7 08), we obtain the follow- 
ing expanded equation : 

® = C(^ 1 — — (<* 1 — 1^)] sia 1"+ [(sm f'rp (sm A)’] 

■Jr cos sm 1 " [(sm C' rqp A) (3- — j) + (sm i:,'± k){T^— «)] 

-f fi sm^j (sm y -f- sm ;/) 

— c ^ Sin pQ [sin^^ sin -f- &iii 2 ^ cos sin* ^j^sin sin 2^^ cos 



CONSTANT OT LUNAR PARARIAX. 


685 


If tliis equation 1)6 ilieM 1>J it maj be expressed miclet tie 

0 = »+«(«-<*) PW 

where the notation is as follows : 

sin^ f ] 


^ (sin kf-^ (sin C/ ± 


6/^ 

_L !^L2!!r(sin C'T k)(,T-f)+iBin C/rhft) (T.-O] J 

a — sin C' + ^1 f 

h = sin* ^ sin :' + sin 2 95 cos r ' + sin* sin -j- sin 2 cos CTi 

5c = sin jPq 

It is liere to be observed that we have taken r, a^s a 
(^nantity even for the southern station : so that sin -- 

taken positively in eompntmg h. mimherof 

Let ns noAV suppose we have obtained Irom a laige nnmhei 

such corresponding observations the eipiiations 
0 = n + a; (« — Ob') 

0 = n' X (a' — ch') 

0 = ji"+ x{a"—ch") 

&c. 

Multiplying these respectively by«, a-', &c., and then forming 

theh sum, we have 

0 = \_an\ -+ [««] ^ 

[an] = an + a'li' + &e., [«a] - aa -+ ^ 

last term is very small so that an approximate value x y 
be found by neglecting it, whence 

[an.] 

Qx) = — 

. 4.1 Un ^^rYndoTed with sufficient accuracy in 

which value may then be employea ™ 

the term [ab^cx ; we thns lind the complete value 

[an] MW.c (714) 


dp 


■ ^ [aa] [act] 
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Tliis is esseiliially tlie motliod by which Olufsen'^ has dis- 
cussed the ohseiwations made by Lacaille in the years 1761, 
1752, and 1753, at the Cape of G-ood Hope, and the correspond- 
ing observations made at Paris, Bologna, Berlin, and Greenwich, 
lie found from all the observations the final equation 

r = 0.01651233 -f 0.02449201 c 

Consequently, if we take the most probable valne of c “ “2^1528~’ 
there results 

X = sin j>o“ 0.01659420 

The parallax given by the lunar tables of BuROicirARDT and 
Bamoiseau is properly the sine of the parallax reduced to seconds. 
In order to compare this determination Avitli the constants ot 
these tables, we therefore take 


sin po 
sin 1" 


3422". 8 


The constant of Btjeckhardt’s tables is 3420'h5 ; that of 
Damoiseaxj’s, 3420'h9; that of IIaxsen’s new tables, 3422'h06. 
This last valne, which is derived from theory, agrees remarkably 
with that which is derived from direct observation; for the 
determination hy Henderson from corresponding observations 
at Greenwich and the Cape of Good Hope isf 3421". 8, and the 
mean between this and Oluesen’s A^alue is 3422". 3. 


434. The correction of the moon’s parallax may also be found 
from the observations of a solar eclipse at two places whose dif- 
ference of longitude is great, as is shown in the chapiter on 
eclipDses, pD. 541. 

It is also possible to deteriniue the moon’s parallax by com- 
paring the different zenith distances of the moon observed at one 
and the same place between her rising and setting, since the 
effect of so great a poarallax is easilj" traced from its maximum 
when the moon is in the horizon to its minimum when at the 
least zenith distance. But this very obvious method, b}" wdiicli, 
ill fact, Hipparchus discovered the moon’s parallax, depoends too 
much npDon the measurement of the absolute zenith distances to 
admit of any great degree of accuracy. 


^ Astr€mmiische X^nclirichten, No. 326. 


f Ibid, No. 308. 
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THE MEAN SBMIDIAMETERS OE THE PLANETS. 

435. The apparent ecpiatorial 

its distance from tlie eartli is equal^ ^ ^ semidianieter 

from the sun is the constant from which its app^ 
at any other distance can he found hy the formn i 

_ £0 (715) 

i, the mean eemidiamemr 

of the planet from the the values of s 

orbit being unity. To find the the mean 

observed at different times, we lia\e tbei y 
of all its values found hy the formula 


s. = sA 


( 716 ) 


tahtng . taom the tables ^ 

But here it is to he remarked , ^.^tues will he 

of the apparent diameter of a p ’ clifterent instruments, 
obtained hy difierent arising from 

The spurious enlargement ot the app resulting 

imperfect definition of the lim , or _ 

from the vivid impression 0 ig^ f^,FtPe same telescope when 
the telescope, and may also vary , ^ TPe irradiation 

eye pieces of difierent J^^onl ^ 

may he assumed to Those errors 

and the other proportional he supposed to 

of the observer which aie no other proportional to 

consist of two ^ a faulty judgment of a 

the seniichameter ; the fiis ■ ‘ s . planet, the 

contact of a micrometer thread -^ ,, the 

second, from variations in tlm J ^ 1^^^^ 

magnitude of the disc ®^®?'’yrip irradktioni 

peculiarity of his eye hy w nc 1 ^ -rwith the errors proportional 

s^= (s + X + sy) J 

. all the constant corrections which the 

■wlicre X is ttc sum o 
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ob^iervecl value s lequires, and sy is tlie sum of all those which 
aie piopoitioual to 5 ISTow", let 

=z an assumed value of 
ds^ = the unknown corioction of tins value 
*5] -h 

then the above equation may be written 

0 — <Sj — J— xA -j~ 8y A — • ds^ 

Bnt syJ will he sensibly the same as 5 ,^ 1 /. It will, tlierefoie, be 
constant, and will combine with ds^. We shall, therefore, put 2 
for syJ — cfej, and then, putting 


n = sJ — s, 

0111 equations of condition will he of the form 

ad -f ’ + n = 0 (flS) 

fiom all of w'hieh x and z may be found by the method of least 
squaies But it will he impossible to sepaiate the quantity ds, 
from 2 , we can only put 


(So) = s^~z 

wheieas we have, for the tine value, 

or = 2 -f SoV 

So=W(l + y) (711)) 

and then, if any independent means of findings are discovered, 
the true value of can he computed 


THE ABERRATION CONSTANT AND THE ANNUAL PARALLAX OP FIXED 

STARS 

436. The constant of aberration is found by (669) when we 
now the velocity of light and the mean velocity of the earth 111 
^ oihit The piogressive motion of light was discovcied by 
OEMER m the yeai 1675, fioni the disci epancies between the 
K^dieted and observed times of the eclipses of Jupiter s satellites 
e omit tiat when the planet was nearest to the earth the 

Jw piedicted times, and 

n farthest fiom the earth about 8“ latei than the predicted 
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times Tlic planet ivas iiearci tlie eartli m the fiist 
m tlic second hj the diameter of the ^ — 

ItoEMERwas led to tlie tine explanation of the 
namely, that light was progressive and traversed a dista J- ‘ 
to the diameter of the earth’s oibit hi about 16- Moi i^entl,, 
Deiambre, fiom a discussion of several thousand o i ^ 
eclipses, found 8"^ 13’ 2 foi the time in which light 
mean distance of the eaith fiom the siin Irom this (luant y, 

which IS denoted hy -f - Art 395, we obtain the aberration 
constant by the formula 


a 


V Tsinr'l/l— 


(720) 


lienee, wnth the values 
e = 0 01677, "we find k 


± = 493 ’ 2, T = 366 256, n = 861G4, 

e = 0 01677, w’e find H = 20".260 Delambbe 
wMcli would lesnlt fiom tlie above foimiila i w 
factor as was done by Delambee 

On Iccomt of tC. unoe.tainty of the f 
.ohpseB (.eenltnig ft'om the gtedeal '“‘‘f'l.f 
extinodon of die light leflected by the satelli 
IS placed in the value denied from diiec o 
apparent pla-ces of tlie fixed stars 

437 To find the aberraiion consM 
Observations of the right ascension the 

especially suitable foi this purpose, ^ ^ +he more evident 

aberration upon the light ascension IS len the constant is 

hy 

re‘;?ed at ItSrea dJnmg at “ o"“ 

time the aberration obtains all its la tjnt two observa- 

to its greatest negative value. abei ration readies its 

tiona made at the two at these times being m 

maximnni and its minimum, apparent 

opposite pouite of its oihij. “ ftTeff.cJof the 

right ascensious at between the ohsetva- 

nutation and the precession in the inteiva 

tions), we shall have 


Vot 1—44 
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But, not to limit the observations to these two mstunts, let us 
take, foi any time, 

a ~ the assumed mean right ascension of the stai -f the 
nutation -)- piopei motion, 
a' = tlie obseived light ascension, 

and, fiiithei, let 

Aa = the correction of the assumed mean light ascension, 
aA = the collection of the assumed abeiiation constant, 

then, by (678), we have 

a' == a + Aoi — (A -f aA) (cos Q COS £ COS a + Sm O Sm a) SCC 
or, putting 

m sm Jf = Sin a 
m cos Jf == cos a cos £ 

a' = a -)- Aa — (A -f- OOS (0 — Jf ) 800 d (721) 

Hence, collecting the known quantities, and putting 
a = — m cos (O — Jf ) sec d 

Yl 0 , — |- (Xh a 

we have the equation of condition 

a aA -I- Aa -f n = 0 (722) 

Every obseivation thioughont the ycai licing employed to toim 
such an equation, we can deduce fiom all the ecpiations, by the 
metbod of least squares, the most piobable values of aA and aoc 
Those obseivations will have the gieatcst weight in determining 
aA, which are neai the positive and negative maxima of the 
aberiation, wheie the coefficient a has its gieatest nnmeiieal 
values These maxima occui foi cos(0-- M) ~ — 1 and cos 
(O- Jf) = + 1, that IS, foi o = 180° + Jf and 0 = M 
In this method it is assumed that the piecession and nutation 
aie so well known that the lelative values of oc aie coiiect, or, 
in othei woids, that they aie in eiioi only by some quantity 
common to them all and denoted by — Aa Since the abei ra- 
tion completes it^ peiiod in one year, the piobable eiiois of the 
present values of the piecesvsion and the nutation con^tanth will 
not become sensible in the investigation of the aberiation if the 
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observations of eacli year are x g„^ga,j.s 

of tlie tartdmg terms of tlie natation bemg only 
if we extend the obeervations for aberraben over a «“'duable 
portion of this period, it will be proper to ‘“<™dace i t 
eqeatione of condition a term involving the correction ot 

nutrition constant, as will l3C seen lieieafter. 

488. The declinations may also be employed for determining 
the aberration. If we jjiit 

() = the assumed -mean declination the nutatio , 
z=z the correction of this value, 
d' = the observed value, 

we have, hy (678), 

^ — (/; + i^Ji) [(si“ ecosS— cos £ em S sin ») cos 0 

sin d cos a sin 0 ] 

or, putting 

nf sin = sin d cos a 

m' cos M' = cos 5 sin £ - sin S cos £ sin a 

and then 

(yj — — m' cos (O — ) 


the equation of condition is 

oJc^k + A.'J + = ^ 


(723) 


489. If the pole etar i, employed, -Ucb h- a -“3 “!!“! 
parallax, or any star whose parallax is .„pich 

?“s:siiretcr«:^ 

auxiliaries, 

par. in E.A,= + pr»««<0 

pat. in dec. = + pr ” »" (O “ > 

r nrai-irlitioii from the right ascension 
and hence the ec^nation of 

,r.iA4-» — 0 

(iaA- + &i> + 


and, from the declination, 

a'A^d- b'p+ + »'= ® 


(725) 
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in will oh. 

b =:^ 7 m Bm (p — 31) sec d 
y z= rm' sin (Q — 31') 

The solution of the equations will now determine, not only cJi 
and either Aa or a<?, but also the parallax^; 

440 It was by compaiing the declinations deduced from the 
meiidian zenith distances of stars, and inoie especially of the 
stai j Dracoius^ that Bradley discoveied the abeiiatioii The 
constant deduced fiom his obseivations by Busch is 20'' 2116 
Struve’s value of the constant was deiived fiom the declina- 
tions of seven stais obseived with a tiansit instiument m the 
piime vertical* The teim representing the parallax was le- 
tained in the equations of condition, but meiely to show the 
effect of parallax should it exist This effect was in eveiy case 
small, and, moieovei, foi the diffeient stais had not always the 
same sign so that he found the mean value of the constant 
fiom all the stars would not be changed as much as 0" 006 by 
any probable paiallax On account of the extiaordinaiy pre- 
cision of this deteimination of the aberiation, I heie quote the 
individual lesults and then piobable eiiors fiom the Astroyw^ 
oHisehe Naehiichten^ Yol XXI p 58 



Aberration 

Probable 


Constant 

Error 

V Ursce Maj 

20" 4571 

0" 0303 

1 Di acorns 

20 4792 

0 0224 

d Cassiopeice 

20 4559 

0 0462 

0 Braconis 

20 4039 

0 0229 

h Draconis 

20 5036 

0 0322 

P XIX 371 

20 3947 

0 0333 

/S Cassiopeice 

20 4227 

0 0352 

whence, having regaid to the piobable 

eirois, the mean was 


found 20" 4451 with the probable erior 0" 0111 = of a second 
of are 

Other modem deteiminations of the constant of aberration 
agiee in giving a gieatei value than was found by Delambrb 
fiom the eclipses of Jupitei’s satellites Thus, Lindenau found 


* See V ol II Determination of the decimations of stars Iby then transits over 
Jie Prime Vertical, 4rtu 188 et 
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, , 7 on// 4-486 and tlis 

irom tlie right ascensions onto sixtancli-ea 

annual parallax of tlie stai 0 .1^ > ascen- 

and three equations of condition, formec p ^^^2 tr 

sions of the pole star, observed at Doipa 0'MT24 -, 

1888, found /. = 20".4255, with ^^^/"“tL^^^faeclinations of 

Lundahl, from one hundred and wo o 1473; and 

this star, found k = 20- 5508, and the i^r^Ux ' 

Peters, from two hundred aiid vertical circle of the 

the same star, observed with the^ 20-^503, and the parallax 
Pu-lkova Observatory, found k ^ 

— 0-.067*. . ,1 X -t-i-ie discrepancies 

The parallax is so small a relatively great: 

between these several values appear . ^all when 

nevertheless, we must considei j,ggt upon ohserva- 

we remomtor tl»t ‘‘'1 *<>“ 

tions of the absolute place of th ^ ;^^.^^,^5^^eter are susceptible 
the changes of a stars place wit ^ proceed to give m 

of greater refinement. Such a meth P 
the next article. 

„ fwn stars by micronieirie 

441. To pul the rehtice ^as first suggested 

measures of their ajpfarent ‘ linear distances of 

by the elder Hbrschel that if the . ^ ^ unequal, 

two neighboring stars from our s(fia seen from 

their apparent angular distance ^ posx- 

the earth would necessari y a > remote as to have 

tion in its orbit. If one of th distance (provided 

no sensible parallax, changes narallax) might be asenbe 

they followed the known law Ld it any case such 

solely to the parallax o relative parallax; that is, o 

changes might be ascri e , -.-i,- 

the difference of . Bessel judiciously selected th 

Por the trial of this meth j smaller stars (at di«- 

star eiCyynf, near „ran7l2“ respectively), , and from^ 

tances from it ot abou angular distance 

geries of micrometric ^ of more than a 

Aiicb extendina: through a peiioa obtained the first 

each, -.ggf to October 2, 18-3», subsequent 

from August 18, ' of a fixed star-t ^ 

.fiearly demonsti-ated paialiax^o^^^j— __ 
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seim extending fiom Octobei 10, 1838, to Maxell 23, 1840, 
fully confiimed the paiallax, only slightly inci easing its 
amount'^ The fiist senes gave the annual paiallax O'"' 3136, 
the final result from both senes is 0" 37, with a piobable eiior 
of ± O'' 01 

In the selection of this stai, it was piesiimed, in accordance 
with the conception of Herschel, that 61 Cygni^ being between 
the fifth and sixth magnitudes, was much neaiei than the com- 
paiison stais, which weie both between the ninth and tenth 
magnitudes A still stronger piesumption in favor of its 
proximity was found in its gieat propei motion, which is among 
the gieatest yet obseived Moreovei, it is a double stai, and the 
distance of the middle point of the line joining its two compo- 
nents, fiom each of the compaiison stais, could be more accu- 
lately obseived with the heliometei than tlie distance of two 
simple stars f 

The following is Bessel’s method of i educing these observa- 
tions 

Let A be the stai (Fig 61) whose parallax is sought, 
(if a double stai, A will denote the middle point be- 
tween its components) , B the comparison stai , P the 
pole of the equatoi The obseivations will be i educed 
to some assumed epoch, as the beginning of one of the 
\eais over which the senes extends Foi this epoch let 

i = the distance AB^ 

P = the position angle ol the stai ^ at Jl = BAB, 
a, ^ = the mean right ascension and declination of A, 
p = the lelative annual paiallax of A and B 

If A' is the position of the stai at the time of an obseivation, 
as aftected by paiallax, it is easily seen that the in ci ease of the 


Fig 61 


P 



i 


^ Astro7i Nach , No 401 

f The observations were made with the great heliometei of the Konigsbeig Obser 
vatoij The distance of two simple stais is measuied with this instrument by 
bringing the image of one star, formed by one half of the object glass, into coinci- 
dence with the image of the other star, formed by the other half of the object-glass 
When one of the stars is double, the image of the simple star is brought to the 
middle point of the line joining the components of the double star This point of 
bibeotion can be more accurately judged of by the eye than the coincidence of two 
supei posed images, when the distance bisected is within certain limits In the 
present case it was 16" 
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distance AB oi A'B~AB, aiMcIi amII be denoted by as, is 
given by the ditteiential formula 




Att COS d hm P — A'5 cos P 


Mbere aoc and a( 5 aie lespcetively the 

and dediuatioii, winch aie given by (691) . , 

Yahies, and then assuming tlie anxiliaiies m aiul M, sat i 

n cos M — sin a sin P + los a sin <5 cos P 
m bin M =- (- cob a sin P + sni bin S cos P) cos e 

— COS d COS Psill £ 

we liave 

As = p) ni cos (O — ^ 

The ettect of the piopci iiiotion of A upon the distance is 
found as follows Let 

/ =r tlie angle winch the gieat ciicle in vluch the sta 
moves makcb with the deelmation circle, 

P = the aiinunl piopci motion on the gieat ciicle, 
a'o A'f3 = tho gi'ven proper motion in light ^ 

declination, leduced to the assumed epoch (Ait 

379), 


then, as in Ait 380, we hiid p and t by the iormulas 


^ Sin / = ^ 

/? cos / = 


I (727) 


Let r be the time of anj obseivatioii 

epoch and expressed in fiactional paits of a ^ ^ 

dW-b now ^ep^esents hm ptoper ,,, 

circle m the time r, then AA - ^p, amu ,„pPo^e also 

proper mohon epon the distaace ,5 deMtei 

H'B = » + A'«, A'AB = P-X. »'■<! ‘1= ad B gives 

• cos fe + o's) = cos (r,) oos s + «n (-f ) »■« > cos (P- O 

Developmgtae,Mtio»,.ndretai.nngonlysecoedpocve«otr,, 

we find 


a's : 


(ToVsinKP— /) 
. rp COS (P —x) + ■ 2 i 
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m whic^ r is tlie only vanable Taking then foi the constants 
/ =““/>cos(P — /) -K 

25 ' 

tile computation of the correction for each observation is readily 
made by the formula 

a'5 =ft +/'tt 

The assumed propei motion may, however, be in error , and 
there may also be enors in the obseived distances which are 
pioportional to the time (such as any piogiessivc change in the 
value of the micrometer screw, &c ) The coriection for all such 
enors may be expressed by a single unknown correction y ot 
the coefficient/, so that we shall take 

a's =r (/ + y) r + /'tt (729) 

The corrections of micrometnc measures for the effects of 
aberration and refraction* are treated of in Vol II Chapter X 
We shall, theiefore, suppose these collections to have been 
applied, and shall take 

s' = the observed distance at the tune r, coriected for diifer- 
ential aberration and refraction, 

and then we shall have 


5' = 5 + A5 + a'5 (730) 

This equation involves three unknown quantities, namely, the 
distance 5, the parallax involved in as, and the coriection y in- 
volved in a' 5 Let Sq be an assumed value of 5 neaily equal to 
the mean of the values of 5 ', and put 

5 = 5,+ ar 

The substitution of this in our equations of condition will in- 
tioduce the small unknown quantity x in the place of the laiger 

* These effects are only differential, and so small that the errors in the total refrac- 
tion and aberration may safely be assumed to have no sensible influence It is also 
an advantage of this method of finding the parallax of a star, that it is free from 
the enors of the nutation and precession, which, being only changes in the position 
of the circles of reference, have no effect whatevei upon the apparent di/itance of 
two stars 
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+n+;m-,=i 'Wlien all the 
oue s, and will thus facilitate the ^ obtain the 

substitutions are made ia the expression 
following equation : 

to put this in the usual form, let us take 

n = a„-s'+A-l-/'" 
c = rm cos (O — 


then each observation gives the equation 

x + ry + cp + n = ^ 


(731) 


•fi /I l)v the method of least 
and from all these equations we fin , 

squares, the most ^g^all a’ qUntity as p, it is neces- 

In the determination of so small 9 greatest possible 

sary to give to the mierometoc effect; of tern- 

precision. It is particularly impoita U depending 

perature upon the micrometei yi , parallax itself, 

on the season, have a period ® ^ it as completely to 

and may in some cases so ^ the time Bessel pu - 

defeat the object of the observ ’ gp Gygni, he had no 

lished his discussion of his of temperature upon 

completed his investigations iudeterminate quantity 

the screw, and therefore introduced an^in^e^^^ 

into his equations tJten into account f " 

parallax might be mbs®qu^ L^tively ascertained. IJhs 
L i-rection tor Cl asromod the correctroo ol a. 

was done .. J^^^Lare ot the micrometer ecrew 

measured distance for the temp 

^„,^_0".0003912 set -490.2) 

which t is the temperature ^ 
uressed in revolutions of tin sc - pgdo-ations to 0 .000391 
ToS he ehaaged 

^ + k), each equations of T 

aoe.i, the " Sons would take the form 

becomes — A s. A, an 


«. 4- rtf -h ep 


. a"3.A + " 
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The quantity k being left indeteiminate, x, y, and weie found 
as functions of it The value of p 'syas thus found to he 

=: 0" 3483 — 0" 0533 with the mean eri oi zt 0" 0141 
The final result of his investigation of the iniciometei gives* 
k =: — 0 4893 with the mean eiror ±: 0 0903 
and hence the corrected value of the parallax 

= 0" 3744 with the mean eiior dz 0" 0149 

If this lesult had been deduced by comparison with but one 
stai, it could only be received as the relative paiallax Bessel, 
howevei, employed two stais whose diiections fiom QlOugni 
were neaily at light angles to each other, and found neaily the 
same paiallax from both, whence it follows either that both 
these stais have the same sensible paiallax, oi, which is moie 
probable, that both are so distant as to exhibit no sensible 
paiallax This conclusion would be confiimed if a compaiison 
with other surrounding stais gave the same paiallax, especially 
if these were of different magnitudes , for it would be in the 
highest degiee improbable that all these stars weie at the same 
distance fiom our solar system 

THE NUTATION CONSTANT 

442 To find the constant of nutation fi orn the observed right ascen-- 
sions or declinations of a fixed star — In Ait 437 it was assumed 
that the obseivations by which the abeiration constant was de^ 
tei mined extended over only a year or two so that the nutation 
affected all the observations by quantities which differed so little 
that any error in the total nutation would not sensibly affect the 
deteimination When the obseivations are extended ovei a 
longer peiiod, we may introduce into the equations of condition 
an additional term for the correction of the nutation As before, 
let the mean right ascensions and declinations be reduced to 
their apparent values at the time of each obseivation by means 


^ \ecordiBg to Peters in the Astron Nach JErganzimg^-heft, p 
BESbiL s AUrommuche Uniersuchungen Vol I p 125 


55 , derived from 



the nutation CONBIANl 


CU'J 


XJ-AJU *-1 

f an assumed abeuation aud nutation, and denot 
ippareiit values "by a and 3, and pn 

the correction of the 
the obseived light ascension and deci 


ihen 


Av : 
a', d' ■. 


:, + Aci + aAA + 6i> + "/’' 
_|_ ^5 + a'd,k + h'p + 


(733) 


0 = "T ' tar’fe 

ra iv’liicli, as hefoie, Aa and P 

mean place, a/, the coirection of .oeflicients 

stai’s annual paiallax, a " only lenianis to expiess c 

tound in Arts 437 , 438, and 439 It only 

and c' 111 teims of known coefficients of those 

In the physical theoiy, it is s lo ^„,pich depend upon -■ O? 
terms of the nutation foimulie (6 ) constant (the 

O - r, and 0 + r involve ^ot only the ^uu ,p 

coefficient of cos SJ), hut also J |u to the coefficient o 
the othei coefficients vaiy piopoitioi J 

COS SI If we x)ut 


, = the assumed nutation constant,^ 
v'=thetiue 


: y + AV 


y' = xne li'y 

and If we express the lelation between v and v' hy the equa lo 

/= y(l + 0 

n,e the true precession constant to he 

and, in like manner, suppose tl 

V = 50" 3798 (1 + 7) 

, .0 PB^S.* thB form':''* («■ 

.are fo. 1300, 

„oo 4-0” 0886 COS 22; J 

r,-. (>"089/ cos -^^6 T i -,\1 

, (l_2162*-i-3 16-0 L nn — 0” 2041 s» -'1 

o ^ ^ (y' 1279 sm lO ^ I, 

**’” ■wrilic’b' 

mTlecowey •>» 

. ^UIS UUUS-" will not sffoet 

inappreciable or of very 

the determination ot toe i 


TOO 


THE NtTTATlOH v^ONbTANT 


The efieet which an> prcljablc coneetioii of the procession 
constant can have upon the veiy small teims of these fonmilae is 
not only itself Yery small, but must ciitiiely disappear when a 
gieat nuinbei of observations extending ovei a number of years 
aie comhiued, since the piineipal teims winch are affected by 
the precession — namely, those in 2o — a peiiod of only 
SIX months W e can, therefore, hcie assume ^ 0^ hi the 

foimul® for the nutation m light ascension and declination (668), 
the terms in the first four lines will be multiplied by 1 + i, and 
those in the last three lines by 1 — 2 162 1; so that, if we denote 
by i9 the sum of the coirections in R A contained in the nm 
four lines, by y fhe sum of the lemaining coriections, and the 
coresponding corrections in dec by |3' and y', we shall have 

N utation in H A = (1 -f i) /5 + (1 — 2 162 1 ) y 

u « Dec =: (1 + i) + (1 — 2 162i) / 

or 

nutation inItA=i3-)-;'-|-(i^ — ^ ^ ^ ^ 

Dec = / 3 '-p / + (!?'— 2162 >'')! 

in which /3 + 7 and + Y express the nutation computcc 
accoiding to the assumed constant Hence we deiive 

c = cvi = — 2 16 

c' = c'vi = — 2 16 

and, consequently, 

i? — 2 1&2 / 


V 

wliicli will be readily computed for each. obserTOtion if the hiiui 
nutation (]3, /?') and the solar nutation (7, f) have been sepaiatel 
computed, as they usually aie All the equations of the fon 
(7B3), whether constructed upon the light ascensions or tl 
declinations, 01 both, will then be treated hy the method c 
least squares, and the most piobahle values of Aa, aS:, J), and i 
will he found 

In this manner Busch, fioni Bradley’s obseivatioiis ol tl 
declinations of twenty-thiee stars, made 111 the years 1727 
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1747, aiul embracing, ilieiefoic, a whole peiiod of the nutation, 
round /. 20'' 2116, v — 9" 2320. In tins discussion the paiallax 

of the stars was not talcen into account. 

■Foarlvthc fluino value of the nutation constant follows fiom 
the more recent oliHOivations at therulkova Ohseivatoiy Fiom 
the dechnatiouH of the pole stai obseived between 1822 and 
1838, Lunuuil found v = 9" 2164, and fioin the right asceusioiis 
of the same stm Peters found 9" 23G1 The value 9" 2231, 
W'liich Peters has adopted in the Xumeiiis CoTistans JSidaiioius, is 
the mean of the tin oc values found by Besch, Lendahl, and 
hiiuself, having legaid to the iveights of the several determina- 
tions as given by theii piobable eiiois 

THE PRECESSION CONSTANT 

443 Tf a S and a,, are the mean right ascensions and 
Lcn..m> aua dcotoaUon for the mea„ epoch ift+ 0 


These 00^1 erratic include )>»* r” “It 
proper rnohnn of the proper moflo. 

the time, it will be impossible ^ ^ J ..g suppose that 

rurtll the 1>'— ;rob.e;^ n. late, ortho, 

tlie proper motions of the am eetions, it will follow 

they take place indiscnmina e y m annual 

that the mean value of tbeprecess ftom the 

vanatious of a very large num vanous 

effect of the proper naotions. not entirely 

in direction, although, as wi lead at least to 

without law, that tins moc fiom the truth According y^ 

an approximation not very a the 

from the a and b, found as above tor 


Tip fouad from tie rigtt ascension 
« Roth m and n may tefouna irom 

of the form m+ns\n. <»o “ 
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m + n sm aotan d^z 
n cos = 


: a 
:b 


la wliicli and d, are taken for the mean epoch Q 

from the m and n thus found we have, hj (061), 


} (T36) 
And 


-cose, 


d-» 


dt 


= ni 


(737) 


dt 


SIB e^ = n 


111 which 




IS the annual lum-solar piecession (or the precession 
dt 

constant), and ^the annual planetary precession But is 


cuxxv-i. JL ^ - (It 

veiy accurately obtained theoretically by substituting the km 
masses of the planets in the general foimula deduced fioi ^ 


thooiy of gravitation: so that a value of the piecession 

_ - (y 1,^ +■ 


dt 


may 


LLlCUl^ VJJ- g^JLCtJY - 

be derived both fiom m and from ?i In 

of e, is to he employed as given by (646) foi the epoch 

Ilavnig thus obtained a pieliminaiy value of the pvccjession, 
the quantities m + n sin Oo tan o'o and ?i cosa„, computed 
tor each star, can be compared with the a and b found by ( o), 

and the differences which exceed the piobahle eriors ot ohsorva- 
tioii may be legaided as resulting fiom the proper motion ol the 
stai Those stars which are found to have a very huge proper 
motion are then to he excluded from the investigation ; aiid from 
the remaining ones a more acciiiate value of the procession will 
be obtained 

111 this way, Bessel, from 2300 stars whose places were deter- 
mined by Bradlev for 1755 and by Piazzi foi 1800, found the 
piecession constant foi the year 1750 to be 60".37572, and for 
1800, 50".36354* In this investigation those stars were ex- 
cluded which m the pieliminaiy computation exhibited animal 
propel motions exceeding 0".3. 

See also Article 445. 


* Fundamenta Aalronomse, p 297, -wlieie the value 50" 340499 is found; nad 
Action Nmh , No 92, wliere the Yalue is laci eased to 50"' 37572 
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THE MOTION OF THE SUN IN SPACE 

444 Witli a knowledge of the precession we are enabled to 
listinginsh pioper motions in a Luge number ot stars Upon 
jompaung these piopei motions, Sii W Heiisciiel was the liist 
;o obseivc that tlie\ weie not without law, that they did not 
)ccur indiseiiminatel} in all diiections, but that, in general, the 
itais weie appaientl} moving toicards the same point ot the 
;pheie, 01 J) inn the diametiieally opposite point The latter point 
le located near the stai Ileiculis This common apparent 
notion he asciibed to a leal motion of om solaz system, a con- 
tusion which lias since been fully eonfiimed 

Neveitheless, theie aie many stars wdiose proper motions aie 
}\ceptions to tins law these must be legaided as motions eom- 
)Oimded of the leal motions of the stais themselves and that of 
iiir sun These leal motions must, doubtless, also bo connected 
by some law which the fiituie piogicss of astronomy may 
develop / but thus fai theypicsent themselves m so man} direc- 
tions that (like the whole piopei motion in i elation to the 
[iiecession) they may he piovisionally ticated as accidental in 
i elation to the common motion Hence, foi the pin pose of 
detei mining the common point fiom which the stais appeal to 
be moving, and towaids which oiirsim is leally nio\ing, we may 
employ all the obseived piopei motions, upon the })iesumption 
that the leal motions of the stais, having the characteiistics of 
accidental eiiois of ohseivation and eomhimiig with them, will 
be eliminated m the combination Nevertheless, in oidei that 
the Cl 1018 ot obsGivation may not have too gieat an infliienee, it 
wnll be advisable to employ only those piopei motions which aie 
huge 111 compaiison with then piobable eiiois 

The direction in which a star appears to move in consequence of 
the sun’s motion lies m the gieat ciicle diaivn thioiigh the star 
and the point toivaids 'which the sun is moving Let tins point 
be lieie designated as the point 0 . If the gieat ciicle in which 
each stai is obseived to move w^eie diawn upon an artificial globe, 

* The law which we naturally expect to find is that of a revolution of all the stais 
of oui system aioixnd their common centre of gravity Madlfii, conceiving that 
our knowledge of the proper motions is already sufficient for the puipose, his 
attempted to assign the position of tins centie He has fixed upon Alcyone^ the 
piincipal star of the Pleiades, as the central sun Astron Nach , No 500 Die 
Eaymbiwegungen der Fixstei ne in ihrer Beziehung zum Oesanimisyslein, von J H Madlir, 
Dorpat, 1856 
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all these aides would niteiaect in the same point 0, if the ohser- 
\atious weie peifect and the stais had no leal motion of their 
own But, the lattei conditions foiling, the nitersectioiis whiea 
M oulcl actually occur would form a group of points whose mattie- 
niatical cmte of graxity would, aecoicliiig to the theory of proha- 
hihties, he the point from which, or towaicls which, the common 
motions weie directed Thus, an appioximate first solution might 
be obtained hy a purely graphic process 
. let us then assume that an approximate solution las 

found, and put 

A, p = the assumed approximate right ascension and decli- 
nation of the point 0 

It IS then requiied to find a more exact solution by deteimming 
the coirections l.A and aD which A and D leqmre 
let P (Big 62) be the pole of the equator, and S a 
star whose apparent motion resulting fiom the ran’s 
mohon is in the gieat circle 0&&' The angle 
= 1 , which this great circle males with the declina- 
tion ciicle (reckoned in the usual maimei fiom the 
north towards the east), is the supplement of the angle 
PSO Hence, if a and d are the right ascension and 
declination of the star, and A the arc SO joining 
star aud the point 0, w'e have, m the triangle POS, 


Pig 62 



sin ) sin y_ — sin (o — A) cos D 

sin A C 08 ;f = cos (a - A) eosP sin d-smD cos 




(738) 


hy which A and aie found for each star 

The angle x thus computed will he equal to the observed angle 
which the path of the stai makes with the decimation cncle only 
when A and P are correctly assumed Let x' be the obsci ud 
angle, or that which results from the equations 

(O Bin / — ixo. cos 3 i (739) 

p COS / = ) 

m which Att and a 3 are the observed proper motions in light 
ascension and declination, and p the proper motion in the great 
circle Then, when x' diners from x, the difference x' — t 
be regarded as a fnnction of the corrections aJ. and aD wdiich 
the assumed values of A and D require The variations of the 


MOTION OF THE SON IN SPACE. 


706 


angle produced by tlie variations of A and D will be 

from the triangle POS by the first differential formnlse (47) ; 

■whence 

, . . . / cos fg— cos^sinD — sm ^eos-g \ ^ ^ ^ 

=C/-;i:)sinA = ^- I 

sin (a — A) cos S ( 740 ) 


Ax smA: 


+ 


sin A 


Hence, we hare onlj^ to compute foi each star the values of 
and sm ; by (738), and ofx' by (739), and then, putting 

n = (x— /) ^ 

eos (a — A) cos i sin P — sin S cosD_ 

"= — ^ ^ 

Bin (» — A) cos d 
^ Bin^ ' 

we form the equation of condition^ 

a aA cosD + h aD 4- ^ 

in which cosP and aD are the unknown quantities From 
all the equations thus formed the most probable values of ^ 
and aZ) will he found by the method of least squares Ihe 
Quantity (y-zOsm A is the distance between the ^eat circle m 
which ffie star rUy moves and that drawn from the star to the 
noint 0, measured at this point ^ 

^ In this manner the position of the point 0 has been very closeiy 
determined The earlier determinations founded on a compara- 
teir^all number of well estabhshed proper motions are 

those of 

W Herschei, a = 245° 58'' 
and Gauss, A = 259 10 


P = + 49° 38' 
P = + 30 50 


Of the more recent determinations, the first m the order of time 
Of the more reo employed 390 stars, the proper 

is that of comparing their positions as deter- 

molionB j tte determined bj Bessel from 

fl 1755 1 He divided toe star, into 

I Fitndmenta Astronomic 

VOL I — 
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three classes according to their proper motions, and found, for 
the epoch 1792 5, 


Prom 

Whose annual proper motion 
was 

A = 

J) = 

23 stars 

greatei than 1" 0 

256° 25' 1 

-p 38° 37' 2 

50 « 

between 0" 5 and 1 0 

255 9 7 

-1- 38 34 3 

819 “ 

0 2 0 5 

261 10 7 

-f 30 58 1 


and, combining these results with regard to their respective 
weights, 

A = 259° 51' 8 = + 32° 29' 1 


As supplementary to this computation, Lundahl compared 147 
of Bradley’s stars not contained in Augbiander’s catalogue 
with Pond’s catalogue of 1112 stars for 1830, and found* 


A = 252° 24' 4 -0 = + 1-^° 26' 1 

which Argelandee combined with his foimei results and found, 
for 1800, 


A = 257° 54' 


X>= + 28° 49' 


Otto Struve, employing 400 stars, mostly identical, however, 
with Argelandee’s and Lundahl’s stars, and determining their 
proper motions fiom the Porpat observations compared with 
Bradley’s, found, for 1790, 

A = 261° 21' 8 D = 37° 36'P 


Galloway, from the southern stars observed by Johnson at St. 
Helena and Henderson at the Cape of Good Hope (for 1830), 
and by Iiacaillb at the Cape of Good Hope (foi 1750), found 

A = 2«0° r = + 34° 23' 


Finally, Madler, recomputing the proper motions of a large 
number of stais, with the aid of the best modem observations, 
has found, for 1800, 


From 

Whose proper motion is 


J) = 

227 stars 

greater than 0" 25 

262^ 38' 8 

+ 39° 25' 2 

663 

between. 0".l and 0 25 

261 14 4 

4-37 63 6 

1273 

0 04 0 01 

261 32 2 

4- 42 21 9 


* Aitron Nach , N"o 398 f Die Eigmlewegiingen der Fixsterne, p 227 
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aad lij combination, haying regard to the number of stars m 
each class, 

A = 261° 38' 8 D = + 39° 53' 9 

445 It vonld at first sight seem that the existence of any 
lav in the proper motions of the stais would vitiate the value 
of the precession constant found by Bessel according to the 
method of Art 443 Accordingly, Otto Steuvb has attempted 
to determine both the precession constant and the motion of the 
solar system from equations of condition involving both In 
order to accomplish this it was necessary to intioduce into the 
equations the magnitude as well as the direction of the pioper 
motions But since the apparent angular motion of a stai, so 
fai as it depends upon the motion of oui sun, is a function of the 
star’s distance from us, it became necessaiy also to make an 
hypothesis as to the relative distances of the stars of diflerent 
orders of magnitude Thus, the new value of the precession 
constant given by him, and which we have (provisionally) adopted 
on page 606, is also exposed to the objection that it rests upon 
an hypothesis. 

Astionomers have, therefore, been led to re-examine the 
grounds upon which Bessel’s determination rests. It is to be 
observed that the method which he employed would give a le- 
sult entirely free from the effects of the sun’s motion, if the stars 
employed were uniformly distributed over the spheie, and if the 
average distance of these stars in all directions from the sun were 
the same Madler, in the work above quoted, has shown that 
for 2139 stais distiibuted with tolerable uniformity, Bessel’s 
constant gives proper motions in rignt ascension the mean of 
which is only — 0" 0003 If now this quantity were applied to 
Bessel’s value of m and the proper motions again computed, 
their mean would come out exactly zeio Hence he concludes 
that these stais fully confirm Bessel’s constant, since the correc- 
tion — 0" 0003 IS insignificant It appears, however, that, m 
drawing this infeience without reseivation, he has left out of 
mew the second conclusion above stated, that the average dis- 
tance of the stars on all sides of us should be the same. For, if 
the sun’s motion produces greater apparent motions in stars near 
to us than in those more remote, a want of unifoimity m the dis- 
tances, notwithstanding the equal distiibiition of the stars, would 
produce a greater av?omt of proper motion in one hemisphere 
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than in the other , and the aggregate of all the proper motions, 
having regard to their signs, would not be zeio 

Since it is piobable that the average distance of stars of the 
same is the same on all sides of ns (although there are 

not a few individual exceptions of small stais with large pioper 
motions and laige stais with small ones), a moie 
determination of the piecession constant may resu t 
investigations in which not only all the stars employed shall be 
unifoimly distributed, bat those of each oidei ' 

tnde shall he so distributed It will be impossible ^ ^cuie th s 
condition if the larger stars are retained , for 

too unequal By confining the investigation to the ’ 

there will also be obtained the additional 

amount of the pioper motions themselves will f 

small, and thus have very little iiifiueiice upon the ® ^ 

constant, even if they aie not wholly eliminated The foirnation 
of accurate catalogues of the small stars is therefore essential 
the future progress of astronomy in this direction 
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